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SEQUENCES
AND SERIES

Unit Outcomes:

After completing this unit, you should be able to:

»
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revise the notions of sets and functions.

grasp the concept of sequence and series.

compute any terms of sequences fromgiven rule.

find out possible rules (formulas) from given terms.

identify the types of sequences and series.

compute partial and infinite sums of sequences.

apply the knowledge of sequence and series to solve practical and real life
problems.

1.1 SEQUENCES

1.2 ARITHMETIC SEQUENCE AND GEOMETRIC SEQUENCE
1.3 THE SIGMA NOTATION AND PARTIAL SUMS

1.4 INFINITE SERIES

1.5 APPLICATIONS OF SEQUENCE AND SERIES

Key terms

Summary

Review Exercises
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INTRODUCTION

Much of the mathematics we are using today was developed as a result of modelling
real world situations such as meteorology in the study of weather patterns, astronomy in
the study of patterns of the movements of stars and galaxies and number sequences as
patterns of numbers. \

Studying about number sequences is helpful to make predictions in the patterns of
natural events.

For instance, Fibonacci numbers, a series of numbers 1, 1, 2,35 8, 13, 21,/. where
each number is the sum of the two preceding numbers, is used in modelling the birth
rates of rabbits.

In some number sequence, it is possible to see that the possibility of the sum of
infinitely many non-zero numbers to be finite.

For example, is it possible to find the following sums?

a 1+2+3+4+5+...+n+--- b 1+1+l+1+1+...+1+...

2 3 4 5 n

1.1.1 1 1
C  1+=+=+Z+—+.--+

2 4 8 16 o d 1+ =1+1lb=ldld =T+ + (D)7 4

This concept, which may seem paradoxical at first, plays a central role in science and
engineering and has a variety of important applications.

One of the goals of this unit is to examine the theory and applications of infinite sums,
which will be referred to as infinite series. We will develop a method which may help
you to determine whether or not such an infinite series has a finite sum.

OPENING PROBLEM

A farmer has planted certain trees on a piece of land. K
The land is in the form of an isosceles triangular region
with base 100 m and height 50 m. The trees are grown s
up in different rows as shown in Figure 1.1.

209
In each row, the distance between any two adjacent
trees is 5 m. The distance between any two consecutive

O+ + + 4+ + + + + + + + + + + + + + + + +

rows is 5 m, too. G @ i 5 00
Figure 1.1

109




Unit 1 Sequences and Series

a How many rows of trees are there on the piece of land?
b How long is each row?

c How many trees are there in each row?

d What is the total number of trees on the piece of land?

To solve problems like this and many others, a detailed study of sequences and their
sums (called series) is required.

SEQUENCES

/¥ Revision on Sets and Functions

ACTIVITY 1.1

From your previous knowledge of sets and functions, answer the following - _=
questions, discussing each point with your partner and /or teacher. ==
1 Define and discuss each of the following terms by producing examples.
a  Set b Finite set c Infinite set
d Equal and equivalent sets e  Countable set
2 Define a one-to-one function on the set of natural numbers onto each of the
following sets:
a  The set of whole numbers b The set of integers
c The set of even integers
3 Show that the sets in 2 a, b and c are equivalent to the set of natural numbers.
4 Let S be the set of the first 10 prime numbers. Define a function
f:S - N byf(n)=n’- 2,
a  What is the domain of f ? b What is the range of f ?
c Draw the graph of f.
5 Consider the Pascal's triangle.

row 1 1

row 2 1 1

row 3 1 2 1

row 4 1 3 3 1

Let f (n) be the sum of the numbers in the n'™ row.
Forexamplef(1)=1,f(2)=1+1=2,f(3)=1+2+1=4.
a  Evaluate f (10), f (15) and f (n) .
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b Plot the points with coordinates (n, f (n)) forn=1,2,3,4,5,6 0ona
coordinate plane.

I
6 Let f be a function defined on N by f (n) = % Evaluate

a fQ@ b f(5) c f(10)
7 Define g on N by q(n) = the integral factors of n.

Plot the points with coordinates (n, q(n)) forn=1, 2, 3, 4, 5, 6 on a coordinate
plane.

(W2 Number Sequences

The word sequence, used in everyday conversation, usually refers to a list of things
occurring in a specific order. In mathematics, a sequence is viewed as a set of numbers
one comes after another in a given rule.

Recognizing and identifying patterns is a fundamental idea that appears in science and
mathematics. It serves as a fruitful starting point for analysing a wide variety of
problems.

Sequences arise in many different ways. For example, consider the following activities
and try to get the patterns.

ACTIVITY 1.2

1 The monthly rent of a machine, Birr 200, is to be paid at the end

of each month. If it is not paid at the end of the month, the _, =
amount due will increase Birr 3 per day.
What will be the amount to be paid after a delay of
a  3days? b 10 days? c n days?
2 What do you understand about a sequence?
3 Consider the function a given by
a(n)=3n-1,
where the domain of a is the set of natural numbers N.
Thena(l) =2, a(2) =5,a(3) =38, ...
The function a is an example of a sequence.
Instead of the standard function notation, sequences are usually defined using special
notation. The value a(n) is usually symbolized as an.
Thus, we have a, = 3n-1.
The elements in the range of a, are called the terms of the sequence; a; is the
first term, a, is the second term, and a, is the n" term, or the general term of
the sequence.
Evaluate: a0, &35 and ags
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In this section, we give the mathematical definition of a number sequence.

Definition 1.1

A sequence {a,}is a function whose domain is the set of positive integers or a subset
of consecutive positive integers starting with 1.

The functional values: a,,a,,a;,...,a,,...are called the terms of a sequence, and

a, is called the general term, or the n"term of the sequence.

We usually write a,instead of the function a(n) for the value of the function at the
number n, if n € N.

Nomamions

The sequence {a,,a,,a,,...,a,,... } is also denoted by {a, } or {a,},
Sequences can be described by;

[ listing the terms. i writing the general term.
iii  drawing graphs. iv.using recurrence relations.

a By associating each positive integer n, with its reciprocal, —, we obtain a
n

sequence denoted by {%} which represents the sequence of numbers

1111

11 l l l 1y
2345

1
n

The general term is a, = 7
n

n-1
b Given the general term a,, = (%) , We obtain

a=1a, :%, a, =%, a, =% and so on. List up to the 10™ term.

c Given certain terms of a sequence, say 2, 4, 6, 8, ..., which one of the
following is the possible general term?
a,=2nor a,=(n-1)(n-2)(n-3)(n-4)+ 2nfor n a positive integer.
Both general terms have the same first four terms; but they differ by fifth term.
Tryto find the fifth and sixth terms for both general terms.
Write a formula for the general term of each of the sequences.
11 11

a 1,4,9,16,25, 36,49,64,81,100,... b T T
2 4 816
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c 2,0,2,0,2,0,... d 2,7,24,77,. .. e 1,3,6,10, ...

To write a formula for the n™ term of a sequence, examine the terms and
look for the pattern. Each of you may come with several formulae; the
following are few of them.

a a=n b a, :(—%j c a,=1-(-1)
d a=3"-n e an:g(n+1)

Some sequences are defined by giving a formula for the n™ term:

0

a  For the sequence {L} , the general term is a, = " and terms of the
n+l1j, n+1

n

SR

N L

. 234
sequence can be givenas —,—,—,—,...
345

[

b  For the sequence {ﬂ} , the general term is a, = ﬂand terms of the
nJ . n

1711 (D

121 3,4,-..., n yares

Graphically, this sequence isdescribed in the figure below.

|
iR

sequence can be given as -1

an

Figure 1.2

C For the sequence {sin(%)} the general term is a, = sin(n—;j and terms
n=1

J3 3 _ﬁ,—g,o,...,sin(nnj

of the sequence can be givenas —,—,0,
2 2 2
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v' A sequence that has a last term is called a finite sequence. A sequence that does
not have a last term is called an infinite sequence. The domain of a finite
sequence is {1,2,3,..., n}. The domain of an infinite sequence is N.

For instance, 1, 2, 3, .. ., 10 is a finite sequence and 1, 2, 3, . . . is an infinite sequence.
Some sequences do not have a simple defining formula.
Example 4 _
a  Thesequence,{p,}, where p,is the population of Ethiopia as of Meskerem
1 in the year n. _ ; :
b If we let a,to be the digit in the n"decimal plaée of the number /2 , then
{a,}is a well defined sequence whose first few terms are 4,1,4,2,1,3,5,....

Recursion Formula

A formula that relates the general term a, of a sequence to one or more of the terms that
come before it is called a recursion formula. A sequence that is specified by giving the
first few terms together with a recursion formula is said to be defined recursively.

Example 5 Find the first six terms of the sequence{a, } defined recursively by a =2

and anzhfornzz.
n

1
: 2 a5\ a_3_1
Solution =2, =&-coyg =R A a==2=—
> %A% V5 = 78))3 Y4412
Y £
:&:Q: L aezizﬂz 1
5 5 60 6 6 360
. b 111 1
Thus, the first six terms of the sequence {a,} are 2,1, =, —,—,—
3 12 60 360

v' The values of recursively defined functions are calculated by the repeated
application of the function to its own values.

Example 6. The Fibonacci sequence f, is defined recursively by the conditions
f,=1-f,=1 f =f_+f_, forn=3.
Solution Each term is the sum of the two preceding terms.
The sequence described by its first few terms is
{1,1,2,3,5,8,13,21,34,55, .. .}.
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L HISTORICAL NOTE

Leonardo Fibonacci (circa 1170, 1240)

[talian mathematician Leonardo Fibonacci made advances in
number theory and algebra. Fibonacci, also called Leonardo of
Pisa, produced numbers that have many interesting properties
such as the birth rates of rabbits and the spiral growth of leaves 4
on some trees. i

He is especially known for his work on series of numbers, including the Fibonacci
series. Each number in a Fibonacci series is equal to the sum of the two numbers
that came before it. Fibonacci sequence arose when he was trying to solve a
problem of the following kind concerning the breeding of rabbits.

“Suppose that rabbits live forever and that every month each pair produces a new
pair which become productive at the age of two months. If we start with one new
born pair, how many pairs of rabbits will we have in the nth month?”

Verify that the answer to the above question .isi'tﬁe'Fibonacci' sequence discussed in

Example 6 above. _ : \

1 List the first five terms of each of the sequences whose general terms are given
below, where n is a positive integer.

a a =1-(02)" b a ="t
3n-1

c a, = ) d a, = cos[n—”j
n 2

e =1 a,= 1 f =2"-3n+1

a1 1 n+l 1+an a'n

n n"

g a=(-1)"+1 1=

i pn=the n" prime number.
] gn = the sum of the first n natural numbers.

k a=-1a=2 a,,=na+(n+l)a, nz1

for n>1.

I a1=1' an+1=

1+a’
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2 Find a formula for the general term a, of each of the following sequences,
assuming that the pattern of the first few given terms continues
a {3,6,9,12,15, ...} b {2,712, 17
1 2
c 0,2,0,2,0,2,... d
{ } o = }
e {2,3,528,1321, ...} f {1, -1, 1,
2 5
0,1,3,7,15,... h 12—, =, —
g { } { Moyl }
[ {0.2,0.22,0.222, 0.2222,...} j {1,3 § § 32 , 8, . }
2'375'3 7
ARITHMETIC SEQUENCES AND
GEOMETRIC SEQUENCES

Arithmetic Sequences

OPENING PROBLEM

100 students registered to take an exam were given cards with numbers ranging from 1
to 100. There were four exam rooms: R, Rz, Rz and Ra.

Students with card numbers

a 1,4,7,10,... mustbeinRy; b 2,58, 11,...InRy;

c 3,9,15,...inR3; d 6,12, 18,24, ...IinRy.
The numbers in each room continue with a constant difference.
1 Find the total number of students in each room.

Are there any students assigned to different rooms simultaneously? If so, which
card numbers?

Avre there students who are not assigned? If so, which card numbers?

ACTIVITY 1.3

Find the difference between consecutive terms for each of the
sequences given below.

a 13579 .. b 10, 15, 20, 25, ...
c 10, 20, 30, 40, ... d 1, -9, -19, -29, ...

2 Can you see ways of obtaining any terms in such a sequence, given the first term
and the difference between consecutive terms?

o

N

w

=




Mathematics Grade 12

Now, one can observe from the above activity 1.3 that the difference between each pair
of consecutive termsis a constant.

Definition 1.2

An arithmetic sequence (or arithmetic progression) is one in which the difference
between consecutive terms is a constant. This constant is called the common

difference. i.e, {A}is an arithmetic sequence with common difference d, if and

only if A,,—A, =dforaln.

From Definition 1.2, we observe that if A, A, A;,...A,,...is an aithmetic progression,
then, A-A=A-A=A-A=.=A,-A=..=d

Equivdently, A, = A +d, A=A +d, A, =A+d, ..., A,, = A +d, ..

Hence, A, =A+d, A=A +2d, A, =A+3d, ..., A,;, = A +nd, ...

Thus, we have proved the following theorem for the general term A, .

Theorem 1.1
If {A} isan arithmetic progression with the first term A and a common difference

d, then the n" term is given by

A =A+(n-1)d.

Example 1 Given an arithmetic sequence with first term 5 and common difference 4,
find the first five terms and the twentieth term.

Solution The first term of the arithmetic sequence is5; hence A =5
A, =A+d=5+4=9 A =A+2d=5+2x4=13
A =A+3d=5+3x4=17 A=A+4d=5+4x4=21
Thus, thefirst fivetermsare 5, 9, 13, 17, and 21.
To find the twentieth term, we can use the formula A, = A +(n-2)d
A, =A+19d =5+19x4=81.

Example 2 -~ Given an arithmetic sequence whose first two terms are -3 and 7, find
the next three terms and the fourteenth term.
Solution Since the first two terms of the sequence are -3 and 7, we have A = -3
and A, = 7 because the sequence is arithmetic
d=A-A=7-(-3)=10
Since A, =A+(n-1)d, A =A+2d=-3+2x10=17
A =A+3d=-3+3x10=27 A =A+4d=-3+4x10=37

10
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Therefore, the three terms following -3 and 7 are 17, 27 and 37.
The fourteenth term can be found by using the formula A, = A +(n-1)d
A, =-3+(14-110=127
Show that the sequence {2n - 3} is an arithmetic sequence. Describe the
sequence graphically.
Let A =2n-3= A, =2(n+1)-3=2n-1
= A..—A =(2n-1)-(2n-3) =2, a constant for all natural numbers n.
Thus, {2n-3} is an arithmetic sequence.
If we plot the set of points whose coordinates are {(n 2n —3) n EN} , We get the

graph of the sequence.
A

Figure 1.3
Observe that the graph follows the pattern of a linear function.

A man bought a motor ‘car for Birr 80,000. If the value of the car
depreciates at the rate of Birr 7000 per year, what is its value at the end
of the 9™ year?

The present value of the car is Birr 80,000. The rate at which the value
depreciates yearly is 7,000. Thus, the value at the end of the first year is

Birr 80,000 — Birr 7,000 = Birr 73,000.

The value at the end of the second year is Birr 73,000 — Birr 7,000 = Birr 66,000
and at the end of the third year it is Birr 66,000 — Birr 7,000 = Birr 59,000.

Thus, the values at the end of consecutive years form an arithmetic sequence.
73,000, 66,000, 59,000,...
with A; = 73,000 and d = —7000
=A,= 73,000 - 7,000 (n—-1)
=Ay = 73,000 -~ 7,000 x 8
=:17,000
Therefore, the value of the motor car at the end of the oth year is Birr 17,000.00.
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10

11

If a, ¢, and b; are three consecutive terms of an arithmetic A omia N
sequence, then cis called the arithmetic mean betweenaand b. “ i

ACTIVITY 1.4

a  Expresscintermsof aandb.

b Find the arithmetic mean between 10 and 15.

If {a, my, mp, mg, . . ., m, b} isan arithmetic sequence, then we say that
my, My, Mg, . . ., M are k-arithmetic means between a and b.

Insert 5 arithmetic means between 4 and 13.

Determine whether the sequences with the following general terms are arithmetic.

a a,=4n-7 b a, =4n c a, =5n+3
d a,=n*-n e a=5 f :7—34n

Consider the sequence 97, 93, 89, 85, ...

a  Show that the sequence can be continued arithmetically.

b Find aformulafor the general term. c Is60 aterm in the sequence?
The n™ term of a sequenceis given by 7n - 3.

a Show that the sequence is arithmetic. b Find the 75" term.

c What isthe least term of the sequence greater than 5287

Given an arithmetic sequence with A, =12and Ay =14, find A and A,;.

Given an arithmetic sequence with A, =8and A, =10, find A and the common
difference d.

Given an arithmetic sequence with A, =5andd =6, find A and A,.
Given an arithmetic sequence with A, =102andd = —g ,find Aland A, .

In an arithmetic sequence, if the p™" termis q and the ™" term is p, find the
(p+ )" term.
Find the total number of whole numbers that are less than 1000 and divisible by 7.

If n-arithmetic means are inserted between a and b, express the common
difference in terms of a and b.

A man accepts a position with an initial salary of Birr 18000.00 per year. If it is
known that his salary will increase at the end of every year by Birr 1500.00, what
will be his annual salary at the beginning of the 11" year?



Unit 1 Sequences and Series

(¥ Geometric Sequences
OPENING PROBLEM

The population of Ethiopiain 2001 EC was approximately 75 million. If the population
isincreasing at arate of 2% each year,

a  what will the Ethiopian population be in 20207

b what isthe doubling period of the population?

ACTIVITY 1.5

1 Find theratio between consecutive termsin each of the following =~ ~-"%
sequences.
a 2481632, ... b 100,10, li,i,...
10 100
¢ -8,27,-93-1% .. g 1iidl
3 2 48 32
2 Can you see how to obtain any term in such sequences, given the first term and
theratio?

From Activity 1.5, you should have seen that the ratio between each consecutive termsis
aconstant.

Definition 1.3

A geometric sequence (or geometric progression) is one in which the ratio
between consecutive terms is a non zero constant. This constant is called the
common ratio. i.e, {G,}isageometric sequence, if and only if

G, =rG,; r CRA\{0}. The common ratio, r =% foralln.

n

From the Definition, we observethet if G,,G,,G;,..G,,...isageometric progression, then
G, _G _ G, _ Gy _ G

G G, G G G,
Equivdently, G, =rG,, G; =rG,, G, =rG;, ..., G,,; =rG,, ...
Hence G, =rG,, G, =r’G,, G, =r°G,, ..., G, =r"G,, ...

Thus, we have proved the following theorem for the general term G, .

13
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Theorem 1.2

If {G,}is a geometric progression with the first term G, and common ratio r, then the

n"term is given by G, =r""'G,

Example 5 Given the geometric progression 3, 6, 12, 24,..., find the next three terms
and the sixteenth term.

Solution Since we are given a geometric sequence, we first find the common ratio, r,

which isg = 2. Note that we can use any two consecutive terms to find r.

Therefore, the term following 24 is 2 x 24 = 48,
the term following 48 is 2 x 48 = 96
and the term following 96 is 2 x 96 = 192.
The sixteenth term is found using the formula

G, =r"'G,
G, =2"°" x 3=2" x 3=98,304
Example 6 Find the seventh term of a geometric sequence whose first term is 6 and

whose fourth term isi.
36

Solution First, you need to find the common ratio r, by using the formula
G, =r"'G,

G, =r*'G, where G'=6, and G, =%

O s
36 216

This gives you. r = %

1) 1
Thus, G, =} =1 (6) = ——.
z (6) ©) 7,776

th
Example 7 = A machine depreciates by (2—10j of its previous value every year. If its
original cost is Birr 100,000.00, find the value of the machine at the end of

the 6™ year.

Solution The value of the machine at the end of the first year

100,000.00
20

= Birr 100,000.00 - Birr = Birr 100,000 (1—21—0)

14
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The value at the end of the second year

= Birr 100,000 (1—2%} Birr M (1— L j

20 20
1 2
= Birr 100,000 (1-—) .
20
Similarly, the value at the end of the 3" year
3
= Birr 100,000 (1—iJ .
20

The values of the machine at the end of every year form a geometric sequence
2 3
100,000 1—i , 100,000 1—i , 100,000 (1—ij
20 20 20

Thus , the value at the end of the 6™ year

6
= Birr 100,000 (1—%) = Birr 73509.18906

ACTIVITY 1.6

If a, ¢, b are three positive consecutive terms of a geometric

sequence, then c is called the geometric mean between a and b. gF—— 8
a  Find an expression for c in terms of a and b.
b Find the geometric mean between 4 and 8.
If {a, my, my, ms, . .., m, b} is a geometric sequence, then we say that
my, My, Mg, . . ., M are k-geometric means between a and b.
Insert three geometric means between 0.4 and 5.

Decide whether or not each of the following sequences is geometric. For those
that are geometric, determine the n" term.

a 1,-2,4, -8, ... b 5,5,5,5,5,...
c -2,0,24, ... d o, 31—l 1

3'9’
e 0.9,0.99, 0.999,0.9999, ... f 2x, 4, 8x%, 16X, .. .. x 0.

Given the geometric sequence 5, 15, 45,..., find the next three terms and the tenth
term.
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3 Find the eighth term of the geometric sequence whose first term is 5 and whose

fourth term isi :
25

4 Find the fifth term of the geometric sequence whose first term is 1 and whose
fourth term is 343.

5 If x, 4x + 3 and 7x + 6 are consecutive terms of a geometric sequence, find the
value(s) of x.

A building company organizes a society to invest money starting from the first day of a month. If
the society invests 1 cent for the first day, 2 cents for the second day, 4 cents for the third day
and so on, with everyday investment being twice that of the previous day, how much will they
invest on the 30t day of the month? Calculate the total amount invested in the entire month.

1 Determine whether the given sequence is arithmetic, geometric or neither.

a 4,7,10,13,... b 2,6,10, 14,20, 26, ... c lEZE
2 4 14
d 1,4,9,16,... e 2,-4,8,-16, ... f % 8, 48, ...

g a, =5-2n, where n s a positive integer.

h a, = 1, where n is a positive integer.
n

. 1 . .

i a, = —, where n is a positive integer.
n

. 4" . o

] a, = P where n is a positive integer.

2 Use the given information about an arithmetic sequence to find the common
difference d and the general term A, .

a A1=3andA5=23 b A6=—8andA11=53
c Asr=8andAs=10
3 Use the given information about a geometric sequence to find the indicated values.

a G=10and r=2,find G,. b G=4and r=-3,find G;.
c G,=1and G, =216, find G, and r .
1 1 .
d G, =—, G. =——, find r, Gg and the general term G;.
> \/g 5 9 3 g n

16
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4 For any pair of non-negative integers a and b, show that the arithmetic mean
between a and b is greater than or equal to the geometric mean between them.

Find the first term of the sequence 4, 12, 36, 108, . . . which exceeds 20,000.
Find the first term of the sequence 10, 5, 2.5, 1.25, . . . which is less than 0.0001.
Insert four arithmetic and five geometric means between 2 and 20.

o N O O

If x, 4, y are in geometric progression and X, 5, y, are in arithmetic progression,
determine the value(s) of x and y.

9  1f {g,} is a geometric sequence with g, >0 for all n [IX,, then prove that {In g,}
is an arithmetic sequence.

THE SIGMA NOTATION AND PARTIAL SUMS

OPENING PROBLEM

As we know, each of us has parents, grandparents, great grandparents, great - great
grandparents and so on. What is the total number of such relatives you have from your
parents to your tenth grandparents?

In the previous section, you were interested in the individual terms of a sequence. In this
section, you describe the process of adding the terms of a sequence. i.e., given a sequence
{a,}, you are interested in finding the sum of the first n terms called the partial sum,

denoted by S, . Thus if a,,a,,a;,:..,a,,... are the terms of the sequence, then you put;

S =a, S is the first term of the sequence.
S =a+a, S is the sum of the first two terms of the sequence.
S,=a +a, +a, S is the sum of the first three terms of the sequence.

S, =a+ta, +ta+a,, Siisthe sum of the first four terms of the sequence.

and so on.
S=atataztast...+an S, isthe sum of the first nterms of the sequence.

Example 1 Find the sum of the first
a . -5natural numbers.
Hence, S, =1+2+3+4+5=15.
b 10 natural numbers that are multiples of 3.
Hence, S, =3+6+9+12+15+18+21+24+27+30=165.

17
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Example 2 Given the general term,a, =3n-5, find

a  the sum of the first 6 terms. b the sum of the first 10 terms.
Solution

a  The first 6 terms of the sequence a, =3n-5are -2,1,4,7, 10 and 13.

Hence, S, =-2+1+4+7+10+13=33.

b The first 10 terms of the sequence a, =3n-5are

-2,1,4,7,10, 13, 16, 19, 21 and 24.
Hence, §, =-2+1+4+7+10+13+16+19+21+24=113

Example 3 Given the general term a,, = 1. L, find the sum of the first,

n n+1
a 99 terms b n-terms
Solution
1 1 1 1 1 1 1 1
a =1-D+(E=-)+E- D+ 4 (=) =1-—~=0.99
S = ( 2) (2 3) (3 4) (99 100) 100
b Sn:1_£+£_£+£_...+i_£+£— 1 =1- 1 = n
2 2 3 3 n-I n n n+l n+l n+1
1 2 10 99
SothatS ==,5 =—,5, = —, =——, ../ ¢tc,
3 2 > 3 S 11 = 100

v' Such a sequence is said to be telescoping sequence.

When you have a formula for the general term of a sequence, you can express the sum
of the first n-terms of the sequence in a more compact form using a special notation for

sums. The Greek (upper case) letter sigma, Z often called the summation symbol, is
used along with the general term of the sequence.

Nom™aTrIoNS
n
i§16\ =t tagt..ta,

In this notation, i is called index of the summation or simply the index. 1 is the lower
limit and n is the upper limit.

Definition 1.4

Let {a,},-, be a sequence, the sum of the first n terms of the sequence, denoted
by S,, is called the partial sum of the sequence.

18
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2
(=)
d
B

. g
[
o
4

S=Ya=a+tatat.+a,
i=1

Since sigma notation is merely a shorthand way of denoting a sum, we can restate some
of the real number properties using sigma notation.

Properties of >’

n n

i ank:CZak,Wherecisaconstant. 2 i(ak"'bk):iak +Zn:bk
k=1 k=1 k=1

3 ki(ak—Q)=kiak—kibK

4 Zn:akzzm:ak+zn: a,, where 1<m<n.
k=1 k=1

k=m+1

Example 4 Evaluate each of the following. ;
10 10 6 10
a .3 b > (5j-4) c 4K HAY K
i= j=3 k=1 k=7
Solution
10
a Z3i =3(1) +3(2) +3(3) +3(4) +3(5)+3(6) + 3(7) +3(8) +3(9) +3(10)
i=1
=3+6+9+12+15+18+21+24+27+30 =165
10
Whereas 3 i =3(1+2+3+... +10) =3x55=165
i=1

b i(Sj -4)=5(3)-4+5(4)-4+5(5)-4+5(6)-4+5(7)-4+5(8)-4+5(9)-4+5(10) -4

= 11+16+21+26+31+36+41+46 = 228
10 10
Whereas 5 j—> 4=5(3+4+5+.--+10) ~(4+4+---+4) =5x52-4x8=228
| Sy

=3 =3 o
c i4k2 =4(1%) +4(2°) +4(3) +- 4 4(10%)
- =4(1+4+9+...+100) = 4(385) =1540
Whereas 426: k®+ 4% k® =4(91) +4(294) =1540
= =

Example 5 " Given a sequence for whicha, = 2n°, evaluate
a S, b S
Solution

4 4
a  S=)2k=2) k®=2(1°+2° +3° +4°) =200
k=1 k=1

19
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6 6 4 6
b §=)2k=2) kK¥=2>K+2) k* =2(1* +2° +3*+4°) + 2(5° +6°)

k=L k=1 k=1 k=5

=200 +682 =882.

1 Use the given sequence or general term to find the indicated sum S, .

a 3,7,11,15, ..;;S; b -8 -327 .. S
c -2,0,2,4,6, ...;S d 1,2,4,8,16,...;S,, S,, Sy
e 1%%% Ss, Sy Sy S - Can you guess what S, is?

f a, =3n+1, where nis a positive integer; S,, S;, S,,, Sy-

g a, = 2n-1, where n s a positive integer; S;, S, S,p, S -

h a, =log (%J where nis a positive integer; S;, S, S,y, Sipo -
n

: n n+1 . s
[ a,=——- , Where n is a positive integer; S;, S, S,: S -
n+l n+2

Can you give a formula for S, ?

2 Rewrite each sum without using sigma notation; then calculate each sum.

5 4 6 8
a Zn b Z4(k+2) c ZS(k—l) d ZSk
n=1 k=1 k=1 k=1
6 5 5 10
e DK fo YK g 4 h  >7
k=2 k=3 k=1 k=3
: 92 2 : 8 n+1 J
i —- log,| — | kK log, 2
e ()« S
3 Use the sigma notation to represent the sum of the first n terms of the given
sequences.
a 4,812, ...,4k, ... forn=5. b 2,5,8,...,3k-1, ... forn=8.

c 2,818,...,2k* ...forn=7. d 7,911 .., (2k+5), ... forn=10.
4 Express the given sums using sigma notation.

a 2+6+10+ 14+ 18 b 5+25+125 + 625

c 1+3+5+7+ ...+51 d 4+7+10+13+...+52
1 1 1 1 2 4 6 20

e + + + f —t—t—+ .+ —

= Lot
2 2x3 3x4 99x100 5 9 13 41
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Sum of Arithmetic Progressions

The particular structure of an arithmetic progression allowed you to develop a formula
for its general term A, . This same structure allows you to develop formulae for S, , the

sum of the first n terms of an arithmetic progression.

You begin by examining a special arithmetic sequence, 1, 2, 3, 4,-;'.’."-,n,..f- and its _'
associated sum S, . ok

S, = 1+ 2+ 3+ ...+ n, the sum of the first n terms (n natural nu'fhber,s).
For n =100, that is, S =1+ 2+ 3+..+ 98+99+1OO Ll
Write the sum in reverse order S =100+99+98+...+ 3+2+ 1V
Adding the two sums together, we get 2§, —101+101+101+ +101+101+101
e, 2§, -100><101 '

Therefore, S, = ;100(101) 5050.

L HISTORICAL NOTE

Carl Friedrich Gauss (1777-1855)

A teacher of Gauss, at his elementary school, asked him to add all
the integers from 1 to 100. When Gauss returned with the correct
answer after only a few moments, the teacher could only look at
him in astounded silence. This is what Gauss did:

L 2 & ... 100
100 + 99 + 98 + ...+ 1
101 +101+101+ ...+ 101

100 x 101

=5050

You can generalize this approach and derive a formula for the sumS,, of the first n
natural numbers. You follow the same steps as you just did for S, .

i

8§ =1+ 2+3+..+(n-2)+(n-1)+n
Write the sur in reverse btd_er: S =n+(n-)+(n-2)+..+3+2+1
Add the two sums .togeth’er_:' 2S5, =(n+D)+(n+1)+..+(n+1)+(n+1)

Therefore, you have 2S, =n(n+1)and so, S, =g(n +1).

21
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Thus, you have derived the following formula.

The sum of the first n positive integers is given by,

S =1+2+3+..+ n:g(n+1).

Example 6 Find the sum of the first

a 30 natural numbers. b 150 natural numbers.

Solution

a  Using formula, S, :g(n +1), S, =%(30 +1) =15(31) = 465

b Using formula, S, :g(n+1) Sk :?

You can now derive the general formula for the sum S, of the first n terms of an

(150 +1) = 75(151) = 11,325

arithmetic progression.

Thatis, S, = A +A, + A +...+ A, where {A }..,Is an arithmetic sequence.

But then, A, = A +(n-1)d, where d is the common difference and so,

S, = A+(A+d)+(A +2d)+ (A +3d)+..+ (A +(n=1)d)

By collecting all the A terms (there are n of them) we get,

S, =nA +[d+2d +3d +...+ (n-1)d]

Now factoring out d from within the brackets,

S,=nA +d[1+2+3+..+(n-1)]

Inside the brackets, you have the sum of the first (n—1) positive integers. Thus by

using the formula, S, :g(n +1), you get

S =nA +d[n;1Jn: 2nA +r;(n—1)d _ n[2A +2(n—1)d]

Hence, you have proved the following theorem.

Theorem 1.3

The sum S, of the first n terms of an arithmetic sequence with first term A and
common difference d is:

5,22 A =5[24+(n-1d]

This formula can also be written as

22



Unit 1 Sequences and Series

5.=5(A+(A+(-30))= Sa+ A)=nATA)

where A isthe n™term. This alternative formulais useful when the first and the
last terms are known.

Given the arithmetic sequence: 3, 7, 11, 15, ..., find
a Sy b S

a  Since the given sequence is an arithmetic sequence with A = 3and
common difference d = 4, you can substitute these valuesin the formula

5,22 A= 2124+ (-]

Thus, S, = i A = @(2(3) +(20-1)4) =10(6+19(4)) =10(82) = 820.

k=1

b §=) A =5(2A+(-1d
Z&——(2(3)+(80 1)4) =40(6+ 79(4)) = 12,880,

Find the sum of the first 35 terms of the sequence whose genera term
iISA, =5n.

From the generd term, we get A, = 5and A, =5(35) =175.

Since we can easily identify the first and the 35" term, we use the formula,

s, ——(A1+A1)—0{A1 A‘j

Thus substituting, A, =5, and A, =175, we get
5+175
2

S = 3—25(5+175) = 35( j = 35(90) = 3,150.

Try to find the sum of this sequence using the other formula

S, = Z A= g[ZAi + (n=21d]. Which formulais easier to use in this example?
k=1
If the n™ partial sum of an arithmetic sequence {a,} is3n? find an.
Noticethatan= Si—Si-1. (Explain)
= a,=3n"-3(n-1)° =6n-3,
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A water reservoir is being filled with water at the rate of 4000 m*hr for
the first hour, 5000 m*hr for the second hour, 6,000m*hr for the third
hour and it increases by 1000 m%hr at the end of every hour. It is
completely filled in 8 hours. Find the capacity of the reservoir.

Observe the sequence of the volumes of water being filled at the end of
every hour 4,000m?, 5,000m?, 6,000m?, ..., form an arithmetic sequence
with A; = 4,000 and d = 1,000.

The volume of water being filled in 8 hours is
S= % (2 x 4,000 + 7 x 1,000) m* = 60,000 m®,

Thus, the capacity of the reservoir is 60,000 m®.

Sum of Geometric Progressions

The particular structure of a geometric progression allowed you to develop a formula
for its general term G, . This same structure allows you to develop formulae for S,, the

sum of the first n terms of a geometric progression, as you did for arithmetic
progressions.

If {G,},-. s a geometric sequence, then its associated geometric sum, S, is
S, =G, +G,+G, +..+G _ +G,

As with the case of the sum of arithmetic sequence, we can find a formula to describe a
geometric sum which is associated with a geometric sequence.

Let {G,}=, be a geometric sequence with common ratio r, then G, = r"G, for each n.
Thus, S, =G, +G, +G, +...+ G, + G, implies that
S, =G, +IG, +r°G, +..+1"*G, +r"'G,
Factoring out G,, you get
S, =G r+rZ+. +r"7 41"
S, =G (r+r2+r¥+. . +r""+r") Multiplying both sides by r
S, IS, =G @+Ar+r2+. . +r"2+r") =G (r+r?+r’+..+r" +r") Subtracting
rS, fromS,

G,(1-r")

(1-rS,=G,(1-r"),andso S, = 11 for r 21
-r

Thus, you have proved the following theorem:
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Theorem 1.4
Let {G_},_, be a geometric sequence with common ratio r. Then the sum of the first n
terms S, is given by,
nG, if r=1.
Sn = 1-r"
&g

1-r r

(=D e 21,
01

Example 11 Given the geometric sequence: 1, 3, 9, 27, ..., find

a  § b S
Solution
a  From the given sequence G, =1and r = 3, thus using the formula
G, @-r" 1(1-3°) _-242
S, =———= youget = 7 =121.

" 1-r youget 5 1-3 £

b By using the same formulaasina, S, = % , we get
Fr

_1(1-3°) _ -59048
1-3 -2

1 Find the sumS; of the arithmetic sequence whose first term is 4 and the common
difference is 5.

=29,524

S

2 Find the sumS,, of the arithmetic sequence whose first term is 8 and the common
difference is -1.

3 Find the sumS, of the arithmetic sequence whose fourth term is 2 and whose
seventh term is 17.

4 Find the sumsS;, S,, Syand S, of the geometric sequence whose first term is
4 with common ratio 5.

(What happens to the sum S, as n becomes “larger and larger”?)

5 Findthe sumS;, S,, Syand S, of the geometric sequence whose first term is 4
with common ratio %
(What happens to the sum S, as n becomes “larger and larger”?)

6  Giventhe sum S, =1650f an arithmetic sequence and A =3, find A, .
7 Giventhe sum S,, =9100f an arithmetic sequence and A,, =95, find A .

25



Mathematics Grade 12

8
9

10
11

12

13

14

15

16

17

18

Given the sum S = 3680f an arithmetic sequence and A =1,find A, .

Given the sum S, =969 of an arithmetic sequence, A =9 and common difference
d=6 find n.

Find the sum of all 3-digit whole numbers that are divisible by 13.

Find the sum of n-arithmetic means which are inserted between any two real

numbers a and b.

In an arithmetic sequence, the fourth term is 84 and the tenth term is 60. Find the

maximum possible partial sum.

If A; and A; are arithmetic means between any two real numbers a and b and G;

and G, are geometric means between a and b, express AC;—GAZ in terms of a and b.
2

Evaluate each of the following sums.

20

a >(5n+7) b 261(—1)n+1L c 25:53:1

n=1 n=1 n+1 n=2
7 ok 10 (_1)1'3 2
d ZF e JZ:; j f kzzllk

A woman started a business by Birr 3000.00. She lost Birr 100 in the first month,
Birr 60 in the second month, Birr 20 in the third month and so on. Assuming that
this improvement continued at the same rate, determine her total capital in 2 years
and 7 months.

The population of a certain city increases at the rate of 3% per year. If the present
population of the city is 400000, find the population after

a  4years b 10 years

A person invested in two different organizations A and B. He invested Birr 10,000
in A that increases Birr 300 per year and Birr 16,000 in B that increases by 5% per
year.

a Determine the amount in each organization after 10 years.
b Find a formula for the amount of money in each organization after n years.
c Determine the number of years that the amount in A exceeds the amount in B.

Suppose you pay 20% tax when you buy a certain machine. If you buy the
machine for Birr 20,000 and sale it for Birr 12,000, the buyer will pay 20% tax
and sale it for Birr 7,200. If this process continues without end, find the total tax
that can be collected.
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INFINITE SERIES

OPENING PROBLEM

A ball is dropped freely from a height of 16 m. Each time it Q N
drops h metre, it rebounds 0.81 h metre.
a  What is the total vertical distance travelled by the e

ball before it comes to rest?
b The ball takes the following times for each fall.

S =-16t° +16, S=0if t=1;

S =-16t>+16(0.81), S, =0if t=0.9;

S, =-16t*+16(0.81)", S =0if t=(09)";
S, =-16t*+16(0.81)°, S, =0if t=(0.9);

0.81h

S, =-16t?+16(0.81)"", S, =0if t=(0.9)"";

Figure 1.4
Beginning with S, the ball takes the same amount of time to bounce up as it does to fall.

What is the total time before it comes to rest?

If you try to add the terms of an infinite sequence{a, },.,, you get an expression of the
form:

a +a,+a,+..+a, +..

We call such a sum an infinite series and denote it by the sigma notation as
a+ta,ta;t.otat.. = Ya
2 n=1

But does it make sense to talk about the sum of infinitely many terms?
We may get the answer after the following activities.

ACTIVITY 1.7

1 Is it possible to find the sum of the following?
a 1+2+3+4+5+...+n+... b 1+3+45+7+..+(2n-1) +...
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2
3

=== = =1 o d —1+1+-1+41+ -1+ ..+ (-D)" +...

f 2+4+8+16+...+2" + ...

Find the n™ partial sum S, for each of the above a —f.

What happens to the partial sum S as n gets “larger and larger”?

Let us examine a, c and d.

a

S = g(n+1) the sum of the first n natural numbers.

As n becomes “larger and larger”, S, gets “larger and larger”.

That is as n increases indefinitely, S, also increases indefinitely. Or as n tends to
infinity, S, tends to infinity. Symbolically, as n — o, *S, - o

S, = % ; partial sum of a geometric series with G, :% and .r :%
-r
2 2 1
Therefore S, =—— <% =1-(5)"
1 2
1-=
2

As n - oo, the value of (%J becomes almost zero. Hence, S, - 1.

0 'if niseven
-1 if nisodd
Asn - o, S - 0or -1, depending onwhether nis even or odd.

n

S, = -1+1+-1+1+=1+. ..+ (-D)" :{

Thus, as n - o, S doesnot approach a unique number. In such cases, the
infinite sum doesn’t exist.

In the case of ciinwhich asn - o, S, - 1;we define the infinite sum to be 1.

Thatis,zi :£+£+E+...+ 1 +.=1
2 2 ‘4 8 2

n=1
However, in the cases a and d the sum does not exist; the sum is not unique in d;
and-the sum is not a finite number in a.

Now in‘general, as n tends to infinity, if the partial sum tends to a unique finite number
s, then we say the infinite series converges and the infinite sum is equal to s; otherwise,
the infinite series is'said to be divergent.
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Definition 1.5
Let {a,}7, be a sequence and S, be the n"partial sum such that, as n - o, S - 's

where s is a finite real number, then we say the infinite seriesZan converges and is

n=1

writtenas > a, =s.

n=1

However, if such an s does not exist or is infinite, we say the infinite series Zan

n=1

diverges.

Example 1 Determine whether the series Z(3)n converges or diverges.

n=1

Solution The seriesZ(B)” = 3+9+27+...+3" +....is a geometric series with

n=1

G, =3and common ratior = 3. Hence, the partial sum is given by

S - G@-r")
" 1-r
Substituting the values, we obtain,
31-(3)"1_ 3 -3.3
=— === -—[1-3"]=—+=03)"
== 3 - =—+20)
Thus,as n - o, S -

Therefore, the series diverges.

Recall that, if {G,}"_ is a geometric series with common ratio r, then

RAY 5 Vg s
== I-r _1—1r_1ir

Ifjr|<1,as n- o, r" - 0'sothat

S = Gl —Glrn Y Gl = S, = i
1-r 1-=r 1-r 1-r

Example 2 Evaluate

1 17,1 3 9 27
a 4+, b l1-—+ ———-—+
2 4. 8 5 25 125

29
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Solution

a  This s an infinite geometric series with G; = % andr = %

‘l\)\l—‘
1
=

Hence, S, = i =

N

w
[N

b Here, Gi=1,r= — —, Hence,so:—:g.

a1
H

[
TN
|
gl w
~—

Example 3 Write 0.6 as a rational number.

Solution 0.6 =06+0.06+0.006+.... = E+i_+i+
10 100 1000
which is an infinite geometric series with r.= il and G; = %

6 6

Thus,s>o = i = 1_:1_23_
10 10

Example 4 A ball is dropped from a height of 30m above a flat surface. In each
bounce, it rebounds to 0.3 of the distance it fell. Find the maximum
possible vertical distance the ball could travel.

Solution Each time, the ball travels 0.3 times the ‘distance it fell, as shown in
Figure 1.5. Assuming that the ball never comes to rest, the total distance is

S=30+ 2(%%: 55.7m. (Explain!).

Note that the ball is bouncing

vertically and we assume no

horizontal movement. The

horizontal axis of this graph is

only to indicate the bounces of
9 the ball.

—

Figure 1.5
Example 5 In Figure 1.6, an infinite number of rectangles are constructed under the
graph of f () =27*. Find the sum of the areas of all the rectangles.
(0]
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The n™ rectangle has unit length
and height 27" units. Hence, the
area of the n" rectangle is A, = 2"
square unit.

@ 2t 05
Z:; - 1o 05square units % 2

=1 unit square.

|_Exercise1.7 |

Find each of the following sums if it exists, assuming the patterns continue as in
the first few terms.

f(x) =2

\\\\“‘*

Figure 1.6

a 2+1+l+£+... b 1+3+£+i+...
2 4 3 9 27
1 1 1 1 -1 1 -1
© i A — d 4+ —+—+
5 10 20 5 10 20 40
1 4 16 7 7 7
e —t—t+—+.. f 7T+—+—+ +
5 15 45 10 100 1000
g Z43—k h Z4k—3
k=1 k=1
k-1 n
. = (1 . > nat ([ 2
23 - Fe(3)
e \3 = 3

Express each of the following as a fraction using the infinite sum.
a 04 b 037 c 32354 d  13.452981

11 1

Find the product 5.52.5%..52"...
If 25‘“ :%, find the value of r.

k=1
If the product 37.3".3"...= 3, find .
Suppose a ball is dropped from a height of h m and always rebounds to r of the
height from which it falls. Show that the total vertical distance that could be

covered by the ball is h( 1} m. Assume that the ball will never stop bouncing.
1-r
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APPLICATIONS OF ARITHMETIC

PROGRESSIONS AND GEOMETRIC
PROGRESSIONS

This section is devoted to the applications of arithmetic and geometric progressions or
geometric series (binomial series) that are associated with real life situations. Here are
some examples followed by exercises. The examples shown here and the following
exercises illustrate some useful applications.

Example 1 A job applicant finds that a firm offers a starting annual salary of Birr
32,500 with a guaranteed raise of Birr 1,400 per year.

a  What would the annual salary be in the tenth year?
b Over the first 10 years, how much would be earned at the firm?

Solution

a  The annual salary at the firm forms the arithmetic sequence;
32,500, 33,900, 35,300, ... with first term A =32,500
and common difference d =1,400.
Thus, A, = A +(n-1)d, substituting the values we obtain;
A, =32,500+ (10~-1)1,400 = Birr 45,100

b To determine the amount that would be earned over the first 10 years, we need
to add the first 10 annual salaries;

S2 AR A At A0 AR
(It is10 times the average of the first and the last term.)

4 \J %(32,5oo+45,100) = Birr 388,000.

Therefore, over the first 10 years a total of Birr 388,000 would be earned at the firm.

Example 2 A woman'deposits Birr 3,500 in a bank account paying an annual interest
at a rate of 6%. Show that the amounts she has in the account at the end
of each year form a geometric sequence.

32
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Let G, =3,500. Then,

G,=G,+ %Gl = G, (1+0.06) = 3,500(1.06) = 3,710.

G, =G,+ %Gz = G, (1+0.06) = G, (1.06)(1.06) = 3,710(L.06) = 3932.6.
Continuing in this way you get G, = (1.06)"" G,
Since the ratio of any two consecutive terms is a constant, which is 1.06, this
sequence is a geometric sequence.

Suppose a substance loses half of its radioactive mass per year. If we start
with 100 grams of a radioactive substance, how much is left after 10 years?

Let us record the amount of the radioactive substance left after each year
starting withG, =100. Note that each term is half of the previous term

and hence,

G, = %(100) =50g is the amount left at the end of year 1.

G,= %(50) = 25g is the amount left at the end of year 2.

If you continue in this way, you see that the ratio of any two consecutive terms is

... 1 b ] )
a constant, which is=, and hence this sequence is a geometric sequence.

Therefore, after ten years, the amount of the substance left is given by

1 10 1 10 100
== =| 2| (100) = ——— =0.09765625¢.
= (2) G (2j( ) 1,024 J

Binomial series
You remember that the binomial theorem states
n(r; 1) n Z(bX)Z n(n 1)(n 2) n 3

3 (0 + ...+ (bX)"

(a+bx)"=a"+na"" ! (bx) +

for any positive integer n.
In particular fora=1 and b =1, you have

n(n—l)x2 N n(n—l)(n—2)X3Jr
2! 3!

1L+x)"=14nx+
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Now, if you consider the infinite series 1 — x + X —x+..., thenitisa geometric series

. . . 1 _
with common ratio —x. Moreover, for | x| < 1, it converges tol— =(1+x*
+X

In general, for any value of n,
n(n-1) 2+ n(n—l)(n—2)X3Jr *)
2! 3!

(1+x)"=1+nx+

and this type of series is called a binomial series. This series converges for| x| < 1. The
binomial series generalizes the binomial theorem to any real values of n. If n is'a

positive integer the binomial series reduces to binomial theorem.

Expand each of the following expressions.

N[

a (1+x b (1-3%7 c . (Bx+2*

a Replacing n by % in (*) gives you,

1(1 1(1 1
el ol
(1+x2=1+5x+ + e

2! 3!

el te Lol Sha, provided that |x|< 1.
2 8 16 128

b Replacing n by -5 and x by (-3x) in (*) gives you.

(1-3X)7°=1+(-5) (-3x) + 5 3

=1+ 15x +135x¢ + 945x% + 5670 + ... provided that | x| < %

-4 —4
c  Observethat (2x+3) *= {3(%“1)} =3 (%xﬂj

Hence,

3

(5)(5-D(3%" ", -5(-5-1)(-5-2)(-3%)°

(-4)(-4-1 (2 ij (-4)(-4-1(-4-2) (2 Xj
-4 4 2 3 3
(2X+3) B\ 1+(_4)(§Xj+ 21 ¥ 3!

1 '8 40 , 160 ; 560 ,
— - Xt—X - X + xt -
81 243 729 2187 6561

+...
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The binomial series is useful for approximations. When you have an expression of the
form (1 + X) " where | x| <1, you can take (1 + X) " to be equal to only the first few
terms of the series.

Find the approximate value of 3/6 correct to four decimal places.

You know that 6 is not a perfect cube but using the perfect cube 8,
rewrite 3’/5 as

1
Y6=38-2 :38(1—§j: B 31—%: 2(1—3j3.

4

Hence replacing n by %and X by —% in (*), you have

P Y 1}(;)@—@(—32;@—@@—2)(-31_

4 3 4 21 3!
—pfqt Y 5

12 144 5184
= 1.817515430988

— 36 = 1.8175 correct to four decimal places.

Exercise 1.8 (Application Problems) |

1 Aperson is scheduled to get a raise of Birr 250 every 6 months during his/her first
5 years on the job. If his/her starting salary is Birr 25,250 per year, what will
his/her annual salary be at the end of the 3" year?

2 Rosa begins a saving program in which she will save Birr 1,000 the first year, and
each subsequent year she will save 200 more than she did the previous year. How
much will she save during the eighth year?

3 A certain item loses one-tenth of its value each year. If the item is worth Birr
28,000 today, how much will it be worth 4 years from now?

4 A Dboat is now worth Birr 34,000 and loses 12% of its value each year. What will
it be worth after 5 years?

5  The population of a certain town is increasing at a rate of 2.5% per year. If the
population is currently 100,000, what will the population be 10 years from now?
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6

10

11

12

13

14

15

Sofia deposits Birr 3,500 in a bank account paying an annual interest rate of 6%.
Find the amount she has at the end of

a  the first year b the second year C the third year
d the fourth year e  the n™ year

f Do the amounts she has at the end of each year form a geometric sequence?
Explain.

A job applicant finds that a firm A offers a starting salary of Birr 31,100 with a
guaranteed raise of Birr 1,200 per year, whereas firm B offers a higher starting
salary of Birr 35,100 but will guarantee a yearly raise of only Birr 900.

What would the annual salary be in the 11" year at firm A?

a
b What would the annual salary be in the 11" year at firm B?

c Over the first 11 years, how much would be earned at firm A?
d Over the first 11 years, how much would be earned at firm B?
e Compare the amount earned in 11 years in firms A and B.

A theatre hall has 38 rows of seats. The first row has 17 seats, the second row has
20 seats, the third row has 23 seats and so on. What is the seating capacity of the
theatre hall?

A contest offers a total of 18 prizes. The first prize is worth Birr 10,000, and each
consecutive prize is worth Birr 500 less than the next higher prize. Find the value
of the eighteenth prize and the total value of the prizes.

A contest offers 10 prizes with a total value of Birr 13,250. If the difference in
value between consecutive prizes is Birr 250, what is the value of the first prize?

A Dball bounces up one-half the distance from which it falls. How far does it
bounce up on the fifth rebound, if the ball is dropped from a height of 20 metres?

A ball is dropped from a height of 60 metres and always rebounds one-third the
distance from which it falls. Find the total distance the ball has travelled when it
hits the ground for the fifth time and the tenth time.

In Problem 12 above, if you let the ball bounce “forever”, what is the total
distance it would travel until it comes to rest?

Expand each of the following using binomial series.
3
a (x-4)" b (1+x)?2 c !
V4-X
Approximate each of the following using binomial series.

a 5 b 39 c 47
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°]

arithmetic mean finite sequence recursion formula
arithmetic sequence general term sequence

common difference geometric mean series

common ratio geometric sequence sigma notation
convergent series infinite sequence telescoping sequence
divergent series infinite series terms of a sequence
Fibonacci sequence partial sums

Wl summary

1
v

Sequence

A sequence {a,} is a function whose domain is the set of positive integers or a
subset of consecutive integers starting with 1.

The sequence {au, &, as, ...} is denoted by{a.} or {a,} *
A sequence that has a last term is called a finite sequence. Otherwise it is called

infinite sequence.

Recursion formula is a formula that relates the general term a, of a sequence to
one or more of the terms that come before it.

Arithmetic and geometric progression

i Arithmetic progression

An arithmetic sequence is one in which the difference between consecutive terms
is a constant, and this constant is called the common difference.

If {A.} is an arithmetic progression with the first term A; and the common
difference d, then the n™ term is given by:

An=Ai+(n-1)d
i Geometric progression

A geometric progression is one in which the ratio between consecutive terms is a
constant, and this constant is called the common ratio.

If {G,} is a geometric progression with the first term G, and a common ratio r,
then the n™ term is given by:

Gn = I‘n_lG1.

37



Mathematics Grade 12

Partial sums

The sum of the first n terms of the sequence{a,} © ,denoted by S, is called the

partial sum of the sequence.

The sum S, of the first n terms of an arithmetic sequence with first term A;, and
common difference d is:

5,2 A = 5124 +(n-1)d].

In a geometric sequence, {G,}", with common ratio r, the sum of the first n terms
S is given by;
nG,,ifr =1
S =l -
GUTD e pg
r-1

Convergent series and divergent series

In a sequence{a,} “ , if S is the n™ partial sum such that, as n - o, S s

where s is a finite real number, we say the infinite series Zah converges to s,

n=1

otherwise the series diverges.

1

38

ﬂ Review Exercises on Unit 1

Find the first five terms of the sequence with the specified general term.
1

a = b = (n-1)? c = (-1)"n!
e = o7 an = (n-1) an = (-1)
d a, = 21l e a,= L g (Dﬂj f a,= n"-3
3n+1 n 6 n°+3

Find the first five terms of the recursively defined sequence.

a a=-2and a, = iforn22
a,

b ai=1,a =3anda, = hforn23
a, .,

a1=1, a, = (an-1)"forn=2
a=0,a=1 a, = ap-1+ an— forn=3
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Find the general term of an arithmetic sequence that satisfies the given conditions.
a  The first two terms are 4 and 7.

b The fourth term is 11 and the tenth term is 35.

c The tenth term is 3 and the fifteenth term is 5.5.

d  The third term is 2/2 and the sixth term is 4+/2 .
Find the general term of a geometric sequence that satisfies the given conditions.

a The first two terms are —1 and %

b The third term is Z and the fifth term is i
9 243

(5 The second term is % and the fourth term is \/E .

d The first term is 0.15 and the third term is 0.0015.
Evaluate each of the following sums.

10 12 5 2k
a kZ=1:3k—1 b nZ=1:(4—5n) © ;2k+1

o
—
w
+
T
=

=
N—
(0]
|
-
~
=
N
=
.
Mo
w
=~
1N

«Q
M
VR
w
x

Q— +
N
x
N—
N

>

x

i
VR
w| N
N S
x
A
M

N
VR
N | w
x

=~

e 2 DY)

5
k=1 k=

-

Find the sum of whole numbers that are less than 100 and leave remainder 2 when
divided by 5.

Evaluate each of the following infinite series.

1 1 1
a 2-V2+1-—-=+... b 9+33+3+3+1+——+...
J2 2 J3

=P
4 4 4

e 01+011+0.111+0.1111+...

Find the sum of all two-digit whole numbers which are divisible by 11.

d 1+x+xX+xX+... (intermsofx)

o
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9

10

11

12

13

14

15

16

In an arithmetic sequence, the sum of the first 20 terms is 950 and the sum of the
second 20 terms is 0. Find the general term of the sequence.

When n arithmetic means are inserted between 8 and 44, the sum of the resulting
terms is 338. Find the values of n and the common difference.

A car that is bought for Birr 125000.00 depreciates in value by Birr 4000 per year.
How long will it take for the car to make a loss of 25% of its value? (to the nearest
year).

A person invests Birr 1,000,000.00 for the first year. During each succeeding

years he invests Birr 300,000.00 more than he did the year before. How much will
he invest over a period of 20 years?

A factory that produces cement had sales Birr 100,000.00 the first day and sales
increased by Birr 8,000.00 every day during each successive days. Find the total
sales of the factory during the first 30 days.

If the construction of a certain school is not completed by the agreed upon date,
the contractor pays a penalty of Birr 1,000 for the first week, Birr 2,000 for the
second week, Birr 3,000 for the third week and so on that it is overdue. If
construction of the school is completed 13 weeks late, calculate the total amount
of the penalties that the contractor must pay.

Suppose you earn Birr 10,000.00 per month and pay 20% tax and spend 60% of it.
Again the recipient of the money spent by you pays 20% tax and spends 60% of
it. If this process continues without end, find the total amount that will be paid for
the tax.

Expand each of the following expressions using binomial series and determine the
values of x for which it converges.

1

a (9+x)2 b (1+5x%)

9
2

¢ (2-x)
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INTRODUCTION TO LIMITS AND
CONTINUITY

10 20 30

Unit Outcomes: .

After completing this unit, you should be able to:
» understand the concept of "limit" intuitively.
find out limits of sequences of numbers.
determine the limit of a given function.
determine continuity of a function over a given interval.
apply the concept of limits to solve real life mathematical problems.
develop a suitable ground for dealing with differential and integral calculus.

WV WV ¥V V¥V V¥

2.1 LIMITS OF SEQUENCES OF NUMBERS

2.2 LIMITS OF FUNCTIONS

2.3 CONTINUITY OF A FUNCTION

2.4 EXERCISES ON APPLICATIONS OF LIMITS
Key terms
Summary

Review Exercises
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INTRODUCTION

This unit deals with the fundamental objects of calculus: limits and continuity.
Limits are theoretical in nature but we start with interpretations.

Limit can be used to describe how a function behaves as the independent variable
approaches a certain value.

XZ

L Then (1) =% has no meaning. The

For example, consider the function f (x) =

form 0 is said to be indeterminate form because it is not possible to assign a unique

valueto it.

Thisfunction is not defined at x = 1. However, it sill makes sense to ask what happens

to the values of f (X) as the value of x becomes closer to 1 without actually being equal

2 — Iy
to 1. You can verify using a calculator that f (x) = 6 11 approaches to 2 whenever
X —

you take any value very closeto 1 for x.

Thismeans that f (x) has a well-defined value near x = 1 on either side of 1.
Limits are used in several areas of mathematics, including the study of rates of change,
approximations and calculations of area.

For example, you know how to approximate the population of your kebele in 2012, but
what is different in limits is you will learn how to know the rate of change of population
in your kebele in 2012.

OPENING PROBLEM

Imagine that a regular polygon with n-sides is inscribed
inacircle.

1  Asn gets large, what happens to the length of
each side of the polygon?

2 What will be the limiting shape of the polygon as
n goes to infinity?

3 Will the polygon ever get to the circle? FIgUre 2:1

42
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7Rl LIMITS OF SEQUENCES OF NUMBERS

ACTIVITY 2 .1

1 Find the maximum and minimum & ements of each of
the following sets.

a {1,23...,100 b {1,-1,1,-1,..} ¢ {x[RF3<x<5}

d {l:n} e {x[RI1-1<x<2} f { x[R1-5<x<4}
n

g { x[R]: XI'<I5}
2 For each of the following sequences { a,}, find mand k such that

i an<m,foradln i an, =k fordln
1
a a=2"+1 b a=— c  a=(1)" (1+1j
3 n
+ 1 n_
d anzn—1 e an=7+— f an=10 1
n n 10"

il  Upper Bounds and Lower{Bounds

The numbers mand k in Activity 2.1 are said to be an upper. bound and alower bound
of the sequences, respectively.

Definition 2.1

Let { a»} beasequenceand m, M Then

i Missadtobeanupper bound of {a.},if M = aforal a [{h.}.
il missadtobealower bound of { a.},if m < a fordl a; [{d.}

il A seguenceissaid to be bounded, if it has an upper bound (isbounded above) and
if it has alower bound (is bounded below).

v A sequence{an} isbounded, if and only if there exists k > 0 such that
la,| < kfor al n[X1

N

N
Wl

. 1
Example 1 Consider the sequence {ﬁ} wheretheterms are: 1,

Clearly, O<E < 1foralniNl
n

43
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Some upper bounds are: 1, 2, /3, 5, and some lower bounds are:
0,-2,-3,-5, 7.

Thus, {%} is abounded sequence.

Show that the following sequences are bounded.
a (D) b {4”'1}

2n

a  Thesequence {(-1)"} isbounded because-1 < (-1)" <1 for dl n[N1
AL .
b Consider the graph of therationa functiony = 4)(7 The horizontal

asymptote, y = 2, isthe limiting line of the curve.

If we mark the points (n, 4nn lj on the curve of the rational function, it

gives the graph of the sequence. The terms are increasing from g to 2.

an oooooo 4 ¢ 0 0
19 " ’ 4n-1

Figure 2.2

3.4n-1
—-<

Thu
2 2n

< 2 fordl n CINIThis shows that {42—;1} is bounded.

For each of the following sequences,
i find some upper bounds and some lower bounds.

i determine the greatest element of the set of lower bounds and the least
element of the set of upper bounds.

a {ﬂ} b {1-n} ¢ {2"} d {(Ejn}
n n
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Orne of the strategies in finding upper bounds and lower bounds of a
sequenceisto list the first few terms and observe any trend.

a Thefirst few terms of {ﬂ} are:
n

1 111

2’734 5"
which are consisting of negative and positive values with— 1 the minimum

1 .
term and —2 the maximum term.

_1”
Hence, -1 < % < %forall n [Nl

The set of lower boundsis the interval (—o, ~1]'whose greatest element is-1.
1
The set of upper boundsis the interval E ooj whose |least element is >

b Thetermsof { 1-n} are
0,-1,-2,-3,...,
which are decreasing to negative infinity starting from0. This shows that

the sequence has no lower bound (is unbounded below). The set of upper
bounds s [0, «) with O the'least element of all the upper bounds.

c  Whenweconsider {27, theterms are 2, 4, 8, 16, . . ., which are starting from
2 and indefinitely increasing. Thus, {2} has no upper bound, whereas the
interval (—oo, 2] isthe set of the lower bounds with 2 being the greatest
element.

d The terms of {(lj } are non-negative numbers starting from 1 and
n

: 1
decreasing to O at afaster rate as compared to {ﬁ} .

Look at itsterms 11 i i
4 27 256

Clearly, 0 < [%} <1, fordln

Thus the set of lower bounds is (-, 0] with O being the greatest element and the
set of upperboundsis[1, o) with 1 the least e ement.
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The following table contains a few upper bounds and a few lower bounds.

| Sequence Few upper bounds | Few lower bounds

-1)"

{(—)} }, 1,4,10 -1,-2,-5,-75
n 2

{1-n} 0,1, m5 None

{2" None 2, —;,O,—«/E
1 n

{[Hj } 1,23 12 0,-1,-2,-m

Least upper bound (lub) and greatest lower bound (glb)

In Example 3 above, you have seen the least element of the set of upper. bounds and the
greatest element of the set of lower bounds. Now, you consider sequences of numbersin
general and give the following formal definition.

Definition 2.2
Let {a.} be asequence of numbers.
1 xissaidtobetheleast upper bound (lub) of {a.}
i if x isan upper bound of {a.}, and
il whenever yisan upper bound of {a.}, thenx <.
2 xiscdled thegreatest lower bound (glb) of {a.}
i if xisalower bound of {a.} and

ii whenever y is alower bound of {a.}, thenx>y.

Y ou may determine the lub or.glb of a sequence using different techniques of describing
a sequences such as listing the first few terms or plotting points.

In the following example, to determine the lub and glb plotting the points might be
much more helpful than listing the terms,

Example 4 /Find the lub and glb of the sequence {2:_:13}

Solution If the generd term of a sequence has arational expression, then plotting the
points on the curve of the corresponding rational function can be helpful.
2x-3
x+1
If you have values for the natural numbers, then it gives the graph of the sequence.

Consider the graph of 'y =
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. 1
The sequence increases from "> to 2. a,

Its elements are limited by the

. 2n-3
horizontal asymptote of the rational an- :+1
function.

Hence, —Es 2n—3£2 foral n

N

n+1
Therefore, the glb is — —; and the lub
is2. Figure 2.3

Example 5 Find thelub and glb of each of the following sequences.
1 N (-1)" +1
a {H} b {( 1)} c {T}
d {1—3} e {1-—(_1) } f {3} '
n n 3

Solution In this example, listing thefirst few termsis sufficient to determine the
lub and glb.

Look &t the following table.

Sequence \ First few terms lub \ glb
1
{—} 1, E, }, E, E, ... Decreasesto 0 1 0
n 2345
{(—1)"} -1,1,-1,1,. .. Oscillates 1| -1
(-1)'+1 .
2 0,1,0,1,...Osillates 1 0
1_E o,i,g, §,ﬂ,... Increasesto 1 1 0
n 2 3 45
il » Decreasetol
-1)"
1—( ) £f§§§ Increasetol| 2 1
n 23456 _—7 2
aon Convergesto 1
2
{—n} g, g, i, 3,...Decreasestoo 2 0
& 3 9 27 81 3

47
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Example 6 Find the glb and lub for each of the following sequences.

a {Zi} b {(0.01):‘}

Solution These sequences need a calculator or acomputer to list as many.terms as
Possible; dternatively plot the corresponding function graph.
a Thelubis2andtheglbisl1 b Thelubislandtheglbis0.01.

For each of the following sequences, find some upper bounds and lower bounds and
determine the lub and glb.

SR = L & S B S o
{;i} 6 {2&-1)“} 7 {3?:_27} 8 {nﬁ}
9 {:_'} 10 {%}

Monotonic sequences

Definition 2.3

Let {a.} be asequence of numbers. Then,

i {a } issaid to beanincreasing sequence, if a. < a. + 1, for al n (N1
i.e.{ a. } isincreasing, if and only if
asa<azs....<a<a+1<...

i {a.} issadtobedrictly increasing if a. <a.+1, for al n

iii { a.} issaid to be adecreasing sequence, if a. > a. +1, for dl n[N1i.e, {a.} is
decreasing, if and only if

ai=za=as = ....2a = A+l = ...

iv {a.} issadtobedrictly decreasing, if a. > a.+1, foral n

Example 7 Show that the sequence {3— %} is gtrictly increasing.
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Solution This can be seen directly from the order of the terms:

3—1<3—£<3—1<3-£
2 3 4
Also,n<n+1 = i>i:>—£<_i

n n+1l n n+1

= 3——1 <3—i , fordl n[N1= {3 - 1} is grictly increasing:
n n+1 n

Example 8 Show that {3+%}isstrictlydecreasing.

Solution Notethat3+1>3+£>3+l> >3+1>3+i>-.-
2 3 n n+1
= 3+£>3+ i
n n+1

= {3+ %} is strictly decreasing.

Definition 2.4
A sequence {an} is said to be monotonic or a monotone sequence, if it is either

increasing or decreasing.

Example 9 Show that {(_—1)} iShot monotonic.
n

Solution It sufficesto list the first few terms of the sequence.
1.1

1 . . ! . . .
Theterms -1, E,—g,z,...are neither in an increasing order nor in a decreasing

order. Thus, {ﬂ} is not monotonic:
n

Example 10 Decide whether or not each of the following sequences is monotonic.

R LR {1__<-1>}
n n n
Solution,
1] A 1| . . . (R .
a In {8——}, since {_ﬁ} isincreasingto O, {8—5} isincreasing to 8.
n
Hence, it is monotonic.
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b {%} is adecreasing sequence; it isdecreasing to 0. Hence {8 + %}

decreasesto 8.
Hence, it is monotonic.
c  You canwrite the terms of the sequence as:

RWAWLN

6

1+%, if n isodd:

1—£, if niseven;
n

This shows that {1 - ﬂ} is not monotonic.
n

1  Show that each of the following sequences is monotonic and bounded.
1
{ n+1} { 1 } . "
2n-1 n° +4
. m 1 2n+1
d sin (—j e cos (—J f { }
2n n n+5

Give examples of convergent sequences that are not monotonic.
Give examples of bounded sequences that are not convergent.

Can you find a convergent sequence that is not bounded?
In each of the following, determine whether or not the sequence is bounded.

a {n+%} b {7+§} {n24+1} d  {sin(n)}

R =

6  Usean appropriate method to show that each of the following sequences converges.

o B W DN

s e © el (e
n 3n+2 n+l n+3
’ {1+3+5+.2..+(2n—1)} . {2”_*1} - { 2n }
6n°+1 54 n*+100
(7 (-3
g {sm[n} h {1+ - }
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2.1.2 | Limits of Sequences
OPENING PROBLEM

Consider the terms of the sequence { % }

. . . 1 g
1 Listtermsof { % } that satisfy the condition 0 < - <10

1
2 Find the smalest natural number k such that 0 < - <10 fordl n>k

Sequences are common examples in the study of limits. In particular, sequences that
tend to a unique value when n increases indefinitely are important in the introductory
part of limits of sequences of numbers.

ACTIVITY 2 .2

Decide whether each of the following sequences tends to a unique
rea number asn increases.

T e
5 {[gj} {%5} 7 {0} s 12

In Activity 2.2, the terms of some of the sequences are tending to a unique real number L
asn gets larger and larger.

Consider the terms of the sequence{ % } :

11
"n"n+l

1

1
g

N~
Wl

It is clear that as the value of n becomes larger and larger, the n" term (%J of the

sequence becomes smaller in value and hence it becomes closer and closer to 0. Moreover,
\ 1
for extremely large values of n, it will be very hard to distinguish the values of . from 0.
Inthiscase, 0 is said to be the limit of the sequence {%} and you express this idea shortly
T &
by writing lim ==0.

n-oo
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Read lim 1=0 as "the limit of E as n goproachesto infinity is0."

n-e n

Also, for the sequence {2—1n} whose terms are:

1111 1 1 b i
2'4'8'16" 2" M il
you can seethat lim (2_1”j =0. 0]
Observe that the terms of the sequence .,_...° ’
{in} are decreasing to O at a rate faster 0_24[ ij * » .{n, ) :
2" .
than that of { 1 } Figure 2.4 showsthis "% 3 3 4 & %
n Figure 2.4
comparison. ;
_ " [1]
v' If acongtant cis added to the n™ term of the sequencel—f , then you get the
n

sequence { c+ 1} which convergesto c.
n

Example 11 Consider the sequence {5 A %} , Wwhose terms are

5+1,5+},5+E,5+},....,5+1,...
2 3 4 n

1 1
Asn getslarge, p getscloseto O so that 5+ {3 getscloeto 5+ 0.

Therefore, lim

[5 ; 1) =5,

nso | n

This can be seen graphically, as follows,
- 1 o

shifting the graph of a, = . by 5 units in

the positive y-direction gives the graph of

a,=5+ % so that as n gets large its graph 1!°

approaches the line with egquation y = 5
instead of the line with equationy = 0.

52

[

n 5+—
n

.

1 2 3 4
Figure 2.5




Unit 2 Introduction to Limits and Continuity

In general, for a sequence {a,}, if there exists a unique real number L such that a,
becomes closer and closer to L as n becomes indefinitely large, then L is said to be the
limit of {a,} asn approachesinfinity.

Symbolically, this concept iswrittenas. lima, = L

n- o

If such areal number L exists, then we say that { a,} convergesto L. If such a number L
does not exist, we say that {an} divergesor |im a, does not exist.

Show that the sequence { (-5)"} diverges.
The terms of the sequence { (-5)"} are
-5, 25,-125, 625, ...
Thus, lim (-5)" does not gpproach a unique number. Therefore, {(-5)"} diverges.

Show that the sequence { 2"} diverges.
The terms of the sequence {2" are: 2, 2%, 23, 24,..., 2", 2"* ! . which are
indefinitely increasing as n increasesto infinity.
Thus, lim(2") =0 This showsthat { 2"} diverges

n-oo

Decide whether or not the sequence A converges.
5n-2 2

bn-2 ( n j 2N

First we notice that = =¢£ N

3n 3n 3
n
2
1 M 5
Together with lim==0, we have lim = T” =3

nﬁoon X — 00

5n-2 5
Hence, the sequence = converges to 3
n

Show that the sequence {sin (n)} isdivergent.
You know that -1.<sin (n) < 1. Asngetslarge, sin (n) still oscillates
between —1 and 1. It does not approach aunique number.

Thus, {sin(n)} diverges.

Null sequence

Definition 2.5

A sequence {a.} issaid to be anull sequence, if and only if [im a.=0.

n- o
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Example 16 Each of the following sequencesis anull sequence.

SR w0 {5

cos(n) | .
Example 17 Show that the sequence {¢} isanull sequence.
n

Solution Notice that as n approaches to infinity, -1 < cosn < 1.
._cos(n) finit ti
So lim ( )=, |r1|.equan|t.y =0. Thus, M isanull sequence.
nee N infinite quantity n

Example 18 Show that the sequence {Sin(%j} is anull'sequence.
Solution The terms of the sequence

sin (1), sin(%j, sin(éj ,...are decreasing to sin 0,

Thus, Limsin(%}=sin(0) =0

This can be shown graphically:

P | . (1
Asn goesto infinity, sin— tendsto 0. Thus, ¢ a,=sin| =
n 02 ., n
. (1)) . TN . 0.7 A < I (e WO
sn H ISanu $quence' 2 4 6 8 1012 14 16 18 20 22 24 26 28 30

Figure 2.6

1 Find the limit of each of the following sequences as n tends to infinity.
-1\" 1
(2] b [ e
n+1 n’ 6"
1 1 1
0.5)n f 1-=
R G B - B n
{n+1} j {“—”} K {1,0,3,0, ) ,o....}
n T 3
m {

=
1-2n

o] { 0.6, 0.66, 0.666, . . . }
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2 Decide whether or not each of the following sequences is a null sequence.
< {3 > e B
{n(n3+1>} ° {@} B G
e
Convergence Properties of Sequehces
ACTIVITY 2.3 A

1 Given on the next page are graphs of some sequences. Identify
those graphs which are bounded and find their limits.

a b

(o} d

e f
Figure 2.7
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2 For each of the following sequences,
i decide whether or not it is bounded and/or monotonic.
i determine the limits in terms of the glb and lub.

a {1+%} b {3%} c  {4-n}
0 {2 - { sn(%j} ({2}

From Activity 2.3, you have the following facts about monotonic sequences:
1 If amonotonic sequence is unbounded, then it diverges.
2 If amonotonic sequence is bounded, then it converges.

a If it isbounded and increasing, then it converges to the least upper bound
(lub) of the sequence.

b If it isbounded and decreasing, then it convergesto the greatest |ower
bound (glb) of the sequence.

Show that the sequence {n_+1} converges.
2n+3

n+1 1 1

Observe that L5 >
2n+3 2 2(2n+3)

The sequence _ 1 isincreasing
2(2n+3) '
1

Hence, = - _1 isincreasing, with
2 2(2n+3)

n+1
2n+3

és <%fora|l n[NI. Explain!

Therefore, {Zr:]il:%}is bounded and monotonic and hence it converges.

Also fimaes = i 2oL 1 gy
X m2n+3T M 3 oy 2
n+3
Thus, {2 +3} converges to the least upper bound of the sequence.
n

So far, the limit of a sequence { a, } hasbeen discussed. Your next task is to determine
the limits of the sum, difference, product and quotient of two or more sequences.
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Theorem 2.1
Let {a,} and {bn} be convergent sequenceswith Iniﬂn“}ah =L and Iniﬂng b, =M. Thenthe sum
{an + b}, the difference {a» — b}, a constant multiple { ca»}, the product {a~ b}, and the
quotient {%} provided that M # 0 and b # O for every n, are convergent with

lim(@, +B,) =lima, +limb, =L + M

!‘iano}(ah -b)= Lim@‘ —Lip;bn =L-M

1
2
3 lim(ca,) =clima,= cL for a constant c.
4

lim(a,.b,) =lima,.limb, = LM

— N>

“limb, M

n- oo

If an20,asn - o, lim.fa, = flima, =+/L

Example 20 Evauate |jmy (8+1j
n

n- oo

J lima, |

Solution Using property 1,

Iim(8+1): Iim8+|im1=8+0=8

n- oo n n- o naoon
. +
Example 21 Evaluate lim— g
N3 3
Solution First, you divide the numerator and the denominator of the expression
by n.
n+2 2
n+2 n n
Th = =
en, A7/ Bi<h 3_§
n n
1+ lim (1+2j lim(1) + Iim(zj
: +2 n-oo n n-o n-w\ n
= lim = lim = =

2
n

NG AT ¥ TR I (3 - 5) lim(3) - Iim(Sj
n n- oo n n- oo n-o\ N

(1

+ —
! lem(nJ_HZxo_}
1l) 3-5x0 3

n

3-5lim

n- oo
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Find lim
n-= n(n+3)

Using partial fractions

1 =2, b , for congtants a and b.

n(n+3) n n+3

=T + -
lim L'IT.] n+3

: a b
nen(n+3) e n

- alim® + b|imi3: ax0+bx0 =0

n-o N nﬂoon+
. 2+4n+1
Find lim 37 +4n+1
noo 20T +7

Since both the numerator and the denominator have the same degree,
first divide both by n?

3n* +4n+1 4 1 : 4 1

3’ +4n+1 2 3+ le (3+n+n2
||mﬁ = I|m# = lim n 7 n = 7

- n B 7n 3 h 2"'72 lim (2"‘ Zj
n n n-e n

Iim3+|imﬂ+limi
X — 00 naoon n-oo n2 _ 3+O+0_

Iim2+|im1

n- oo n- oo n2

2n+2
Evaluate |nimm [3n —sj

2n+2 3 2nx22 . 2 n
lim [Fj— lim 1 =|nlﬂn3 108 ng =108x0=0

n-oco 3” N ail

27
Find the limit of the sequence whose terms are:
0.3,0.33,0.333,0.3333, . . .

Clearly, the sequence convergesto 0.3, if the terms continue by a

n-o

seriesof 3's.
Moreover, the n term of the sequence can be expressed in terms of n as follows:

0.3= i:3( 9 st[lo_lJ
10 "\ 9x10 9x10
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2_
033_&_%[%}:% 10°-1
100 10°(9) 107\ 9
3_
Also, 0.333= [ 1071y i
1° 9

3 (10"-1 _3(10-1 _1[ 1)
OI’ a.n - — - 1 -
10" 9 9 10" 3 10"
Thus, lim 1[1— 1 j = lim [1—3 x Jz limi-Liim b2l 521
n-e 3 10" n-o (3 3 10" n-e3 3n-=-J0"" 3 3
1' 2 -—
Example 26 Evaluatelile:L
e gnf+1+1
Vn?+1-1 P+l 1
. n°+1-1 . n . " n
Solution [im ——— = Iim | ———"|='lim :
BN L e It St el (1 O
n n° n
L1
= lim L.
) 1+i2+1
n° n
. 1
lim f1+i2—lim1 Ilm(l+2j—0
N— oo n n-o N N o n
= =1
Iim\/1+12+liml \/Iim(l+12j+0
n-oo n n-o N noo n
Evaluate each of the limitsgivenin 1 — 18.
1 3 it
1 = 2 3 i 3
Inm(n n+2) le( 6" j le((\/_))
25 1+n+n?
4 i 5 ||
m(n+10j 'n'fﬂ(so +1ooj 'n'fﬂ( n j
3Y' 1 1Y’
7 lim —= 8 lim 20+(——j 9 lim (—j -n
i3] im 3
3n+1)° 2 _
0 tim g 1 s o i (2043, 502
M2n +3n+1 n-o N+1 n-o \ 2n+5 6n+l
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13 Lim[1+2z+i23+...+ nzj 14 Inim(ne'") 15 L'm(%_ﬁj
1
s om(E o mET e
19 Give examples of sequences{a,}and {b,} such that
a  lim(a,+b,)existsbut neither |iman nor |im b, exists.
b ITn? (anbn) exists but neither Iimn;: nor |imnE): exists.

n- oo [ => €2 n- oo

20 Leta,= 2" and b, =n! Evduate “m%

n- oo
n

®] LIMITS OF FUNCTIONS

In this topic, you will use functions such as polynomial, rational, exponential, logarithmic,
absolute value, trigonometric and other piece-wise defined functions.in order to introduce
the concept "limit of a function".

We will see different techniques of finding the limit of afunction at a point such as cancelling

X+5
common factors in rationd expressions, like % forx # 2, rationdization, like

(2] (x+1)

Ix -
u Jx+1 graphs, tables of vaues and other properties.

x=-1 "Jx+1'
Limits of Functions at a Point

ACTIVITY 2 4

1  Usethe graph to answer the questions below it.
y

A O

|

]
1
I
1
I
I
]
]
I
]
I
I
T
]
1 }
I
I
1
I
)

=3
Figure 2.8
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i What isthe domain of f ?
ii Give the values of

a f(-2 b f(-1) c (2 d @3 e f@
iii - What number doesf (X) approach to as x approaches

a -o? b -2? c -1 from the right?
d -1 from the left? e 0? f 2 from theright?
g 2 from the l€eft? h 4 from the right?

i 4 from the left? ] 00 ?

.1 .1
2 Explain the difference between the limits leﬁ and Ilm;,wheren N1 and x (IR

Definition 2.6  The intuitive definition of the limit of a function at a point

Let y = f (X) be a function defined on an interval 1 }.r
surrounding X, (but f need not be defined at

x = %). If f (X) gets closer and closer to a single rea i
number L as x gets closer and closer to (but not equal 1
to) X,, then we say that the limit of f (x) as x L
approaches X, isL.
Symbolically, this is written as 7

v

lim f(X) = Figure 2.9
X=X,

Example 1 Letf(X)=x Thenlim f(x)=x,
X %

2— .
Example 2 Letf (x) =2 24 Evaluate |XIrT21 f(X)
X— —

—

Solution Look at the graph of

x2—4 [ x+2 ifx£2
f(x) = .
x=2/ Aif x=2
As x gets closer and closer to 2, f (X) gets Y

closer and closer to 4.
Figure 2.10

= |in;f(x):|in;(x+2) =4

v’ If f (X) approaches to different numbers as x approaches to x, from the right and
from the left, then we conclude that lim f (X) does not exist.
X=X,
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ACTIVITY 2.5

1 Explain the difference between lim f (x) and f (a).

2 What happensto lim f (x), if f (x) approaches to different numbers as x approaches

to a from the right and from the left? Explain this by producing examples.
3 Thelimit of afunction f (X) as x approaches a from the right is represented by the

symbol lim f(x) and from theleft by lim f(x).

Are lim f(x) and lim f(x) the same for every function f ?

What can you say about lim f (x), if lim f(x) = lim f(x)?

4 Consider the following graph of afunction f.

5]
3
2
! X
/ d a b ¢
Figure 2.11
Evaluate the following limits from the graph.
a lim f(x) b Iirglf(x) c Iingf(x) d lim f(x)
e Iirg]f(x) f IirBf(x) g Iirtr)]f(x) h lim f(x)
Example 3 Evaluate each of the following limits.
2_
a lim(2x-1) b IimM ¢/ limXTX*2
X=2 x-0 X x-3 X+ 4
248
d IimLXZ e lim— f lim tan x
x-=2" X+72 x~1x7 -1 v
2
Solution 1y
a lim(2x-1)=2(@2)-1=3 ) lim f(x) =1
X2 $<_ )S
Lif x>0 i
X , -
b u= Af x=0 Ilrg]f(x):—l L
X . X
~Lifx<0 Figure 2.12
= |imf(x) doesn't exist.
X-0
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C Look at the following tables of values (taken up to 4 decimal places)
N 209 2.99 2.999 3.1 3.01 3001 |...| 3

-0.5927 | -0.5736 | -0.5717 | -0.5479 | -056917 | -0.5712

To which number does f (X) approach as x approaches to 3?

2 _
|imm:—ﬂ:—o_5714
x-3 X+ 4 7
2
X +x-2 [X+2)(x-1
=( )( )=x—1;x¢—2.
X+2 X+2
X2+ x-2
im———=lim(x-1)=-3.
lim = 5~ lim(x-1)

Look at Figures 2.13 and 2.14 to answer problems e and f.

| Ay | Y[ |
97 LA Y00 =)
N (== : : :
v x“ -1 1 1 1
1 1 X 1 1 1 X
' ; i 3 3T
-3 -2\~ 2 3 == -+ =
3\1.—1 t > 2 2
N | | "
=3+ R i |
Figures 2.13 Figures 2.14
. . X . X g
e lim =o; lim——=-0 = lim—— doesn't exist.
x-1 X* =1 x-1 X* =1 x-1 x> =1
f lim (tan x) = —oo; lim (tan x) = o 3Iim”(tanx)do&m’texist.
) T2 “k
Example 4 Thelimit of a constant function at x = a is the constant itself.
To verify this:
Let f (x) = c. Clearly, f (X) is approaching to c as x is approaching any number, so
that limc=c. 4
Example 5 Thelimit of the identity functionasx — aisa. That is, |im x=a.
0, if x
Example 6 /Letf (X) = _ . Evaluate
1 if x 1 y
A\ () b fim () z
Solution Sketch the graph of f (see Figure 2.15) ! o x
a Ixifgf(x)zl,butf(—Z)zo. 3-2-1 | 1 2345
b lim f (X) =1 —2
x~03 Figure 2.15
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Is lim f (x) =1for dl c CRI?

What can you say about c if limf(x) = f(c) =1?

Clearly, c must not be an integer.

Use graphs or calculators to determine the limitsin exercises 1 — 15.

1
) N L )
1 L'[Q(5X 7) 2 limsinx 3 LIEE—(Sx-l)
3
1 x-1
4 o 2X 5 . 6 -
lem( ) IJ[ro]e"—l I)![rl]X2+X_2
X-2 X2 + 27 x4 -1
7 lim————— 8 i 9 lime—
L — i ime 1
\3&—1 &—2 X—4|x
10 lim 11 lim 12 lim Ll
x-1 X—1 x-4 X—4 X0
5x - x? x> x? -5x-14
13 lim 14 lim— 15  |lim————
x-5 X—5 XH0|X| X =2 X -4

16 Discussthe following point in groups. Is the limit of the sum of two functions at a
point the same as the sum of the limits at the given point? Justify your answer by
producing several examples.

Basic limit theorems
Suppose lim f (x) and limg(x) exist and k CIR1.

Then, lim(f (x)+g(x)), lim(f(x)=g(x)), limkf (%), lim(fg)(¥), Ligg(é}(x),
provided that lefr; g(x) # 0, exist and

1 lim(f(¥)+g(x)) =limf(x)+limg(x)

|Xirg( f(X)-g(x) = lim £ (x) -limg(x)

IXi:rr;kf(x)szifr;f(x; *

lim( fg) (x) =lim f () Timg(x)

# I;mf(x) #
(X):W

limy/f (x) =\/Iimf(x) , provided that f (x) = O for x near a.
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See how to gpply the limit theorems in the following example.

Example 7 Iirr;(x3 +4x° W 7x+11j
x= X

= limx*+4 Iimxz—lim(l}? limx+lim(11)

X—2 X—2 Xx-2\ X X—2 X-2
, 2 lim@)

= (2) +4(Iimx) - 2y 7(2) +11
X2 Im;(x)

=28+4x 22—%+25 =485

The limit of a polynomial function
Suppose p(x) is apolynomial, then lim p(x) = p(c). Explain!
Example 8 lim(x* - 2x° +5x* + 7x + 1) = 3 -23)°%+5B)*+7(3)+1=94

Theorem 2.2
Let f and g be functions. Suppose lim f (x) and limg(x) exisand f(X) =g (), [xdAa.

Then lim f (x) =limg(x).

2—
Example 9 Find |imX 1.
x-1 X—
2 _ 2
X7l L forxzL Letf(x)=); 11andg(x)=x+l.

Solution

2—
f (0=g (9, (XA 1 Then limf (x)=lima(x)= Iirqx—llzliml(x+1):2.
X-1 X1 x-1 X — X -

. x=1
Example 10 Find lim )
p x-1 ’X_l
X_
Solution What happens to |im when x =1? Isthe result defined?

x>/ X =1
Rewrite the expression by rationalizing the denominator.
x-1 _(X_l)(\/;ﬂ)
JXALN x-1
x-1
= lim =Iim(x/;+1)=2

x-14/X =1 x-1

3 2 _ v
Example 11 Evaluate lim X3+3X 5 X3
x--34x° +12X" - X-3

Solution C+3C—x—3 = ¥ (Xx+3)—(x+3)=(¢=1) (x+ 3)
65
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A3+ 128 —x—3= 4 (x+3)—(x+3) = (&% -1) (x+3)

. X+33%-x-3 _ .. (Xz—l)(X+3) . x*-1 _ 8
= lim—; 5 = lim 5 = lim——= = —
A +12XE - x-3  re3 (AxE-1)(x+3) x-24xi-1 35

2—1

Example 12 Evaluatellrr;
x-2 %3

2
s (2 :
Solution >§ = x#0,2
-8 (x 2)( +2x+4) x(x2+2x+4)
l
= =lim—X—= Iim;:—i

x-2x3-8  x2x(x2+2x+4) 24

( -
evaluate |im ()= (1
x-1 x-1
. Cf(x)-f()_  J2ex-1l -1 1
Solution I)!TT_ IXIT 1 _|)!T1+ TN

Example 14 If lim(f(X)+ g(X))exists, do the limit lim f (x)and lim g(x) exist?
X=Xy X=X XXy

Solution Take, for example, f(X) = ilandg(x):

Do |im f (x) and limg () exist? Evaluate |im (f +9)(x).
X-1

X-1

limf (X and limg( )bothdonteX|st. But
X-1 X-1

1- 1 1
lim (f(x)+g(x)= “[n(xi—l*-l—zxz} lim— X 7 =lim="7 =5

X—1 X2 x-1X+1

Example 15 Find IIm g2
4 Jx-2
. X -4 ( ‘4)(\/;*'2) o (x—4)(&+2)

Solution IXIEn <2 _lem (&_2)(&+2) = le .

=1im(Vx+2)=4

X-4
(

Example 16 Letf(x)—xf Find i

h-
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Solution Ilng

f(4+h)-f(4) _ Jarh-2  |Ja+h-2 Ja+h+2
h Ja+h+2

Example 17 Evaluate [jmy X’ + x> - 6x+5

x-1

Solution X2 +x2—6x+5 >0 for X near 1.

= Iim\/X3+X2—6X+5 = |im(x3+x2—6x+5)= Ji=1
X-1 X1
Example 18 Find IimM
X-0 X
_ B-x-5 . (\/5-X-\/§)(\/5—X+\/5)
Solution lim =1lim
x=0 X x-0 x(\/5—x+\[5)
5-x-5 1
= lim———= ——Ilm =
B x(VBx+yB)  *? o% 25
1 _1
Example 19 Find |im X*/ 14
X7 X=7
i 1 1
im 14=(x+7 _
Solution X7 M =1im (x+7) i fmx 1
x-7 x-7 1A(X+7)(x=7) x=7( x=714(x+7)
1 1

S IM a7 166

V1+/4+ X -
Example 20 Evaluate |im 1Va+x \/E

X-=-3 X+3

\/1+ VA+x -2 _ 1444+ x «/_\/1+ Ja+rx+42

Solution
xa—S A K X+3 1t|_.|. 4+X+\/_
= '4+X_1. ! . (Explain!)
X+3 142+ x +2
x+3 1

(Explain!)

X+3'(\/m+1)(\/1+\/E+2)
1+Jm 2 \/5
8

. (Explain!)

Xa—a

67



Mathematics Grade 12

1

Use the following graph of the function f to determine each of the limits.

i

5-4-3-2-1_| 123 4 \i'

—2

Figure 2.16
a limf(x) b limf(X) ¢ limf(x)
X1 X—2 X =2
d limf(x) e limf(x) f limf ()
X1 X— 4" X-3
1-x%,if -1<x<2
Let f(= ) oifx=-1
-x-1if x<-1
x=5, if x=2
Sketch the graph of f and determine each of the following limits.
a lim f (x) b limf(x) c limf(x) d limf (x)
X--1 X2 X-5 x-3

Suppose that f, g and h are functions with lim f (x)=7, lim g (9 =4 and

Ixip;h(x)=g,evaluate
a lim(f(x)+9(x) b lim((fg)(x)-3(x)
 1(x)g(xh(x)
x-2 f (x)+g(x)-5h(x)
Determine each of the following limits.

X-3 VX +1-1 X+1

(0

a IMm— b lim—————— c lim

X X 2 -
3\x2-6x+9 ° X x33%-1
X +8 ’ ®+x-

d lim e lim— f ”mszzo
x-=2 X+ 2 xﬂ0|x|+x x--5x“+4x—-5
_dnx+1 - JIx-+2 o x=2dx+1-1

g lim h lim i lim
x-0 X+ COSX x-2  X=2 X=2 Jx-2

j ”m\/x—1+x/§—1

x-1 'XZ_l
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Limits at infinity
Limits as x approaches «

ACTIVITY 2.6

1  Using the concept of limits of sequences of numbers, evaluate
each of the following limits at infinity.

1 . 3x-1 . X+l
a lim — b lim c lim
X-0 ¥ X - —00 X+5 X 00 X—l

2 Let f(X) = M be arational function.
a(x)
a  If degreeof p (x) = degree of q (X), evaluate Iim%intermsof the
X 0 q X
leading coefficients of p (x) and q (X).

b If degree of p (X) < degree of q (X), discuss how to evaluate Iim% .
c Do you see arelationship between these limitsand horizontal asymptotes of
rational functions?

Definition 2.7
Let f be afunction and L be areal number.

If f (X) gets closer to L as x increases without bound, then L is said to be the limit of
f (x) as x approaches to infinity.

This statement is expressed symbolically by lim f (x) =L

_ 3x°-5x+4
Example 21 Evaluate lim————
Xwe  2X°+4
Solution Y ou apply the technique which are used in evaluating limits of number

sequences. i.e. divide the numerator and denominator by X (the highest
power monomial).

3x° -5x+4 lim 3.2, 4
3 3x* -5x+4 s T2 |_x= x x)_3-0+0_3
e | T2 +4 | 2xC+4 . 4 240 2
5 lim| 2+—
X X0 X

1-3x 2x+1 j
+

Example 22 Evaluate Iim( 5
6x+5 X" +7x+1

X— 00
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Solution
13
- - . + .
lim L 3X+ 22X+1 =lim 1-3x + lim 22)(—1: lim X +0=—E.
oo\ 6x+5 X2 +7x+1) xoe (6x+5) xoe X HTx+1 e oD 2
X

Non-existence of limits
In the previous topic, you already saw one condition in which alimit failsto exist.

For example, Iing —,does not exigt, as the limit from the left and the right do not agree.
x-0 X
Do you see any other condition in which a limit fails toexist?

Consider f (x) =sin(’—):).

. \ /4
Y ou know that y = sin x has one complete cycle on theinterval 2m to 4. As — moves
X
It It 4 ] .
from 2m to 41, x moves from — to — whichis— to —~ . Therefore, the graph of f is
21 4n 2 4

. 11 . .
a complete cycle on the interval 22 , Similarly there is a complete cycle on

. 11 11
intervals | =, — |, |=, =|,and soon.
6 4 8 6
Hence, the graph of f gets more and more crowded as x- approaches 0. i.e. changes too
frequently between —1 and 1, as x approaches 0. The graph does not settle down. That
is, it does not approach afixed point. Instead, it oscillates between —1 and 1. Therefore,
V4

Iingsin(—) does not exist. Thisis the second condition in which alimit fails to exi<t.
X X

The following is the graph of f (x) = sin(g showing the non-existence of i ngsin (EJ .
X~ X

Figure 2.17
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One side limits

ACTIVITY 2.7

1 Sketchthegraphof f (x)=+/x and g(x) = v/-x

Evaluate each of the following one-sided limits based on your knowledge of limit
of afunction f at a point x = a as x approaches a from the right, lim f(x) and asx

approaches a from the left, lim f(x).

a jmflg b fimfhd e el d gl
2 Use the following graph of afunctionf to JY
evaluate the one side limit. 4
. n . 3
a limf (x) b lim f (x) c lim f (x) 2/ f
. . . 1
¢tk e ity T mf \/
: : 3-241 | 1 2\3/4 5
9 Jmpfhd o fimf() - \%

Figure 2.18

Definition 2.8
1 Right Hand Limit

Let f be defined on some open interval (a, ¢). Suppose f (x) goproaches a number L as
x approaches a from the right, then L is said to be the right hand limit of f at x = a.

Thisis abbreviated as; lim f (x) =L

y \y
5 y=f(x)
L__m I
| ] X
a b
a b

Figure 2.19
2 Left Hand Limit

Let f be defined on some open interval (c, b). Suppose f (X) gpoproaches a number L as
x approaches b from the left. Then L is said to be the left hand limit of f at x = b.

Thisisabbreviated by lim f (x) =L

X-b”
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Example 23 Let f(X) = VX-4 .
Find ELT f(x)
Solution limvx-4=0
X 4"
Example 24 Evaluate

a Iirg]\/9—x2 b limv9-x2

X-3
c lim V9-x? d lim+v9-x2
x--3" X =3

Solution Look at the following orders:
3 <3<3"and-3 <-3<-3"

(3)=9 and (3)?=9"

1.6
1.2
0.8
04

f(X)= Vx-4

X

2 4 68 107
Figure;2.20

Ay
5

X

(¥)= V9=

4
f
2
v

(3)° =9 and (37)7=9 2t S N A V2
Asx - 3",9-x* - 0 and, asx —» 3,9-%° = 0" Figure'2.21
Therefore,
a Iirg]\/9—x2 doesn't exist b limv9-x¢'=0
X X-3
c limv9-x% =0 d limv9- x> doesn't exist.
x- -3 X -3
Example 25 Evaluate
. 3x-1 . 4x-3
a lim b lim
x-2 X—2 x--2" X+ 2
Solution Let usinvestigate these limits graphically.
3x-1 4x-3
Let f(X) = and g(x) = :
(0="""ad g(x)="—
LaalY
110
__________ 4
)
! X
108 6-4-3 | 2 4 6 8 10
]
a b lim g(x) = -o0

Figure 2.22
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ACTIVITY 2.8

1  Usethe above graphs to evaluate each of the following limits. S

i lim f(x) i limg(x) i lim f (x) iv lim g (x o=
2 Discuss the existence of the limit of afunctionf at x = a, if

i lim f(x)=lim f(X) i lim f(x)#lim f(x)

What can you say about lim f (x)and lim f (x), if lim f (x)=L?

X—a X—a

Two side limits

Definition 2.9

Let f be afunction defined on an open interval about a, except possibly at a itself.
Then, lim f (x)exists, if both lim f(X) and lim f(x) exist and are equal: That is,

lim f (x) exists, if lim f(x) = lim f(x).

Inthiscase, lim f(x) = lim f(x) = lim f(x).

Infinite limits

Example 26 Evaluate each of the following limits.

1 1
a lim b lim c lim d lim
x-2 4-— X2 xu2" 4— X2 x—=2t f— X2 x——2 4— X2
()=
Solution  Sketch the graph of f (X) = e in order y 4-x°
to determine each limit at the sametime. :
If you try to substitute x = 2, the X
denominator equals 0. ; o
|
. 1 .
a )I(Ip; N = . The graph is A |
going up indefinitely to co. Figure 2.23
b Iiry 4 1 > = —0. The graph is going indefinitely down to —o.
B X —X
i =0 d lim =~
$ xll[g" 4- X2 x—-2 4— X2
Recall that the lines x = 2 and x = -2 are vertical asymptotes of the rational
1

>

function f (x =
09 4-x
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Vertical asymptotes

The vertical linex = a isavertical asymptote to the graph of y =f (X), if one of the
following istrue.

1 limf(x)=e 2 limf(x)=e 3 limf(x)=-c 4 limf(x)=-w

Al P
e NEs
B i )
EnEN i
a  limf(x)=o b /limf (%)= -w
y ! Y
B O B fa : é|1
c lim f(x)=c0; limf(x)=-w d lim f (x)==c0; lim f (x) =

Figure 2.24

| Exercise2.7 |

1  Thefollowing table displays the amount of wheat produced in quintals per hectare.

1996 1997 1998 1999 2000 2001
43.6 49.5 53 55.8 57.5 59

Based on this data, the organization that produces the wheat projects that the yearly
140x + 25

product at the X" year (taking 1995 asthe first year) will be p(x) = X+ 3

quintals. Approximate the yearly product after along period of time.
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Suppose the unemployment rate of a certain country x-years from now is modelled
5 u(x) _ 45x+ 35

Ox+2
the formula, discuss whether the unemployment rate increases or decreases.

percent. Find the level it will reach as time gone. Based on

Evaluate each of the following one-side limits.

a lim Vx-1 b lim Vx-1 c lim+/1- x*
x-1" x-1 X-1"
d Iirrl_\ll—x2 e lim V9-x f lim +9-x
X = X =3 X =3"
g lim L h lim L i lim iz
x-5 X—5 x-5 X—-5 x-0" X
: .1 . Ax+
j lim— k  lim —|X| I lim V4-vx*-9
X-0 ¥ x-0" 4x—|x| X-5"

JiiH

-5 N2 3 4 5
Figure 2.25

a lim f (x) b lim f (x) c lim_ f (x)
d Iinlj f (x) e Iinl:l f (x) f lim f (x)

o dmet)  n o Imid 0 dm e
et B ex’ if x<?2 . . XZ_X, if |X|Sl

()= (e-1)x+3, if x>2’ 909 = 1 if |x>1
X

Evaluate each of the following one side limits.

a lim (f(x)+9(x)) b lim (f(x)-g(x))
C im f (x X im f(x —g(x)
lim 7(x) 9(x) L
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6 In each of the following functions, determine whether the graph has a hole or a
vertical asymptote at the given point. Determine the one side limits at the given

points.
3
a  f()=——:x=-5 b = XHy-q
X+5 X+1
N _33
c fx-= ‘x ﬂ,x=1 d f(x= %;X=3
— X—
1
e f()= 1+—;"x=0 fofe)= ——ix=1
1_1 snx

X ] CONTINUITY OF A FUNCTION

The term continuous has the same meaning as it does in our everyday activity.

For example, look at the following topographic map between two places A and B on the
graph. The y-axis represents how high, in metres, above sea level each point is and the
x-axis represents distance in kilometres, between points.

500

Figure 2.26

This curve is drawn from A to B without lifting the pencil from the paper. The graph is
useful for finding the height above sea level of every point between A and B.

Think of continuity as drawing a curve without taking the pencil off of the paper.

Continuity of@ Function at a Point
ACTIVITY 2.9

Look at the following graphs.

From each graph evaluate 1”2 f(X)and f(x,)and decide whether those values

are equal or unequal. Determine whether or not each graph has a hole, jump, or
gap a X = Xo.
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Figure 2.27
Which of the above graphs are connected at x = X,?

Definition 2.10 y
Continuous function at a point y= f(X)
A function f is said to be continuous at Xo, if
i % [D}(domain of f) bo)r-—>
i lim f(X) existsand / X

X=Xy

i lim ()= f(x)
X=X,

lim f(x) = f(x))
X=X
Figure 2.28

Notice that the graph has no interruption at Xo.
If any of these three conditions is not satisfied, then the function is not continuous at x = Xo.
Definition 2.11

A function f is said to be discontinuous at x,, if f is defined on an open interval
containing X, (except possibly at x,) and f is not continuous at X.

Exampleid Letf(x):m.lsfcontinuousat x=-3?,x=0?and x=17?
X

1ifx>0
Solution f(x)=M:> f(x)=4-1 ifx<0

' L ix=0
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What isthe domain of f ? What is Iirrg f (x)?

The function is not continuous at x = 0. f09 =%
lim f(x) = (1) and lim f (x) = (-3)

= fiscontinuousat x=1 and x=-3.

Suppose c 2 0, then what is lim f (X)? 0
X-C

What is the value of f (c)?

. Figure 2.29
Is f continuous at X = c? &

X2

Example 2 Letf(X)= H Isf continuous a x = 0?
X G

g X, if x>0 _ X
Solution N: LTIHXZO
=X, if x<0
o
f (0) is undefined. But lim f (x) = 0.
= f isnot continuous a x=0 Rgyrg'2.30
, . L\ .
Example 3 Find out the condition that makes f (x) ®ir discontinuous & x = 3?
Solution fisdiscontinuous at x = 3 because y

[ f (3) isundefined
.. . 1
i (x)=e =353
i 1=
= lim f (x) doesn't exist.

X3

Note that f is unbroken on the interval (3, )
and on (-00, 3). Figure 2.31

- . : . : . 0, if x LZ
Example 4 Consider the piecewise defined function f ()= L ifx [Z

. 1
Isf continuous at x= 1? XZE?

Determinethe set of numbers at which f is discontinuous.
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Solution
H - - A y
a limf(x)=landf(1)=0 3
2
= fisdiscontinuousat x=1
b Iin?f(x):landf(ijzl 5-4-3-2-1 | 12345
xai L ¢
. . 1 A
= f iscontinuousat x=— . :
2 Figure 2,32

Use the graph in Figure 2.32 to evaluate lim f (x) when cisan integer.

Do you see that f is discontinuous at every integer? Justify!

VX?-3x+2

Example 5 Show that f (x)= is continuous at X = 3.

Solution What isthe domain of f ?1s 3 in the domain of f ?

F-3(3)+2
f(3):i:>f(3):_£_
3-5 2
I -3x+2 42
AR T2

= fiscontinuousat x = 3.

PEF] Continuity ofa function,onh an Interval

Consider the following graph of afunction f.

Determine those intervals on which the graph is drawn without taking the pencil off the paper.

Y

DT

‘Y:m

X

5-4-3-2-1 | 12345

N

A\

BN W

Figure 2.33
The function is discontinuous at x = -1, x=1and x = 3.
The graph is continuously drawn on the intervals.
(=0, -1),(-1,1), (1, 3] and (3, )
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Definition 2.12

(One side continuity)

ty

A function f is continuous from theright at x=a

provided that \/\)
lim £ (x)= f (a). <\

X
A function f is continuous from the left at x=b a
provided that

lim f = f (b).

be’ (X) ( ) Figure 2.34

Example 6 Let f(x)=+/1-x*; show that fis continuous from the right at x = =1 :
and continuous from the left at x = 1.

Solution

a limv1-x*=0andf(-1) =0

X— -1

b Iinl1_ V1-x*=0andf (1)=0

The graph of f, shown in Figure 2.35, aso 9 96 B4 B2 0 63 0d_ o6 o8 1
illustrates the answers. Figure 2.35

1
Example 7 Show that g(x)=+/1-3x is continuous from the left at x = 3

Solution From the graph one can see that Iirr11 gx)=0=g GJ

X
3

vy

Figure 2.36



Unit 2 Introduction to Limits and Continuity

x*-9

Ix-3
fromtheleftat x=3
Solution The basic strategy to solve such a problem isto sketch the graph.

2 =x+3 if x>3 ol
xf—g /fﬁf x=3 ] /
[x-3 = _x-3 if x<3

lim £ (x) = lim (-x-3)=-6 e, 9 X

A

Example 8 Let f (x) . Show that f is continuous neither from the right nor

K B O @

But f (3) isundefined
= fisnot continuous from the left at x =3

énhﬁ
L
B
o
@

Similarly, f is discontinuous from theright at x = 3. Figure 237

We know that the polynomials x + 3 and — x — 3 are continuous on the entire intervals
(3, ) and (-0, —=3), respectively.

Definition 2.13
Continuity of a function on an interval.
1 Open interval
A function f is continuous on an open interval (a, b), if

lepg f (x)= f (c) cI{(a,b).

Yy

|
|
T
|
t
[}
1
|
1
|
|
|
|
|
|

|
|
T
|
t
[}
1
|
1
|
|
|
|
|
a
|
|

Figure 2.38
2 Closed interval

A function f is continuous on the closed interval [a, b] provided that
i f iscontinuouson (a, b)
ii f iscontinuous from the right at a, and
iii f iscontinuous from the left at b.

A functionf iscontinuous, if it is continuous over its domain.
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Some continuous functions

Polynomial functions

Absolute value of continuous functions
The sine and cosine functions
Exponential functions

AN N N NN

Logarithmic functions

Example 9 The following is the graph of a function f. Determine the intervals on
which f is continuous.

/OHK\ /C\ /X

ab|e Alelfr

O—0
Figure 2.39
Solution It is continuous on (-, &), [a, b], (b, c], (c, d), [d, €], (e ), [f, ).
Example 10 Determine whether or not each of the following functions are continuous on
the given interval:
1 X -4
a f(x)—;,(O,S) b1 F(x)= 0 .(-3,3)

¢ f(X)=2C-5C¢+7x+ 11, (~o, o).
Solution
a fisarationa function and x # 0 for each x [{0, 5). Hence, we conclude
that f is continuouson (0, 5).
b  fis undefined at x = —2. Hence, f is discontinuous a x = —2 but f is
continuous at any other point on (=3, 3). Thusf is not continuouson (-3, 3).

c Every polynomial function is continuous on (-, «). Thus, f is continuous

on (=00, ).
4-x2,if x<1
Examplet1 Let f{(x)s S, lf. 1< x< 4
-1 if x=4
x+1if x>4

Determine the intervals on which f is continuous.
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Solution

From the graph on Figure 2.40 you may see that f is continuous on (—, 1), [1, 4)
and (4, ). But it isdiscontinuous at x =1 and x = 4.

f

° f
O
Figure 2.40 Figu're 2.41
2 o /
Example 12 Let f(x)= x2—>(12 Find the intervals where f is continuous.
X —

X¥-x-2 _ (x-2)(x+1) _x-2
-1  (x-D(x+1) x-1

f isdiscontinuousat x=—-1 and x=1.

Jif x£-11

Solution

f iscontinuouson (-, —1), (-1, 1) and (1, ) asit isshownin Figure 2.41.
27, if x<-1
Example 13 Let f(x)=12x+2,if -1<x<3
4-x,if x=3

o

Determine the intervals on which f
iS continuous. .

Solution Look at the graph of f.
Are—1 and 3inthe domain of f ?
f iscontinuouson (—o -1) ;. [-1, 3), [3, ») Figure 2.42

Example 14 Determine the interval on which f (x)=+/x* -1 is continuous.
Solution’ “In f (x)z Vx*-1,x*-120=|x|21

The domain of fis {x:|X 21}

Explain why f is discontinuous on (-1, 1)!
f is continuous on (—oo, —1] U[1, ). (Explain!)
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Let f(x)=——. What is

Neaed y
the largest interval on which f is §
continuous?

First determine the domain and X
sketch the graph of f. ‘ ‘

: : , 33
Explain why f is continuous on (—2,2). Fidure.2.43

Isthere an interval larger than (—ggj on which f is continuous?

Determine the value of a so that the piecewise defined function
X+3 ifx>2 _
f(x)= - is continuous on (—, ).
ax-1 ifx<2
If f iscontinuous on (—o, o), then f must be continuous at X = 2.

= lim f(x)=f (2):>1Lrp(x+3):a(2)—1:>5:2a—1:> a=38

)
N f(X):{x+f-3,i1.‘x>2
3x-Lif x<2
ax+b,if x< -2
Let f (x)={2x+a,if ~2<x<3
ax® —bx+4,if x>3
If f isacontinuous function, find the values of a and b.

f should be continuous at x = =2 and x = 3 because f is acontinuous
function.

i f iscontinuousat x=-2
= lim ()= f(-2) = lim(2x(-2)+a) = (a(-2) +b) = -4+a=-2a+b

X— =2 XS
= 3a-b=4... ... equation (1)
ii  fiscontinuousat x=3

= Iir;]f(x): f(3):|irg](ax2—bx+4):2(3)+a

= 9a-3b+4=6+a

= 8a-3b=2.................. equation (2)
Solving the system of equations

{gg: Pt givesa=10 andb=26
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Discuss the continuity of the function f(X) =/3-vx*-16

In Jx*-16,x*-1620= x> 216 = |x| 2 4

In,y/3-/x?-16,3-x*-16 20= 3> x> -16 =252 x*= |x| < 5.
Thus, I x| = 4and|x| < 5
= fiscontinuouson [-5, -4] and [4, 5].
A library that rents books a lows its customers to keep abook up to
5days at afee of Birr 10. Customerswho keep abook more than

5 days pay Birr 2 penalty plus Birr 1.25 per day for beinglate beyond the
first 5 days. If c(x) represents the cost of keeping a book for x days,
discuss the continuity of c on [0, 20].

We first determine a formulafor c(x). From
the given information, the fee for the first 5

daysis Birr 10. a1y ¢ (¥ =1.25¢+5.75
—c(x)=10,if 0<x<5. i
j 129 c(x)=10
Forx>5,c(x) =10+ 2 + (x—5) (1.25). ‘Explain! 1w
W W RSN VLIS W\ )
= 1.25x+ 5.75 ), 5] and (5, 20).
10, if 0<x<5 X
=c(x)= :
1.25x+5.75, if x>5 Figure 2.44

The constant 10, and the polynomial 1.25x + 5.75 are continuous on (0, 5] and

(5, 20] respectively. Thus, ciscontinuouson (0, 5] and (5, 20].

But IirEr)] c(x)=1.25(5) +5.75=12

lim cx(x) =10 = Ixifr;c(x) doesn't exist = Cisnot continuous a x=5
Properties of continuous functions

Suppose f and g are continuous at X = X,; discuss the continuity of the combinations of f
and g.
Isf + g continuous at X = X,?

l[rpo(f +g)(x)=l[n2(f(x)+ g(x))zliﬁngo f (x)+l[r110g(x). Why?
= (%) + 9 (%) = (f+ 9) (%)
Hence, f + g is continuous.at X = Xo.

Explain that the continuity of the combinations of f and g is an immediate consequence
of the basic limit theorems.
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Properties of continuous functions

Theorem 2.3
If f and g are continuous a X = X,, then the following functions are continuous at X = X,.

1 f+g 2 f-g 3 kg, k[CRI

4 fg 5 i, provided that g (x) # O.
g

Example 20 Letf(X) =%, g (X) = sinx. Discuss the continuity of the combinations

of fandgat x=0.
Solution f and g are continuous a x = 0. Hence, f + g, f — g, kf and fg are continuous
ax=0.lim 1 = |im X =1
x~0 g(x) x-0 §in X

But, i(O) is undefined. Hence, Al is not continuous at'x = 0.

g
Example 21 Discuss the continuity of the function given by
—Jo—v2 iflxl< 1y (34
f09 = 4-4/9-%%,if X <3
10-2x,if x>3

Solution Can you determine the range
of values of +/9-x* ? What

is the curve represented by X
y=4-49-x*7? 2 2 4 \ 6
Do you see that -
1<4-9-x*<4? :

Figure 2.45

The function is continuous on
[-3, ) asit isshown in the figure.
Some of the above ex_érhples are the compostions of two or more ssimple functions.
In general, you have the following theorem on the continuity of the compostions of
functions. :
Continuity of compositions of functions

Theorem 2.4
If afunction f is continuous at X = X, and the function g is continuous at y = f (X),

then the composition function gof is continuous at X = Xo.
e, limg(f(x))= lim a(y)=g(f(x))=(gof)(x).
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Example 22 Letf(x)=x—3x+2andg (X) =+/ x.
Show that gof is continuous at x = -1.
Solution Xo = -1, fiscontinuous at x = -1. Explain!

f(X)=f(-1)=6=giscontinuousat y = 6.
In short, Iirpl(gof)( )— lim VX2 =3x+2 Ilml(x —3x+2)
=J6

Maximum and minimum values
Maximum and minimum are common words in real life usage.

For example, Dalol Danakil Depression in Ethiopia has the maximum average annual
temperature in the world which is 35°C.

The minimum average annual temperature in the world is-57.2°C whichiis in Antarctic.
Discuss other minimum and maximum values that exist in real world phenomena.

Maximum and minimum values of a continuous
function on a closed interval

Example 23 Find the maximum and minimum values on the closed interval.
a f(x)=3x-1on[-2,3]. b f(x)=-xX+3x—4 on][l,5]

Solution

f(x)=3x~1

f(X) =+ 3x—4

. Figure2.46 Figure 2.47
7<f(<8 XD, 3] —14sf(x)s—£ [XICT, 5]
The maximum value s 8. The maximum value is —1%
The minimum value is—7 The minimum value is—14.

87
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The intermediate value theorem
Theorem 2.5 The intermediate value theorem

Suppose f is a continuous function on the closed
interval [a, b] and k is any real number with either
f(a)<sk<f(b)orf(b)<ks<f(a),thenthereexistsc
in[a, b] such that f (c) = k.

Example 24 Show that f (X) = X* + x + 1 has a zero between
Solution Using the intermediate value theorem, k=0, a
f(-1)= (-1)°-1+1=-1<0.
f(0O) =0+0+1=1=1(-1)<0<f(0)
= [cT 41, 0] suchthatf (c)=0.

b

Figure 2.48

x=-1and x=0.
=-1,b=0,

Example 25 Show that the graph of g(X) = xX° = 2% + x— 7 crosses the liney = 7.3

Solution f()=1-2+1-7=-7
f(2=32-16+2-7=11
=f(1)<73<f(2)
= The graph crossesthe liney = 7.3

Example 26 Use the intermediate value theorem to locate the zeros of the function

f()=x*—xC -5 +2x + 1.
Solution Every polynomial function is continuous.
f(0)=1>0
f(1)=1-1-5+2+1=-2<0
= fhasazero between x =0and x = 1.
f(2)=16-8-20+4+1=-7<0and
f(3)=81—-27-45+6+1=16>0

e N w

X,

= f hasazerobétweenx=2andx=3 -5-4-3-2-1 | 1 2 3 4 5

f1)=1+1-5-2+1=-4<0

= fhasazero betweenx=0and x=-1
f(-2)=16+8-20—-4+1=1>0

= f has azero between x = —1 and x = —2

88
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v' Discontinuous functions may not possess the intermediate value property. To see
this, consider f (x) = E whichisdiscontinuousat 0. f(-1) <Oand f (1) > 0 but
X

thereisno value of xin (-1, 1) such that f (x) =0

Approximating real zeros by bisection

Let f be acontinuous function on the closed interval [a, b]. If f (a) and f (b) are oppositein
sign, then by the intermediate value theorem f has a zero in (a, b)..In order to get an

interval | c (a, b), in which f has zero, bisect the interval [a, b} by the midpointc = %b_ !

If f (c) =0, stop searching a zero. If f (C) # 0, then choose the interval (a, c) or (c, b) in
which f (¢) has an opposite sign at the end point. '

Repeat this bisection process until you get the desired decimal accuracy for the
approximation.

Example 27  Approximate thereal root of f (X) = ¢ + x— 1 with an error less than—

16
Solution Using a calculator, you can fill in the following table and get a number
asrequired. -
ites Sign of f
_Opposte Sgn Mid-point c g
interval (a, b) f (a) f(0)  (b)
(05,1 0.75 - + i
(0.5,0.75) 0.625 - _ +
ECEAROM oes | - |+ +

f (0.6875) = 0.012451172 < 0.0625 = 1_16

= 0.6875 is aroot of f with an error Ie&thanl—l6

Example 28 . Use the bisection method to find an approximation of 37 with an error

less than i
20

Solution Let x=3/7, thenx® =7 = x*— 7 = 0. Define afunction f by
f()=xX-7,f(1)=-6<0andf(2)=1>0
= fhasared root in (1, 2).
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Look at the following table.

Oppositesign . . Sing of f
FESIAR I Mid-pointc @] f© : f (b)
(1,2) 15 _ _ -
(15,2) 175 - -
(1.75,2) 1875 - _ -
(1.875, 2) 19355 | - - ;
1875,1.9375) IECEE ~ -
(1.90625,1.9375) [IERECCHNE -
RV Rt ol 19140625 | — - \

1
f (1.9140625) =0.01242685 < 0.05 =

= {7~ 1.9140625 with an error less than 2—10'

Theorem 2.6 Extreme value theorem

Let f be a continuous function on [a, b]. Then there are two numbers x; and xz in [&, b]
such that f (x1) < f (X) < f (x2) XTI b].

f (x2) is the maximum value and f (x;) is the minimum value.

uy

(x.
\ALy

)I(lb

Discuss the following points by drawing graphs and
producing examples.

Are there maximum and minimum values, if
[ the function on [a, b] is not continuous?

ii the function is continuous on (a, b)?

il thefunction is not continuous but defined on an open interval ?
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Let f be continuous on [a, b]. Answer the following points in terms of f (a) and

f (b). Use graphs to illustrate your answers.

i Find the minimum and the maximum values of f (X) when f is an increasing
function.

ii Find the minimum and maximum values of f (xX) when f is decreasing.

Discuss the following statements using the intermediate value theorem.

i Among all squares whose sides do not exceed 10 cm, isthere a square

whose areaiis 113/7cm?, 11417 cm??

ii Among all circleswhose radii are between 10cm and 20 cm, isthere acircle
whose areais 628 cm??

il Therewas ayear when you were half astall as you are on today.

| Exercise2.8 |

Determine whether or not each of the following functions is continuous at the

given number.
a f(X)=3x=5 b f(X)=2¢-5x+3;x=1
(x-3)° (x-4)
= X = = : =-1
c f(x) |x—3| ;) X=3 d f(x) VIR X
sinx, x>0 -1, if [x>1
e f(x)={L,x=0 ;x=0 f f(x)=10,if x= *1 ;x=%1
1 <o 1-[X, if [} <1
X

If the piecewise defined functions below are continuous, determine the values of
the constants.

ax® +bx+1 if 2<x<3

ax-3 ifx > 2
a f(x)= 3 ) b f(x)=qax-b,if x<2
2x+5, ifx < 2 .
bx+ 4, if x>3
VX2 -2x+a, if%sxsg
c f(x) =
. 3 . 1 3
- [=X"+2x——, ifx<=or x>—
4 2 2
k(X—5) -d -
A A N & >
q (0= x2—25’X 5 . f(x ={2 -,IfX 4
5 if x= +5 2x,if x<4
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3 Find the maximum possible interval (s) on which these functions are continuous.

2_
X4 it x£2 P
a f(x)=1x-2 b f()=¢e*

8 if x=2

[y
¢ f(x)={txgTx#! d f= Ji-4¢

5if x=1
5(x3+1)
1 T if x#-
e f(= —— fof(x)=dxeg XL
o 10, if x=-1

g fXx)= v 2-v5-%°

The monthly base salary of a shoes sales person is Birr 900. She has a commission
of 2% on all sales over Birr 10,000 during the month. If the monthly sales are Birr
15,000 or more, she receives Birr 500 bonus. If x represents the monthly sales in
Birr and f (x) represents income in Birr, express f (x) in terms of x and discuss the
continuity of f on [0, 25000].

X EXERCISES ON APPLICATIONS OF LIMITS

ACTIVITY 2.10

1 Let x be areal number. Fill in the table below with appropriate

values.

0.0001 | 0.0002 | 0.0003 | 0.0004 | 0.0005 | 0.0006

. . 9NnXx

2 UsethetabletopredlctllngT.
snx .. 9nXx
3 Usethefollowing graph of f(X) =T todetermlnellngT.

92



Unit 2 Introduction to Limits and Continuity

0.2

10 -Il—ZrI\ an 2“2- 2 n\; ﬁ" 8 ¥

Figure 2.51

Theorem 2.7

sinx

m—— = 1, wherexisinradians.

Example 1 Evaluate each of the following limits.

sin(3 . k LY : ;
a IimM b Ilmxsn(l) c Iimxzsin[izj
X-0 X X— 00 X X5 00 X
. / v Sin(3x
d I|m_i e lim tan_x il p Ilmw
x-09nX x=0 SinX x-0 g n(4Xx)
. sin®x . 1-cosx . _sin(x-1)
9 X A X2 ! IXI[Tl—x+x2—x3
Solution
sin(3x 3sin(3x sin(3x
a lim ( )=Ii ( )—3Iim ( )=3
Xx-0 X X-0 (3)() Xx-0 3X
1
sm[] sin 1
b Ilmxsm( jzllm X =I|m(—y]=1 where y =
X 00 X xee 1 ouy-ol y X
WX
Sni . 2
%2 sin
c Iimxzsin[izjzllm X =I|m{ (Zy) ]zl. Why?
X .00 X X 00 i y-0 y
. N
d lim=2 = lim| —1 =1 Why?
x-0gnX~ x-0 (snx)
X

93
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e

Example 2

Proof:

n-

=r?|

(tanx) I.mtanx
I -
i o imd X S0 x 1oy e
x-0gnx x-0(9NXx Iimsnx 1
X X-0 X
(Ssin(sx)j
sin(3x 3X
lim ( ):Iim _ :E.V\/h)/?
x-0sin(4x) Xﬂo( S|n(4x)j 4
4
4x
sin® x snx)’
lim 2 :(Ii j:1
x-0 X x-0 X
iml7Cosx _ . 1-CoSx 1+cosx _ . 1- cos’ x
lim > =lim 5 =1lim >
X-0 X x-0 X 1+cosx x-0 X*(1+cosx)
. 2
=|im(ﬂj Qim— Y2 Yyl -1
x-0( X x-0 (1+cosX) 2 2
) sin(x-1 -sin(1-x . —sin{1-x
lim ( ) = ( ) =lim ( )

1
X2 +1

C11-x+xE =X %t (LX) (=) %t (1-x) (5 +1)
sin(1-x)

ol

x-1
The area A of a regular n-sided polygon
inscribed in acircle of radiusr is given by
180° 180°
n n

Using the fact that the circle is the limiting
position of the polygonas n — o, show that

the area A of the circleis A= 712,

=-lim

x=1

A
2

A=nr?cos sn

. k ° .180° .. /4
A=lim nr~ cos sin =r“lim ncos— .sin—
% n n n-e n n
. (T
. sin| —
) ’ n
im cos—.IlmT:r2><l></r:/rr2
Nn-oo

n n-e
’ n

Figure 2.52
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Computation of e using the limit of a sequence

L HISTORICAL NOTE

Leonhard Euler (1707-1783)

Swiss mathematician, whose major work was done in the field
of pure mathematics. Euler was born in Basel and studied at the
University of Basel under the Swiss mathematician Johann
Bernoulli, obtaining his master's degree at the age of 16.

In his Introduction to Analysis of the Infinite (1748), Euler gave the first full
analytical treatment of algebra, the theory of equations, trigonometry, and
analytical geometry. In this work he treated the series expansion of functions and
formulated the rule that only convergent infinite series can properly be evaluated.

k
He computed e to 23 decimal places using (1+%j .

In Grade 11, you have used the irrational number ein expr&ssmns and formulae that
model real world phenomena.

ACTIVITY 2.11

k
1 Consider the sequence {[“%) }
k=1

a Isthe sequence monotone?
Justify your answer by filling up the values in the following table.

1 2 3 4 S 10 100 | 1000 | 10000

k
b Find the smaller positive integer k such that [1+ %j isgreater than 2.5, 2.7,

2.8.
c What do you see from the table as k increases?

— 00

k
d Find apositive integer n suchthat n<lim (1+%) <n+1

95
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1Y J
2 Let f(¥= (1+ —j
X
f
What is the domain of f ? 3 y-e
b Look at the graph of f. Isf continuouson ! ——
(-1, 0]? Why?
¢  Usethe graphto evauate lim f (x) and «
lim f(x).
X= o Figures 2.53

Theorem 2.8
1

X X X - —00 X

lim (1+ ij e im (1+_

X — 00 X

1 x+100 1 X 4 1 100 1 '100
Solution Iim(1+—j = Iim(1+—j .Iim(1+—j =e(lim(1+—D = e Why?
x-o\ X xowl o x) xee(ll X e

In generd, you can show that lim (1+—j =efor c [RR]
Xt X

X + 100
Example 3 Evauate lim (1 + —j

Example 4  Evaluate lim (1 +gj
X — 00 X

Solution  Let L = 2 thenx=oy.
X

1
y
X 9y y °
Thus, lim (1 +gj = Iim(1+ij _{Iim[kiJ ] =¢. Why?
X— 00 X Yy - y Yy oo y

In genera, we can show that lim (1 + Ej = € forc [R
X0 X

Example 5 Evaluate lim (%} )
. X g0 - X

Solutior lim [L) T R
x7e \X=3
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1-4x
. +
Evaluate lim (SX 1)
x-m \ OX—3
_3 4x-1 -3 4
1-4x 4x-1 1+ 5
. . - e
I'm(5X+1j :“m(SX 3) _ 51?( = = | =2
x--o\ Gx =3 x--o| Bx+1 1+~ eg
5x
(Explain!)

Evauate each of the following limits.

. i +
a tan(4x) b lim 3Sln (); 2)
x-0  tan(3x) X272 X7+ 2X"+ X+2
V/4
Y sinx
¢ lim 2 d  lim
«.T COS X x-0 3 —x
. sinx . 9nx
e lim f lim ——
x-~ 1 —COSX Xo0 X
1 X+5 X 8-5x
g lim (1——) h lim ( j
X-~o0 X x-= X + 3
_ C(x+ 4 _ . (2x + 5\
[ lim ] lim
x-o \ X =1 x-o \2x - 11
. 1 1
k lim (5x + 1)x | lim sin [—j
X0 x-0 X

! [lj
m lim tan | =
X - 0 X

Continuous compounding formula

nt
Consider the compound interest formula. A= P[1+ 10r0 J
n

If the length of time period for compounding of the interest decreases from yearly to
semi annually, quarterly, monthly, daily, hourly, etc, then the amount A increases

but the interest rate for the period decreases. That is, as n — oo’lOrTn - 0. In this

case, the interest is said to be compounded continuoudy. Find a formula for the
amount A obtained when the interest is compounded continuously.

If Birr 4500 is deposited in an account paying 3% annual interest compounded
continuoudly, then how much isin the account after 10 years and 3 months?
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B[ Key Terms

continuity function lower bound null sequence
convergence glb lub one side limit
decreasing increasing maximum sequence
discontinuity infinity minimum upper bound
divergence limit monotonic

[l summary

1 Upper bound and lower bound
i A number miscalled an upper bound of a sequence {a,}, if and only if

m>a [al{d}

ii A number kiscalled alower bound of asequence {a}, if and only if
k<a (a{d}
2  Least upper bound (lub) and greatest lower bound (glb).

i A number / issaid to be the least upper bound (lub), if and only if 7 isan
upper bound and if yisan upper bound, then/ <.

ii A number g issaid to bethe greatest lower bound (glb), if and only if g is
a lower bound and if x isalower bound, then g > x.

3 A sequence{a,} issaid to be monotonic, if it is either increasing or decreasing.
A sequence{a,} issaid to beanull sequence, if and only if Lim a, = 0.

5  Convergence properties of sequences

If lima, = L and lim by = M, then

n- o

i lim(a,tb)=L = M

n-oo

ii limcg, = cL; wherecisaconstant.

i lim(gh,) = LM

. ) L
v lim =2 = —

b, e provided that M # 0, and b, # O for any n.
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10

Limit of a function
A number L isthe limit of afunctionf at x = a, if and only if f (X) goproachesto L
as x - goproaches a but f need not be defined at a. Thisis expressed by

lim f(x) =L
One side limits

| A number L is said to be the right side limit of afunctionf at x = a, if and
only if f(X) goproachesto L as x approachesto a from theright. Thisis
expressed as: lim f(x) = L.

X-a

ii Likewise, we can define the left hand side limit and expressit as:
lim f(x) = L.

li  lim f(x)=L,ifandonlyif lim f(x) = lim f (x) = L.

X-a X-a

Basic limit theorems
If limf(x)=L andlimg(x) =M, then

i lim(f(x)+g(x))=L+M i  limcf(x)=cL for aconstantc.

i lim( () @(X)=LM iv im0 oL provided that M # 0.
X-a X-a g(x) M

Continuity

i A function f is said to be continuous at X = X, if the following three
conditions are met.

a f(x)isdefined b Iirp0 f(X)exit ¢ lim f(x) = f(x,)
X— X— Xy

ii A function is continuous on an open interval (a, b), if it is continuous at
each number in the interval.

iii A function f is continuous on aclosed interval [a, b], if it is continuous on
(a,b) and Iim f(x) = f(a) and lim f(x)= f(b).
iv. A function f issaid to be continuous, if it is continuous on its entire domain.

Properties of continuous functions

If f and g are functions that are continuous at X = X, and ¢ is a rea number, then
the following functions are continuous &t Xo.

[ scalar multiple: cf ii sum and differencef £ g

il product: fg iv. quotient: r provided that g (%) # O.
g
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11

12

13

14

Continuity of composite functions

If g is continuous at X = X, and f is continuous at y = g (Xo), then the composite
function given by (fog) (x) = f (g (X)) is continuous at X = Xo.

Intermediate value theorem

If f is continuous on [a, b] and k is any real number between f (a) and f (b), then
thereis at least one number ¢ between a and b such that f (c) = k.

Extreme value theorem

Let f be a continuous function on the closed interval [a, b]. Then there exist two
real numbers x; and Xz in [a, b] such that f (x) < f (X) < f (x1) for al x [[alb]. In
this case f (x) is the minimum value of the function f on [a, b] and f (x;) is the
maximum value of f on [a, b].

Two important limits

. . §nx . . 1Y
i lim — =1 ii I|m[1+—] =e
X-0 X X = +00 X

100

il Review Exercises on Unit 2

Evaluate each of the following limits.

: +1 : -
a lim(2x-1 b lim ZX— c lim \/5 3
x-0 x-1 X" +7X+6 x-9 x°-81
. X+ 4-2 g COSX
d lim——— e lim —
x-0 X x-0 X
X|x - 5|
Letf(x) = ———— , evauate
X e
a limf (x) b lim f (x) ¢ limf (x) d lim f (x)
3 if x=-5

-0.6, if —5<x<-2
x> -4, if —2<x<3
X+2, if x=3

Let f(X)=

Sketch the graph of f and evaluate each of the following limits.

2 Jmiw b mfe o imt
Evaluate each of the following limits.
a lim (x3—4x2+5x—11) b Iirrzl VX% =5x
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. x? - 49 . 3x-4x|
C lim —— d [im ——
X==7 X" +6x-7 =0 5X
. x*+125 sin(x-1)+x*-1
e lim f lim
x-5  X+5 el x-1
. . T .
g lim sin (—J h limcos x
X — 00 X X 00
. . sn X . in
i lim j lim —§|n (5x3)
x-0 X COS X x-0 §in (4x°)

Test whether or not each of the given functionsis continuous at the indicated
number.

2 2|a_ w2
a fpo= XXXzl 0 bt M;X:S
Xx+1 ifx<1 3-X
- 1
sSnx .
A £ =, if x Z1 1
¢ f={x T *¥%y=0 d f(x)=14 X=2
Lif x=0 & it x [Z]
OSX it x>0
e f(x)=1 & ;x=0
e, if x<0

Determine the values of the constants so that each of the given functionsis
continuous.
2

ax—1if x<2 X_ax,ifxia
a f(x)=1 , ) b f(X=19 x-a
X +3x, if x>2 2 if x=a

x*+1 if x < a

sn(k+x), if x<0 .
( ) d f(x)=415 - 5% if a<x<b

1 ,if x>0

c f(x):f(x):{

Bx—-25, if x>b
Evaluate each of the following limits.
. 3x® +5x% -11 . VX2 +1-10
a lim ————— b lim ———
e 201 =2 19
Evaluate each of the following one side limits.
a lim |x - 3x b lim v3-x c Iirgl J3x-9
X0 x—3" X—3
d  liminx e lim —X_ £ lim J1-yx-1

X0 X5 (X—5)3 X2t



Mathematics Grade 12

] X2 [x* - 49
g lim 30X h lim V25-x2 i lim M
=0 \Ix x5 x-T  X=7
9 Determine the largest interval on which each of the given functions is continuous.
a  f(x= 1-x b f(x) = /Inv/x
X
= X _ [4x-3
© f(X)_In(ex—]_j d f(x) = o

10 Determine the maximum and minimum values of each of the functions defined on
the indicated closed interval.

a f(x) =3x+5;[-3,2] b gX=1-x;[-2 3]
¢ h)=x-2:[22] d f(x)=§;[—2,2]

X, if [x<1

e h(X)=4¢-5x+1; [-1515] f e {2-|X| if [x|>1 [-3,2]

11  Locate the zeros of each of the following functions using the intermediate value

theorem.
a f(x=x-x-1 b gX=x+2¢-5
c hX=x-x+2 d fx) =xX-2¢-x2+3x-2

e g=x"-9¢+14
12  Evaluate each of the following limits.

. (X
) o
a lim——"/ b lim sm_gx) c l[im x tan [—J
x~0  tan x x-0 X X0 X
x+6
d lim X Ztn x e lim| 1+ 3
il X x-o - x+11
13 Inacertain country, the life expectancy for males x-years from now is given by
210x+11 . .
the formula f (X) :% years. What will be the life expectancy of males

in this country as time passes? Discuss whether or not the life expectancy in the
country is increasing.

. . 60(x+1 .
14 A girl enrolling in typing class types (%9) words per minute after x weeks of
X

lessons. Determine the maximum possible number of words the girl can type as
time passes.



INTRODUCTION TO
DIFFERENTIAL CALCULUS

Unit Outcomes:

After completing this unit, you should be able to:
»  describe the geometrical and mathematical meaning of derivative.

»  determine the differentiability of a function at a point.

»  find the derivatives of some selected functions over intervals.

»  apply the sum, difference, product and quotient rule of differentiation of
functions.

»  find the derivatives of power functions, polynomial functions, rational

functions. simple trigonometric functions, exponential and logarithmic
functions.

3.1 INTRODUCTION TO DERIVATIVES

3.2 DERIVATIVES OF SOME FUNCTIONS

3.3 DERIVATIVES OF COMBINATIONS AND COMPOSITIONS OF FUNCTIONS
Key terms
Summary

Review Exercises
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INTRODUCTION

In every aspect of our life, we encounter things that change according to some well
recognizable rules or forms. In the study of many physical phenomena, for example, we
always see changing quantities: the speed of a car, the inflation of prices of goods, the
number of bacteria in a culture, the shock intensity of an earthquake, the voltage of an
electric signal and so on.

In order to deal with quantities which change at variable rate, you need the notion of
differential calculus. Moreover, notions such as how fast/slow things are changing, what
is the most suitable quantity to be chosen from among different alternatives are studied
in the differential calculus.

In this unit you are going to study the meaning and methods of differentiation. The unit
begins by considering slope as a rate of change.

INTRODUCTION TO DERIVATIVES

Understanding Rates/of Change
ACTIVITY 3.1

1 Consider a circle of radius 3 cm.

a If the radius increases by 1 cm, find the change in the
circumference of the circle.

b If the radius increases by 1 cm/s find the circumference of the circle when
t=1s,25s,3s

c What is the time rate of change of the circumference when the radius
increases 1 cm/s?

The following table shows the time t, the radius r and the circumference c.

From the following table, what is the rate of change of the circumference?

2s 3s

5cm 6 cm

10mcem | 12mcm
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5

d If Ar is the increase in the radius and Ac is the increase in the circumference,
then Ac = 2m (Ar + 3 cm) — 2m (3 cm) = 21 (Ar).

Let At be the increase in the time. If 2—: =1 cm/s, what is 2—:?

Average rate of change and instantaneous rates of change.

Suppose you drove 200 km in 4 hours, then the average speed at which you drove is
50 km/hr.  This is the average rate of change.

The average speed for the whole journey is the constant speed that would be
required to cover the total distance in the same time.

Suppose you drove at 30 km/hr for 2 km and then at 120 km/hr for 2 km.

a  What is your average speed?

b Is a patrol officer going to stop you for speeding?

c Is the officer likely to consider your lower average speed and not charge you?
Here what is considered is the speed at a particular instant.

Suppose a particle moves along a straight line from a fixed-point O on that line.
The following table shows the distance of the particle from point O at a given
instant of time t.

t (s) o1 2|3 |45
NI NGOl 4 | 4 | 4 | 4 | 4 | 4

a Draw the position - time graph.

b Find the gradient (slope) of the graph.

c Find the speed of the particle in the interval of time
t=0tot=1,t=1tot=2,...,t=4tot=5.

Repeat Problem 3 for this new data.

t () 0|1 2|3 | 4]5

t () o112 |3 |4]5
0 20| 40 | 60 | 80 | 100
From the position - time graphs, what is the relationship between the gradient (or
slope) and the speed in the given intervals of time?

In Activity 3.1, the position-time graphs are all straight lines and the speed is represented
by the gradient (or the slope) of the line.
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Now, let’s consider a position-time graph which is not a straight line.

Example 1 Suppose a particle moves along a straight line from point O on that line.
The position d of the particle from point O at a given instant of time t are
shown below.

t (seconds) 112|345
position (m) 1|4 |9 |16 |25
a Draw a position - time graph.

b Let A, B, C, D, E, and F be points on the graphwhent=0,1,2, 3, 4,5
respectively.

Find the gradients of the chords AB, BC, CD, DE and EF.

c Find the average speeds over these intervals of time.
[ t=0tot=1 ii t=1tot=2 i~ “t=2tot=3
\Y t=4tot=5 iv. t=3tot=4

Solution From the table, it is observed that different distances are covered in equal
intervals of time. Thus the position - time graph is'not a straight line.

d(m)

9. .3 3 8 B 8 8

Chord DE | EF

‘Gradient 3 719
%verage speed(m/s) 719

Example 2 A particle moves along a straight line from a fixed-point O on that line.
The position d in metres of the particle from point O as a function of time
tin second is given by d = (t + 2) (4 - 1).
a ' ' Draw the position-time graph for the interval of timet=0tot=5.
b Using the graph, find the average speed of the particle over the intervals
t=0tot=1,t=1tot=2,t=2tot=3,t=3tot=4,t=4tot=>5.
c Find the time at which the speed is 0.
d  Approximate the gradient of the graph at t = 2.
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Solution

t(s)

d=(t+2) (4-1)

b time interval
t=atot=b

chord

gradient

Average speed

4 5
0 | -7
d(m)i e
[
4 d=(t+2){4-1)
g E Hs)
L] 2 N 3 5
2
'l
| :
1
Figure 3.2
lto?2 2t03 3to4 4t05
BC CD DE EF
8-9=-1|5-8=-3 |0-5=-5|-7-0=-7
-1 m/s -3 m/s -5 m/s -7 m/s

c From the graph one can see that the gradient at B, when t = 1, is zero.

i.e., the graph has a horizontal tangent line at t = 1.

d There will be a very good approximation, . if you consider very small
intervals of time.

Let At be the increase in time and Ad be the increase in distance.
Ift=2+ At, then
Ad=Q2+At+2) (4—-(2+At)=(4+At) (2- At). Sinceatt=2,d =8,

the gradient at ¢ =

As At — 0, =At -2 — -2,

(4+0t)(2-At)-8

L 2+At-2
8 -2At - At? -8

2 —(An)* - 24t _

At

The gradient whent =2 is -2.

-At-2 ;

e

LY

.

Figures 3.3
By a similar technique, we can find that the velocity, v (t) =2 - 2t.
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Velocity-time graph

t(s)
Velocity m/s

0 1 2 3 4 3)
2 0 -2 | -4 -6 | -8

Py g !

Figure 3.4~ / .,f'

EEW. Graphical Definition of Derivative
The slope (gradient) of the graph of y= f(x) at point P

Newton and Leibniz invented calculus at about the same time.

HISTORICAL NOTE

Sir Isaac Newton (1642-1727)

Isaac Newton’s work represents one of the greatest contributions
to science ever made by an individual. Most notably, Newton
derived the law of universal gravitation, invented the branch of
mathematics called calculus, and performed experiments
investigating the nature of light and colour.

Gottfried Wilhelm Leibniz (1646-1716)

The 17t-century thinker Gottfried Leibniz made contributions
to a variety of subjects, including theology, history, and physics,
although he is best remembered as a mathematician and
philosopher. According to Leibniz, the world is composed of
monads—tiny units, each of which mirrors and perceives the
other monads in the universe.
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Definition 3.1 Secant line and tangent line
A line which intersects a (continuous) graph in exactly two points is said to be a
secant line.

A line which touches a graph at exactly one point is said to be a tangent line at that
point. The intersection point is said to be the point of tangency.

The slope of the graph of a function at a point P is the slope of the tangent line at point P.

p Tangent line

y1 / Secant line
/’é# B

Figure 3.5

Example 3 Consider the graph of y = x°.
a  Find the slope of the secant line passing through (1, 1) and (2, 4).
b Find the slope of the tangent line at (1, 1).

Solution

- 4 -1
a  the slope of the secant line'= 7 -1 =3.
/Secant line

'

Fi.gure 3.6

This is the average rate of change of y on the interval [1, 2].

In general, the average rate of change of a function f on [x1, X2], X1 < Xy, is the
slope (or gradient) of the secant line passing through the two points (xs, f (X1))
and (xz, f (x2)).
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f - f
So average rate of change = M (See Figure 3.7)
X, =X

1 U T 02)
/ x, F0a) SN y=f®
4 E 1 . F
Figure3.7

y=x"

7
/' Tangent line

7 Q(1+8x, (1+8x7
‘Hﬁ-_____ _
80604020 y’if:.’i 08 } 1214 16 18 2
/: Secant line
‘ Figure 3.8
Let Q be another point on the graph of y = x? such that the increase in the x-
coordinate in moving from P to Q is dx.
Then Q has coordinates (1 + &x, (1 + dx)?).

Hence, the slope of the secant line is

1+0x) -1 1+ 20x+ (0x)" -1
(1+c5x)'—1 - Jx(d) =2+ o
Notice that the tangent line is the limit of the secant lines through

(1+3x, (1 + 3x)?) as dx — 0.
Thus, the slope of the tangent line at (1, 1) is

lim (2+0x) =2

In'general, the instantaneous rate of change of f (x) at (X, f (Xo)) is represented by
the slope of the tangent line at (Xo, f (Xo)).
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Functional notation to find the slope of y= f(x) at point P

Gradient of the secant line

Ay
_f(x+h)=f(0) £ (x+h)-f(x) i
(x+h)-x h :
Using the same method as with the delta notation, ¢ (x+ h, f (x +h))
you have gradient of the tangent line at P s

f(x+h) -

- lim f(x+h)-f(x)
h-0 h

Example 4 Let f (x) = 23 - 5x + 1. Find the

R (x + h, f (X))

gradient of the line tangent to the X
graph of f at (2, —1). i AV
f(2+h)-f(2 Figure 3:9
Solution gradient = Ihlng ( ) ( ) :

2(2+h)° -5(2+h)+1=(-1)

h-0 h
8+8h+2h’-5h-8

m

h-0 h

2
= I|m3h+2h =lim(3+2h) =3.
h-0 h h-0

Limit of the quotient difference
Let f (x) be a function defined in a neighbourhood of a point X,.

f(x) - f(x)

X=X

0

The ratio is called the quotient difference of f at X = Xo.

Example 5 Find the quotient-difference of each of the following functions for the
given values of X,.

a f(X)=x+1%=3 b f(X)=x-2x+3;%=-1
c fX)=xZ4x+1; %=1
Solution

e f(x) - f(3) y (x +1) - 4 _ X_3=1;x¢3

X -3 X — 3 X -3
o f ) - () x*-2x+3-(1+3-2(-1)) _ x2-2x+3-6

x=(-1) / X + 1 - x+1

: 2 oo _
_ X = 2x 3:(x 3)(X+1):(x—3);x¢-1
Xx+1 x+1
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f(x) -f(1) _ xX*-4x+1-(1-4+1)_ x*-4x+3
x -1 x -1 x-1
(x-1) (x2 + x—3)
x-1
If the limit of the quotient difference as x — X, exists, then it is said to be the derivative

of f (x) at X = X,. In the above examples,
(x - 3)

a ||mM:||m
x-3 X -3 -3 X =3

=x*+x-3; x#1

=1

— The derivative of f (x) =x+ 1l atx=3is'1.

ot LT i ) < g =g

= The derivative of f (x) = 3 - 2x +¥* at x = -1 is ~4.

- -1)(x* +x-3
lim f(x) f(1)=|im(X )(X ¥ )= Iim(x2+x—3):—1
X1 X—l X1 X—l X-1

c

— The derivative of f (x) =X~ 4x + L at x =1 is —1.

1 Letf(x)=x*-x+3.Find
((3+n)-1(3

lim b lim
h-0 h ox -0 OX
C lim —f (X) _ f(4)
ot X -4
2 Find the slope of each of the following functions at the given points.
a f(x)=x%(-3,9) b g(x)=1-3x%(1,-2)
¢ hw=i(32) 4 kW= @)
3x -1 5
e fXx-= v -3, = f f(X)=x; (4,2
W= o5 (s3] 0= % (4.2
X, if x<0 X2 +2;x> -2; (-2, 6)
f(x) = (0,0 h f(x) = ' A
g ) {xz,ifx>0( ) ) {4x—2;x<—2
x> + 1, x <0; (0,1
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ERE| Differentiation of a Function at a Point

Definition 3.2
Let f be a function and x_ be in the domain of f.

f(x)-f
Ifxlin)g0 M exists, we say that the graph of f has a tangent line at (X, f (Xo)).
- X=X,

In that case the line tangent to the graph of f at (X, f (Xo)) is defined to be the line
through (X, T (X)) with this limit as its slope.

Example 6 Find the equation of the line tangent to the graph of f (x) = x* - 2 at (1, ~1).
Solution By the Definition of the slope, m of the tangent line,

- 2_9_|. 2
metim ) i 22700 XL )=
X1 X—-1 X1 X-1 =¥ WY X1 /

= The slope of the tangent line is 2.
The equation of the tangent line is
y-(-1)=2(x-1)=y=2x-3.
Example 7 Find the equation of the line tangent to the graph of y = sin x at (g 1).
: LT
sin x—sin—
Solution The slope of the tangent line, m = Iirrllr 2
XA X

2

Letz:x—z, thenx:z+%andasx ag,zao

. Vi /4 ) Vi T
sm(z+j—sm2 sin zcos — +cos zsin — -1
Thus, m= lim =lim 2
z-0 VA z-0 Z
= Iirrg Geye 1l 0 = The equation of the tangent line isy = 1.
z- Z
Definition 3.3
Let f be a continuous function at Xo.
[ iy N Iimmz—m, then the vertical line x = Xo is

Xox X=X, X=X X=X,
tangent to the graph of f at (Xo, f (Xo)).
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y Vertical Tangent

f

24 /
)

Wff/f 2 3 4

14

Figure 3.10

v

Example 8 Find the equation of the line tangent to the graph of f (x) = x* atx = 0.
Solution Look at the graph of f. It is continuous on R. ‘So it is‘continuous at 0.

3 -
But, lim ~— > =,
x-0 x—= 0 /
= The line x = 0 (the y-axis) is tangent to the graph of f at (0, 0).
y .
f
X
3 2 1 1 2 3 4

Figure 3.11

The derivative

Definition 3.4
Let x, be in the domain of a function f.

f - f
If lim M exists, then we call this limit the derivative of fat x, .

X=X X =X

0

NormAaTIONS
The derivative of f at X, is denoted by f *(x,), which is read as ‘f prime of x,’.
If ' (Xo) exists, then we say that f has a derivative at x, or f is differentiable at x,.

Differentiation is the process of finding the derivative of a function.
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Example 9 Find the derivative of each of the following functions at the given number.
a  f(X)=4x+5;%=2 b f(x):%x2+x; Xo=-1
c f(x):x3—9x;xo:% d fx)=Vx; =4

Solution Using the Definition,

f' (Xo) = lim M,you obtain,
X=X

X = X,
a f'Q2)-= I|m(4x+5)_ 4(2)+5)=Iim4x_8=lim4(x_2)
X X-2 x-2 X=2 x-2 X-2
1X2+X—(1(—1)2 —1j 1X2+X+f
b f'(-1)= lim-4 4 = Jim
x=-1 X—(-l) x--1 X+1
1
“(x +3) (x +1 1
= |im 4 =1I|m (x+3) =<
x--1 x +1 4x=-1 2
3
X3 -9x - (1J —9(1J , 1 80 1
1 3 3 1 X +§X_? X‘g
¢ f (—J‘“ = lim
3 Xal X_l Xal X-l
3 3
1Y 1 1 80 -26
= 2] + 2 xm s =
3 3 3 9 3
4 Fe)= im¥*m2 2 v k=2 L L
x4 x—4 x~4(\/§_2)(\/§+2) 4 x+2 4

Let f be a function defined at a. If f '(a) exists, then the graph of f has a tangent
line at (a, f (a)) and the equation of the tangent line is

y-f(@=f'@)(x-2a)
Example 10 Find the equation of the line tangent to the graph of f (x) = x* at
a x=1, b X =0, c X=-5
Solution  f(X)=x* = f'(x) = 2x
a f(Q)=1landf'(1)=2
= The equation of the tangent line is:
y-fQ)=f!(1)(x-1) =>y-1=2(x-1)=>y=2x-1
b, y-f0)=f'(0) (x-0)=y=0
¢ y-f(=5)=1'(=5) x-(=5))
=y-25=-10 (x+5)=y=-10x-25
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Find the equations of the lines tangent to the graph of f(x) =x>+ 1at

a X=-2 b x=-1 c X =2
_ 3 (43 _

f'(a) = im LX) 1(a) jim "1 (a7+1) fim X8

x-a  X-a X X-a x-a X-a

(x—a)(x2+ax+a2)

= Iim(x2+ax+a2)
x-a x-a
2

im
=a’+a’+a’=3a
Therefore,
a f'(-2)=3(-2?=12
= The equation of the line tangent to the graph of fat x = -2 is
y-1(=2) =12 (x-(-2))
= y-(-7)=12(x+2)= y=12x+ 17
b f'(-1)=3(-1)*=3
= The equation of the line tangent to the graph of f at x = —=1is
y-f(-1) =3(x-(-1))
=y-0=3x+3=y=3x+3
c  f'(=301)3%=12
The equation of the tangent line at x = 2 is
y-f(2)=12 (x-2) =>y-9=12x- 24

=y=12x-15
X%, if x=0
Let f(x)= \
X%, ifx<0
Determine the equation of the line tangent to the graph of fat x = 0.
f - (0 f
f'(O) =.1im M =lim ﬂ
xX-0 X =0 x-0 X
Here, we consider the one-side limits
f ¢ f 3
jim ) = i X =0 and tim ) 2 im X2 g
x-0" X k-0 FX X-0" X x>0 X

— The slope of the graph of fat 0 is 0.
The equation of the tangent line is

y—-1(0)=0(x-0)=y=0.
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1 Find the equation of the tangent line to the graph of the function at the indicated point.
a f)=x;(@1,1) b f(X)=4x*-3x-5;(-2,17)

c  f)=x+1;(-1,0) d f(x)=(x—1)%; (1,0)
_ A
e f(x)—\/;, (1,1)

X, if x > 3
2 Letf (x) = { , )
X* —6,if x <3
of f at each of the following points.
a (0,-6) b (-2,-2) c¢ (1,-5) d (3,3 e (49
3 Let f (x) = x° — 3, find the values of x at which the slope of the tangent line is 0.
4 Letf(x)=x+x*-x+ 1; find the set of values of x such that the slope is positive.
5 If the graphs of the functions f and g given by
f(x) =4 —x*and g (x) = x* - 8x have the same slope, determine the values of x.

6 Let f(x) = x* — x> — x + 1; find the equation of the tangent line at the point where the
graph crosses

a  the x-axis b the y-axis c the graph of y = 1- x?

. Find the equation of the line tangent to the graph

The derivative as a function

ACTIVITY 3.2

For each of the following functions, find the set of values of x, such
that f'(x,) exists.

i
¥ Gl (=)
® N\ &
8 v U
A\

\

N

= -

X2, if x < 2

dx — 4, if x = 2

From Activity 3.2 you observed that there are functions that are differentiable at all
numbers in their. domain and there are functions that are not differentiable at some

numbers in their domain. At this level we give the definition of the function f ' as follows
and determine the interval on which f' is defined.

1 fw=x 2 fx=[x 3 f(x):{

Definition 3.6

f ' is the function whose domain is the set of numbers at which f is differentiable and
whose value at any such number x is given by

f )= lim i) g
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Here we say f' (x) is the derivative of f with respect to x. We consider t as a variable
and x as a constant.

Find the derivatives of each of the following functions with respect to x.
2

a fx)=x b fx=Vx;x>0 ¢  f(x)= X+_41;x¢—4
X

Using Definition 3.6 of f'(x) we have,

2 _ 2

a £ =lim="* = lim@t+x) = 2x
toX t—x toX
, CJt=Ux Atedx 1 1
b f'(x) = lim X =lim =
o t-x o At st e 24x
2-1_(2x-1) 2%t - X +8t —4= (2tx ~t +8x—4
- - X+8t=4—(2tx ~t +8x -
¢ ()= limitd x+d =i 2T (Rt +6x—4)
tox t-x t-x (t—x)(t+4)(x+4)
9t —9x . 9 _ 9

X)) (xra) (e a)(x+4)  (xea)

The different notations for the derivative

Recall the functional notation and the delta notation for the gradient of a graph at a
point. The following are some other notations for the derivatives.

Ify =f(x), then f (x) = % %f(x), D(f (X))

Using these notations, we have

oy dyl  _d =
P =5 = @ F 0l =01 (%)
Find the derivative of f (x) = i.
X
11
£ = fim =00 i xeh x o x - (x+h)
h-0 h h-0  h -0 xh (x +h)
-h . 1 1
= lim = —lim =-=
h-0 xh (X +h) h-0 x(x+h) X
4 2 = x2) (12 + x2
Lety =, then = = lim L2X o im ( ) ( )
t-x - X t-x t—X
— 1i 2 2
= lim (t +x) (t +x)

= (x+x) 0¢ +x%) = 2x (2x%) = 4x°
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t X
_d e 241 X 41 DEHt-xt®-X
=— =f = =
D(1 () dxf(x) (x)=lim t-x tIHn;](t2+1)(x2+1)(t'—x)
_lim x(x-t)+(t-x) _ -tx+1 _ -x*+1_ 1-%°

St ) (o +1)(t-x) (e 1) (o ) (X2+1)2—(X2+1)2

Using Definition 3.6, find the derivatives of the following functions with respect to x.

1 f(x)=x 2 f(x)=2x-5 3 f(x)=x*+4x-5
4 f(x)=%;x¢0 5  f()=+x 6 fx)=x-3
7 f(X)=(Bx-2)? 8 f(X)=x*@2+x) 9 f(x)=8-%x
10 f(x)=3x_+22X;x¢g 11 f(x):[x—gj iXz0
12 f(x):@;x,ﬁo 13 f(x)=2x—5+x72+x5
14 f(x)=[x+xizjs;x¢0 15 f(x)=3/§+x—%;x>0
3.1.4 Differentiability on an/lnterval
Definition 3.7

1 If lis an open interval, then we say that a function f is differentiable on I, if f is
differentiable at each point in I.

2 Iflisaclosed interval [a, b] with a < b, then we say that f is differentiable on |

if f is differentiable on (a, b) and if the one side limits IimM and
x-a X-a

both exist.

Example 17 Let f (x) = [xs 3.

a = Isfdifferentiable at x = 3?
b Find the interval(s) on which f is differentiable.
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x -3 -3-3_,. [x-3
= lim —
X =3 x-3 x =3

a f'3-= Iirr;
- |x -3 _x -3 , .

But, lim *—— =1and lim —— =-1 = f'(3) doesn't exist.
x-3" x—-3 x-3 X-—-3

Therefore, f is not differentiable at 3.

b Since both lim M and lim M exist, f is
X3 X — 3 x-3" X
differentiable on (-c0, 3]and [3, ).
f*(x)=1forall x > 3andf'(x) =-1 forall x <3.

Let f(x)=+/1-x”. Find the largest interval on which f is differentiable.

J1-t% —41- % 1—t2—(1—x

f (x)=th — ( )(\/ﬁ+\/ﬁ) .Why? Explain!
= lim x? —t? lim- (x-t) (x+t
“(t-x) (it + =) - (o) (V- + -
-~ 1im (x+1t) __ 2 INJX

X J1-12 +4/1= X2 24/1-x? \/1— NG

. . > N L) .
Notice that the domain of f* (x) = - is (-1, 1) = fis differentiable on (-1, 1).
V1 = x?

Definition 3.8
1 A function f is differentiable on [a, ) if f is differentiable on (a, ) and the
one side limit
f - f ]
lim M exists.
x-a* X —a

2 A function f is differentiable on (-c, a], if f is differentiable on (-, a) and
the one side limit

- f(x) - f(a)

x~a X - a

exists.

The absolute value function f (x) =|x| is differentiable on
(=0, 0] and on [0, ).
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. . 1 .. .
Example 20 Find the largest interval on which f (x) = 3 » is differentiable.

11

Solution 9 =lim =)y 3-at T3 3-2x-3+ 2t
tx  t-X =x o (t-X) x (t-x)(3-2t)(3=2x)
= lim 2(t-x) = lim = 2

2
tx(t-x)(3-2t)(3-2x) x(3-2t)(3-2x) (3 - )’
= f is differentiable on (—oo, g} and on (g ooj.

Determine the intervals on which each of the following functions is differentiable.

1 f(x)=3x-5 2 fX)=x*+7x+6 3 f(x)=%
4 fx)=x -2 5  f(X)=+9 - 4x2 6 f(x)=|x -9
7 f=|2x - 3 8 (0= |x+|x-1 9 f()=x
X, ifx>1 x -1
10 f(x)={ " 11 f(x) =
9 {Z—XZ, ifx<1 ®) 3-X

DERIVATIVES OF SOME FUNCTIONS

Differentiation of power, simple trigonometric,
exponential and logarithmic functions

ACTIVITY 3.3
1 Using your knowledge of limits, evaluate each of the following
limits.
4 1
3 _ 3 3 _y3
a  lim =X p gim E2X ¢ lim
t-x t — X t-x t — X h-0
h _ h _
d lim € ! e lim 8 1,wherea>0.
h-0 h h-0
2 Using Definition 3.6, find the derivatives of each of the following power functions.
a fx)=x b fx=x* ¢ fx=x* d fx)=x"
1 -3 -1
e fX)=x> f fx)=x2 g f(x)=x? h f(x) = x?3

121



Mathematics Grade 12

The derivatives of the power functions in the Activity can be summarized as follows:

\ Function f (x) Derivative f '(x)
X 1
x? 2X
X' ax3
x* —x2
x> —5x7°

1 i

2 —X 2
. 2

=) 3 _§
2 -—Xx?
. 2

=i l _é
3 -=x?
. 3

From this table one can see that if f (x) = X", then f '(x) = nx" ™.

Derivative of a power function

Here, we consider the derivative of f (x) = x" with respect to x when 1 is a real number.

Theorem 3.1 Power rule for differentiation

Let f (X) = x, where n is a positive integer. Then f '(x) = nx» 1

Proof:

Let f (x) = x". Then, using the Definition of derivative, we obtain,
o flt)=-f(x) . t"=-x"
f'(x) = |ImM: “mt_x

X t-x tx t-X
_(t- x)(t”'1 +XE"T A X+ x”'l)

= lim
taX t-x

= lim (t”'1 XA X x”'l)

tox

A Xn-1'+' Xn-1 + Xn-} ol Xn-l + Xn-1= an—l
Example 1 Find the derivatives of each of the following functions

a ~f=x* b fE=x° c f)=x®d f=x%
Solution'. " Using Theorem 3.1, we have

a = f'(x) =(x) = 48 b f'(x) = (x) =10x°

¢ f(x)=95x* d f'(x) =102x"
Corollary 3.1

If f (x) = x—, where n is a positive integer, then f '(x) = —n x—+1),
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=—nx " =—nx
Example 2 Letf (x) =x, evaluate

a Q) b f'(—%) ¢ 0
Solution By Corollary 3.1, f'(x) = (x')' = =7(x"®). Hence,"
a f'(1)=-7
b off-L)=-7[-1 L -7((-2)°) = ~7((~2)°) = -1792
2 2
c f'(c)=-7c.
Corollary 3.2
Let f (x) = cxn, then f '(x) = cnx"—1; where n is any non-zero integer.
Proof:
f(t)-f ”— o th =X’
f(x) = cx" = f'(x) = lim ()7 700 _ O X =Iimc( )
tox’ L tex tex [ t=x  tex t-X
= clim =X = ¢ f'(x) = cnx™?
tox t-x

Example 3 Find the derivative of each of the following functions:

a f0=4 b f=-1F ¢ f=—>d fx= 2
: X10 X13

Solution By Corollary 3.2, we have
a  f(x)=4(") = 4(7x%) = 28x°
b f'x)=(-11x% = —11 (xX°)' = -11(6x") = -66x’

r

o f'(x)= (X%j = B(x )" = 6(-10x ) = -60x

d f'x= (;—ZJ = - (—13x‘1“) =13nx
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Theorem 3.2 Derivatives of power functions

Let f (X) = x7; where r is a real number. Then, f'(x) = rx -1,

Example 4 Find the derivatives of each of the following functions

1 3
a f(x)=x2 b f(x)= x5 c fx)=x*
d o fx)=x"%® e f=x" fof)= x83
Solution By using Theorem 3.2, we obtain,
1 s 3, -
a f'(x):%x2lzéx2:ilzi b f'.(x):g)(Sl' = iz
oxz  2X : 5x5
c  fx=naxt d o f'(x) =-4.05x>%
e f'(=+2x7? o 100 = (e #3) x®*

1 Find the derivatives of each of the following functions with respect to x.

a fx)=x b fx)=x c f)=x
d  fx)=x"' e f)=x" foof(x= x%
g f(x):x§ h o f=3Yx f(x)=x§%/>72
i fe)=x""
2 Letf(x)= (¥x) %, find
a ') b Q) c  f(8)

[SES

3 Letf(x)=x
a Iff'(a) = —g, find the equation of the line tangent to the graph of f at (a, f (a)).

b Iff hasa vertical tangent at (a, f (a)), find the value of a.

Derivatives of simple trigonometric functions

Theorem 3.3 Derivatives of sine and cosine functions

1 Iff(x) =sinx, then f'(x) = cos x. 2 If f (x) = cos x, then f'(x) =— sin x.
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Proof
f(x+h)-f in(x+h)-si
Lt =sinxo £ = fim UMK sin(x+h)-sinx
h-0 h-0 h
v _ i sinxcosh+cosxsinh=sinx _ . (sinx(cosh-1) = cosxsinh
= f'(x)=Ilim —I|m +
h-0 h h- h
=sinx Llrrg cosh-1 + COSX I|m % 0+(cosx)X1¥cosx.
_ +h
5 f(x):cosx:>f'(x):Ihimf(x+h) f(x) Ihngcos(x ) —¢€os x
_ [im COSXCOSh —sinxsinh—cosx _ [COSX COSh 1)) . sinhj
=lim | -sin x
h-0 h h
cosh-1

=cosxlim
h-0

-sin xllm% = (cos x)x0~(sin x)><1— =sinx

1 Find the derivatives of each of the following functions with respect to the
appropriate variable.
a f(x)=-sinx b g(@ = -coséd
c f (x) = sec x d g(t)=csct

2 Find the equation of the tangent line to the graph of f at the given point.

T 2 _ ST
a f(x)= smx[4 2] b g(x)—cosx,(?oj

-— . ]T
c h(x) = tan x; (Z,lj

m|§|

ooI:i

3 If the line tangent to the graph of f (x) = sin x at x = a has y-intercept
find the x-intercept of the line when0<a < g

Derivatives of exponential function

Theorem 3.4 Derivatives of exponential functions

Iff (x)=a*;a>0,thenf'(x)= a*Ina.

gl - ¢*

t - x
Leth=t-xThenast - x,h - 0.

If f(x) = €, then f'(x) = lim
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| . ex+h _ex ) eh -1 . eh -1
Thus, f'(x)=Ilim lime* =e*lim =e"lne=¢"
h-0 h h-0 h h-0

Notice also that f'(x) = Ihingw. You will use this fact for the proof.
Proof:
Let f (x) = a".
_ X(ah _ h
= f '(X) = ||mwz ||mM =a* ||ma_1: a*Ina
h-0 h h-0 h-0 h

Example 5 Find the derivative of each of the following exponential functions.

a f=4 b fx)=+5" el f) =T
d o fx)=e* e fx)=3er fooofx)=2%*°
Solution '

a fX)=4"=f'(x)=4"In4

b f(x)=x/57:>f'(x)=\/57ln«@=%ln5

c f(x)="=f'(x)=n"In7
d f=eP=fX=eef=f'(Kx) =eef=e*"3
e f(x)=%/e7:>f‘(x)=3/e7ln%f=%§/e7lne=%e3 |
foofx)=2""=fx=2>x8In8

=f'(x)=2°x 2*@In2) = f'(x) =96 (2¥)In2.

Derivatives of logarithmic functions

Theorem 3.5 Derivatives of logarithmic functions

Iff(x) =Inx, x>0, thenf'(x) = 1
X

Proof:
Letf (x) =Inx.

= 00l

1 1 1
:>lim|n(1+nJh =1In Iim[1+EJh =In(exj=1.
h-0 X h-0 X X
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Corollary 3.3
Iff (x) = log,x,x>0,a>0anda#1,thenf'(x) = .
x Ina
Proof:
f (x) = log, :In_xjf'(x):i(mx)':ixl: 1
Ina Ina Ina x xlIna
Example 6 Find the derivatives of each of the following logarithmic functions
a f(x)=log:x b f(x)=logx ¢ f(X)=log, x
5
d  f(x)=log(x’) e f)=h¥x £/ f(x) = log x*
Solution
1
a fx=1log,x = f'(x) =
()= log, () x In2
1
b f(X)=logx = f'(x) =
®) J ( ) X In10
¢ f()=log x = f()=—t _ = -1
: (1) xIn5
X In| =
5
3 . 3
d fX)=log((x)=f(x)=3logx =f'(x) =
xIn10
s W A - N1
e fE=m¥ =1(x) == Ihx = f(x) = =
5 5x
3 3
f f(x)=log.vx* = f(x) = = log. x = f'(x) =
(9=log,\* = £(x) = 7 logsx = f'(x) = "

1 Differentiate each of the following functions with respect to the appropriate
variable.

a f(x) =3 f(x) =3 ¢ f(x) =49
d  f(x) = (7+1) e f(x) =e” f o) = Ve*
g hE=3x3%x2* h  fx =log,x i h(x=In(4x)

©r

j f (X) = |Og0.125(6X) k h (X) =1In [ng
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2 Find the equation of the line tangent to the graph of y = ¢* at (1, e).

3 Find the equation of the line tangent to the graph of f (x) = In x at [e% —3).

4 Suppose f (x) = 2*. What happens to the gradient of the graph of f (x) as x — oo
and asx — —oo?

5 Let g(x) = log, x. Decide the nature of the gradient of g (x) asx — 0" and asx — oo,

DERIVATIVES OF COMBINATIONS AND
COMPOSITIONS OF FUNCTIONS

ACTIVITY 3 4.

1 For each of the following functions f and g, evaluate

a f+gK b f(x) -9 c fag®

i f()=2x+1andg(x)=3x*+5x+1
2x-1
4x+2

i f)=4x+1and g(x)=
i f(x)=¢"and g (x) =sinx

iv. f(x)=log (x*+1)and g (x) = cos G)
v f(x)=3“*'andg(x)=tanx.

2 Using the Definition of the derivative of a function, differentiate each of the
following functions.

a f(X)=4x+5 b f(x)=4x%+3x+1
1 3x -1
C f(x)=+x + — d f(x) =
) Vx X ) 4x + 2

1 .
3 Given the functions f (x) = ~ and g (x) = </x, decide whether or not each of the

following equalities is correct.
a  (f)+gX)=Ffx+g®X b (F)—g () =f'(x) -g'(x)

c (FgM)=f()g'K d [f(x)j':f'(x)
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4 Giventhe functions f (x) = x* - 1, g (x) = 3, k(x) = log, x and h (x) = sin x, evaluate

a f')+gX b h'(x) -k(x)
¢ 990+ g MK(X) = ho ke
(k(x))
5 Letf(x) = |x|
a Is f continuous at 0? b Is f differentiable at 0?
X%, if x <2 ) .
6 Letf(x) = ] . Sketch the graph of f and discuss the continuity
8 - 2%, if x > 2

and differentiability of f at
a 2 b 1 C 3

In Activity 3.4 Problems 5 and 6, you noticed that there are functions that are continuous
but not differentiable at a given point. The following Theorem states that the condition
for a function being differentiable at a given point is stronger than the condition for
being continuous at that point.

Theorem 3.6
If f is differentiable at a, then f is continuous at a.

Proof:

Suppose f is differentiable at a. Then, f ‘(&) = lim L—;@) exists.
X-a X -

Observe that, for x Za, f(x) —f(a) = [L;(a)](x—a)
ol

X-a X-a

Hence, lim(f (x)- f(a)) = Iim[Mj(x—a) = |imM[ﬂim(x— a)
X8 X~a X-a X-a

=f'(@)x0=0
= Ixip;(f(x)—f(a))=0:>lxi[r;f(x) - Iimf(a) =0

X-a

= limf(x) = f(a) = fis continuous at a.

X—a

The following example shows that the ‘converse of this theorem is not true.

Example 1. Show that each of the following functions is continuous but not
differentiable at the indicated numbers.

a  f)=x;x=0 b f(x):|3x—]4;x:%
inx, if x>0

c f(x)={smx_l P atx=0
=X, If x<0
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Solution
a Iirgl f(x)= Iim0 | x|=0= f(0)= fis continuous at (0, 0).

0 =tim X =) _ X
X-0 X —O X-0 X
Here, we have Iimm=lim§.Butlim M = lim L -1
x-0" X x-0"X x-0" X x-0 ¥

= lim M doesn't exist.
x=0 x -0

Hence, f is not differentiable at x = 0.
b f(x)=|3x - 1|

limf (x) = lim[3x - 1| =0=f (lj — f is continuous at x = =
x-t x-1 3 3
3

3

1
f(x)—f[j ;
-1- , -1
#'[L)= tim 3) _im A0 e, tim 12X g
3 Xﬁl X_E X*% X—E XH[ET. Yok —
’ 3 3 AL \'g
-1 . ; A
But Ii[mJ_wz—& = f is not differentiable at x = %
1 \
x_.5 X—— 1
3 v

c lim f (x) = lim sinx =0and Also, f (0) =0
x-0" x-0"
Thus, f is continuous at x = 0.

it s
f(x)= COS?(" ) 0. But f '(0) doesn’t exist.
-1, if x<0

= f is not differentiable at x =0

What conclusion can you make about differentiability at a point where a graph
has a sharp point?

Defivative of.a-Sum or Difference of Two
Functions

Theorem 3.7 Derivative of a sum or difference of two functions

If f and g are differentiable at xo, then f + g and f —g are also differentiable at xo, and
their derivatives are given as follows:

1 (f+9g) (X)=f'(X)+g '(X) The sum rule.
2 (f-9) " (X)=f"(X) -9 '(Xo) The difference rule.
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Proof:
L (frgyx) = lim U O =(Fro)(x,)

X~> X X

i L) 9(x) - f (%) -9(x,)

)(~>)(0 X_Xo

= Iim[f(x)_ (X°)+9(X)‘9(Xo)j
e A X=X,

= Iim[Mj+ lim [MJ
X=X X=X, X=X, X=X,

= (%)= 9'(%,)
2 The proof follows a similar argument to 1 above.
Example 2 Letf (x) = 4x> + sin x. Evaluate
' N
a f'0) b f (Zj
Solution From the above Theorem we have,
f'(x) = (4x> + sin x)' = (&%) + (sin X)' = 12x* + c0s X
a f'00) =120 +cos0=1
b f'[£j=12[£jz+cos[ j 127 £—§ 2+ [ 3 +2(
4 4 4 16 (2//14 2 4
Example 3 Find the derivative of each of the following functions.

1
a fx)=Jx + 3 b hX=x*+log,x ¢  k(x)=e*—cosx

Solution
I ’ 1
a f'x). = (Vx) '+ (30) = == +3In3
o <) - )5k
! 1 2 1 1 1
b hi(x)=1] x3 | + (log,x)' == x3 + =
R [j (log.) 3 xlnz o 2 xIn2

c o k'(xX)=(€") = (cosx) =€ - (-sinx) =¢e +sinx.
Example 4 Differentiate each of the following functions with respect to x.

a y=2-5¢+7x-11 b f(x)=\/;+|ogx—4x+x_12
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Solution Using the derivative of a sum and difference
a  f'o)=(@x* -5+ 7x-11) = (2x* - 5x%) + (7x - 11)'
= (2xY - (5x%)" + (7x)' - (11)' = 8x° —10x + 7.

b f’(x)=(&+logx—4*+%) =(&+.ogx)'_(4x_izj

X y
. . <\ 1), 1 1 . 2
:(&) +(Iogx)—{(4) _(7j}_7+ (4 In4+FJ
1 1 2
= _— —4*In4-=
2\/§+x In10 e
Corollary 3.4

If fy, f, f3,..., fnare differentiable at x , then Z f, is differentiable at x, and

Example 5 Find the derivatives of each of the following functions

a f(X)=4x+5x -11x + 12 b g(x)=16x""-12x% -9x° + 23
Solution

a

a f(x)= i(4x3 +5x* —11x +12) = (4x ) + (5x ) - (11x) + —(12)
dx dx

=12x*+10x =11 + 0
=12x% + 10x —-11.

b % g(x).=diX 16x° - 12¢ —9x* + 23)
d d d d
= &(16x9)—&_(12x8)—&(9x5)+&(23)

= 144x8 =96x’ - 45x*

The derivative of a polynomial function

Letf(x) =a, X" +ana X" +. .. +a2x2+a1x+a0. Then,

f'(x) = na, x" +(n 1)an1x .+ 2ax+ ag
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EKF| Derivatives of Product and Quotient of
Functions

Derivatives of product of functions

ACTIVITY 3.5

1 Evaluate each of the following limits.
2 im (x +h) e*" —xe* . (x + h)sin (x +h) - x sinx
h-0 h h-0 h
2 Using the Definition of derivatives, differentiate each of the following functions
with respect to Xx.
a f(x) =xe b f(x)=xsinx

Theorem 3.8.1 The product rule
If f and g are differentiable functions at Xo, then the product fg is differentiable at xo

and its derivative is given as follows:
(fg)' (Xo) = '(X0) g (Xo) + 7" (Xo) f (Xo).

Proof:

(79)00 = (f)0%) _ i TI900~ F(6,)g(x,)
X=X, X= %, x=X,
_ i £00800= £ 06)900 + £ (,)900 = f (x,)g (x,)
X=X, X=X,
o SO0~ £06))+ £06) (90) - 9(x,))
X=X, X_Xo

= lim g(ﬂ[%}lm f (Xo)[g(x)_ g(Xo)J

X=X -
of o X=X,

(f9)'(x,) = lim
X%

= lim g(x) lim M +1(x,) lim 9(x)=9(x)
X'- Xo X - Xg X - Xo X=X X — X

=19 (Xo) T'(Xo0) +f (X0) ' (Xo)
d

d
If y = f(x)-g (X), then d—i‘x:xo = g(xo)& (f (x))

Example 6 Leth (X) = (x + 5) (x* + 1). Evaluate f '(3).
Solution  Letf(x)=x+5andg (x) =x*+1.
Then, using the product rule you obtain, h'(3) =f'(3) g (3) + g'(3) f (3).

X=X,
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But f'(x) =1 so thatf'(3) =1 and g' (x) = 2x, so that g '(3) = 6.
Therefore,h ' (3) =1x 10 +6 x 8 =58.

Example 7 Letf(x) = x e}, evaluate f '(-1).

Solution Let h (x) = x and k(x) = €, then f (x) = h (x) k(x).
Then, h'(x) =1and k'(x) =e*".
=f'(-1)=h'(-1) k(-1) +K'(-1)h (-1) =1 xe+e x (-1)=0

Example 8 Lety=¢€"sinXx, evaluate %
X

x:l
3
: d . d .
Solution Y <[ sin x—(ex) L+ | e"—(sinx) A
dx = dx X=3 dx il
3
r
=sinxe’| ,+e"cosx ,=sin Zes + e cos L
=3 T 3 3

Theorem 3.8.2 The product rule

(fg) (x)=f'(x)g(x)+ f (x)g'(x), for all x at which both f and g are
differentiable.

v Ify=(fg) (x), then

Y=g S0 + 1) 3 90

Example 9 Find the derivative of each of the following functions using the product rule.
a  f(x)=xsinx o b f(x)=x*cosx
¢ f(x)=(x*-5x+1)e"  d  f(x)=+xlog,x

Solution :

a ' £ () =(xsinx)'=(x)' sinx +x(sin x)' = 1 x sin x + x (cos X)
=5in X + X €OS X
b ' (X) = (X*cos x)' = (x3)' cos X + X2 (€os X)' = 2x cos X + X* (—sin X)
=2x cos X — X* sin x
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c f'x = ((x2—5x+1) ex)' = (x2 -5X + 1)' ex+(ex)'(x2 - 5x + 1)
= (2x -5) ' + e (* - 5x + 1) = (x* - 3x - 4)e".

: 1 Jx
d ' = (Vx =~ Jog, x+
09 = (Vxlog,x) =— o0, X1
Example 10 Lety = 3" cos x, find %
Solution ﬂ:i(Sx cosx):cosxi(Sx)+3xi(cosx)
dx dx dx dx

= 3" In3 cos x — 3" sin x = 3" (In 3 cos X —sin x)
Example 11 Find the derivative of f (x) = (x*+ 1) (In x) (sin x)
Solution

f'(x) = %((x2 +1)(In x) (sin x)) =(Inx)(sin x)%(x2 +1) + (x2 +1)%(In X.sin x)

= (Inxsin x)2x+(x2 +1)(lsin x+In xcosxj. (Explain})
X

. 1.
=2xInxsinx + (¢ + 1) (—S|nx+ln xcosxj.
X

One of the purposes of this example ‘is to extend the product rule for finding the
derivatives of the products of three or more functions such as

(fgh)’ () = (fg)' () h (x) +h" (x) (fg) (x
=(F(x)g(x) +g"(x) £ (x)) h(x) + 1 (x)(fa)(x)

=f£'() g ()h x)+F(x) g'(x) h () +f(x) g (x)h" (%)
Example 12 Find the derivative of y = x® sin x(3%)
H dy 3 - X 3 z 1 X 3a: X !
Solution ——=(x7) sinx(3*)+ x’(sinx) x3*+x°sinx(3
o 7 () sinx(3)+x* (sinx) (3)
3x% sin x X 3%+ %% cos x x 3*+ x° sin x x 3% In3.

Derivative of a quotient of functions

ACTIVITY 3.6

1 Letf(x)=¢e"andg (x) = x. Evaluate
a  f'()g) b g'(x)f(x)
F(x) g F()a(x) -9'(x) f(x)
9'(x) (9(x))
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Let f be a differentiable function such that f (x) £0. Then,
1 1

[H?"ngf(““) GG S

h-0 h f(x) f(x+0)

= () X _= —f'(x)z
(f0)°  (f(x)

-f'(x)

2 Using L = , find the derivatives of each of the following functions.
f) ()

_1 _ 1
a f(x)—; b f(X)_T c f(x)—3x+1
e fx=

1
Ix +1 ex+1

From the above Activity, you observed that

l:)’: f(x)xixlz 1X><f'(x)+f(x)>< 1X ... By the product rule
9(x) 9(x)) ~9(x) g(x)

d fx=

Theorem 3.9 The quotient rule

If f and g are differentiable functions and g (x) # 0, then il is differentiable for all x at
g

which f and g are differentiable with

(2] - 2176 =1 e
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Example 13 Find the derivative of each of the following functions at the given number.

a f(x):L atx =1
X+5

b f(x)=tanxatx= 3

Inx
f = — atx=
c (x) < atx=e
Solution Using the quotient rule we obtain,
oty LR OS] _xesox s
(x+5) (x+5)" (x+5)

. 5 _ 5
=f (1)—(1+5)2 “ 3%

sinx)’ —sin x(cosX)’

b £ = (smxj _ cosx( :
COS X COSs” X
2 H
= 08 thm X 12 = sec’x'= f [zj ='sec? [—J =4
COS” X CoS” X 3 3
v i(tan X) = sec’ .
dx
X X : _ Inx x 1
. Fr0g = Inx) _x(Inx) =Inx(x) X _1-Inx
X/ x> X2 X2
= fe) =1
e
Example 14 Find the derivative of each of the following functions using the quotient
rule.
a ()= b (He = o T k- Sl
In'x x> =2 x> - 3x +1
X sinx ¢ F(x) = thanx
e’ + log, x

4X
d f(x):xlnx e f(x)= 11

Solutien
1 ; -(Inx)" 1
a f(X)=—=1(x)= =-
) Inx () (In x)? xIn?x
_(x*-2)'_ -2«

G L Vo) —
b e T ey T ey
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C f .(X) - (4X2 —5X+7)'(X2 _3x+1)_(X2 _3X+1)|(4X2 _5X+7)

(x* -3x+1)°
8x—5)(Xx* =3x+1)—(2x-3)(4x* =BX+7)  _7y2 _ @y +
- _ /X" - 6x+16
(x2—3x+1)2 (x2 - 3x+1)2
@ () (4*)'xlnx—4x(xlnx)' (4‘In4)x|nx—4x(lnx+l)
X) = =
(xlnx)2 (xlnx)2
_ & (xndInx =(Inx+1) )
B (xIn x)2
. ; "2 e ! ;
. f(x) = ):;I:l-:)[( Lt (x)= (xsinx) (x +1Z (x2 +1) (xsinx)
(x+1)
_(sinx+xcosx)(x2+1)—2xzsinx
) (¢ +2)

r

¢ £10x) = X tan x ’_(Xtanx)'(ex+Iogzx)—xtanx(ex+logzx)
(X)_(ex +Iogzxj B (ex+|092 X)2

(tanx+X3602 X)(ex +log, X)_XtanX(ex ¥ X|::-12j

(eX +log, x)2
Example 15 In each of the following, find 3—y
X

2

a X b/ y = x* +1 ¢y X + 4
y 3x +1 XX+ x-1 COS X
X +e’ COS X
d = e y= :
2X +1 1-=-sinx

Solution Applying the quotient rule,

a \ hye = N1

d d
2 dy d( @ J_(3x+1)dx(x2)—xzm((3x+1)
3

D 3x+ 1 dxo dx|3x+1 (3x+1)°
d d
3 dy_d % :(3x+1)dx(x2)—x2dx(3x+1)
dx dx|3x+1 (3x+1)°
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(3x +1) (2x) - x*(3) :6x2 + 2x - 3x* _3x* + 2x

(3x + 1)2 (3x + 1)2 (3x + 1)2

X2 + 1
XX+ x -1

b y=
d d
sl ) g
dx dx|{ x*+x-1 (x3+ x—1)2
_ (x3 + x—l)(2x)—(x2 +1)(3x2 +1) _2xt+2x? —2x—(3x4 +4x2 +1)
(x3+x—1)2 ) (x3+x—1)2
(x4 +2X° + 2x + 1)

(x3 + X - 1)2

d (x2+4
c

d :cosxjx(xz+4)—(x2+4)jx(cosx)
dx | cosx

cos? x
2X COSX + (x2 + 4) sin x
cos? x

d_yzi(x*'exj: (2X+1)i((x+ex)'(x+ex)i((2x+l)
(2x+1)*

dx dx{2x+1
_ (2x+1)(1+e) - (x+e")(2) _ 2x+1+2xe* +e* - 2x - 2¢”
(2x+1)° (2x+1)°

_ 2xe* —e* +1
(2x +1)°

iy~ 7 cos X (1—sinx)(;jxcosx—cosxjx(l—sin X)
&_&(1—sin xj_ (1-sin x)2
_ (2-sinx)(=sinx)-cosx(-cosx) _ —sinx+sin® x +cos’ x
(1-sinx)’ (1-sinx)’
1-sinx  _ 1
(- sinx)2 1- sinx’
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1 Differentiate each of the following functions using the appropriate rules.

a fX)=1-x -X¥+x b g (X) = 7J/x+e*-sinx
X
c h(x) = d [(x) = x+sinx-¢*
()= —— (x)
e k=X fofx)= Vx
X —e X COS X
g g (x)=cscxsecx h h(x)=£—iz+$
X X X
. 4x + 5 . 2
k(x) = f =x°In
k0= i =" Inx
2 For each of the following functions, find j—y
X
a y=Inx+e b y=0¢-2x-3)¢* ¢ 1—I2nx
X
q X +1 . et +x -1 ¢ _sinx
U COS X U X +1 U 1 - cosx
o y_1—sinx h y_exsinx i y= X
X + COSX e+ 1 X + Inx
(l+ 12J
o 3
i y=e@+xHtanx Kk yz—x1 y=(ex—&)
1 - =
X2

3 In each of the following, find the equation of the tangent line to the graph of f at
(a f(a))
3x+1,

x—-1
a f(x)=—= a=0 b f(x)=——;a=1
®) x+1 ) 4-x
2 _
¢ f(x) = esinxa=0 d fx= " a=0
e +1

SEE| ‘The ChainRule

Suppose you invest Birr-100 in a bank that pays r percent annual interest compounded
monthly. Then at the end of 5 years the account balance (in Birr) will be

60
A(r)=100(1+——£—j
1200
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This is the composition of the two functions

)
F(r)=1+—"— and g(x) =100x®.
(r) =1+ g0 21 900 =100x

g(f(r))=200(f(r))” ie, A(r)=g(f(r)).

In this section, you will see how to determine the derivative of a composition function like
A(r) using the derivatives of the component functions like f and g.

ACTIVITY 3.7

1 Look at the following table.

Function
Expanded form
y=1 () :

2¢+1  |23¢+1 6x°
@3+ 17 |+ 48 + 1 24 X5 +12 X 2(2x3+1)di(2x3+1)
X
72x8 + 72x° + 18%° ) d
2 +1)7° |8 +12° +6x3 + 1 =18x% (4x° + 4 + 1) 3(2X3 +1) —(2X3 +1)
= 18x* (2 + 1)° dx
3, 14 12 9 6 4 au3 192x™ +288x® + s 3 d s
(2 + 1) |16x° +32x" + 24x° +8x° + 1 14455 + 2052 4(2x +1) &(Zx +1)

From the above table you might have noticed that the derivative is the product of
the exponent, the expression with exponent reduced by 1 and the derivative of
2 + 1.

2 Find the derivatives of each of the following functions without expanding the
power.
a @+1)* b (@¢+1" c @3+

-1
3 Let f (x) = 3x + 1, g (x) = cos x and h (x) :3xX2 o Evaluate each of the

following functions.

a
d

f(g () b
'@ (x) e

f(h ()
f (@ ()9 ()

c  h@®)
o h@X).e ()
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At this stage we can give the derivative of compositions of functions at a given point.

Theorem 3.10 The chain rule

Let g be differentiable at xo and f be differentiable at g (xo). Then fog is
differentiable at xo and (feg)'(Xo) = f'(g (X,)).g '(Xo)

Proof:
Forg (x) —g (Xo) #0, we have,

F(g(x)) = f(a(x,)) _ F(a(x)) = f(9(x.)), 9(x)=a(x,)

X% X=X, 9(x) = 9(x,)
Thus, (fog)’(xo):x,m(fog)(xz:ifog)(xo)
— im L) = T9(%) , 9(x) ~9(x,)
o g(x)-9(x) X=X,

i f(g(x))—f(g(xo))x"m
90-90x)  g(x)-g(x,) xm X=X
£1(g (%0))- 9(x3)

Example 16 Let h (x) = sin (3x + 1). Evaluate h' (”T_Zj

Solution h is the composition of the two simple functions f (x) = sin x and
g (x)=3x+1. i.e, h(x)=71(g (X).
By the chain rule, h'(x) =f'(g (X)) g '(Xo)-

But f'(x) =cosx, g (x)=3andx, = ”T_Z

e (2 (2 452
(2

Example 17 Find the derivative of f (x) = V1 + x* atx=2.
Solution f (x) is the composition of the functions g (x):x& andh (x) =1+ x% i.e.,
f)=gh ) =f'Q2)=g'(hQ)xh"@2)=g'6) xh'(2)

; 1 ;
But, X) = —= and-h (x) = 2x
g (¥ Nr (X)
: 1 2.5
Thus, f'(2) = —= x 4= —,
(2) 35 E
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EEF]| Derivatives of Composite Functions
If g is differentiable at x and f is differentiable at g (x), then f o g is differentiable at x with

(feg) (x)=1"(g(x)g'(x)
Example 18 Find the derivative of f(x)=e****,

Solution Letg (x) =e*and h (x) = x* + x + 3, thenf (x) = g (h (X)), g'(x) = e“and
h'(x) =2x+ 1. But, f'(x) =g " (h (x)). h" (X)

Sf'X) =g (C+x+3)x (2x+1)= e 3 2x+1) =f(X) x 2x + 1).
f'(x) can be found as follows.
£00 = (@27 %) = @ x (o x+ 3) = @4 x x4 1)

Example 19  Look at each of the following derivatives.

a ((x + 5)4)'

4(x +5)° (x +5) = 4 (x+5)

where (x)' = 43 derivativl of the inner function/
b ((5x-2)°) =10(5x-2)° (5x-2) =10(5x - 2)° x5=50 (5 - 2
()" =10x° derivative of the inner function
¢ ((3x*+5x+2)°) =83’ +5x+2)" (3K’ +5x+2) =8(3x +5x+2) (6X+5)
d (cos(X* + X +7))' = =sin(X* + x+ 7)(X* # x +7)' = =sin(x* + x+ 7)(2x +1)

=~ (@2x+1)sin (C+x+7)
e (sin\/x2+4x+1) =cos\/x2+4x+1(\/x2+4x+1)

= cosy X2+ 4x+1 x;
20X% +4x+1

=cosvXx® + 4x + 1 x 2x + 4
240x% + 4x + 1

+
:2)(—2cos\/x2+4x+1
XS+ 4x + 1

This is the derivative of the composition of three functions. Therefore, you have;
Corollary 3.5

((a(h(x)))) = f(a(n()) " (M)A (x).

(x2 +4x+1)'
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Proof:-

(f (g(h(x)))) = f'(g(h(x)).(g(h(x))) . Why?
= 1'(9(n(x))) &' (h(x)) 1" (x)
Find the derivative of k(x) = cos® (* + 1).
Notice that k is the composition of the three simple functions,
f(x)=x,g(x)=cosxand h (x) =x*+ 1. i.e., k (x) = f (g (h (X))
Also, f'(x) =5x* g '(x) = -sin x, h'(x) = 2x and
K() =f'(g (h (). g'(h (9). ') = (g (¢ + 1)) g’ (°+ 1) (2)
=f'(cos (x* + 1)). (-sin (x* + 1)) (2x) =5 cos* (x* + 1) (=sin(x* + 1)) (2x)
= -10x sin (x* + 1) cos* (x* + 1)

In short,
(cos® (x* +1))" =5cos” (X + 1).(-sin (x* + 1))(2x) = —10x sin (x* + 1) cos* (* + 1)
. . Lo oay
The chain rule using the notation =
ax
Lety=1f(u) and u = g (x). Then,
dy du
=f , — =f" d = =0
y=1@), 5 =f'(u) and == =g(x)
dy d ; . dy _dy du
— = — (f(g(x))) = f X)).9'(X)=1'(v). —=—.—.
:>dx dx((g(») (g())g() ()dx du dx
Therefore, ﬂ:ﬂgdﬂ
dx du dx
Find the derivative of each of the following functions with respect to x.
a y=(@Bx+4)° b y=cos
3
c y= (X3+1)5 d y=+3x>-2x+4

a y=@3x+4)°

Letu=3x+4, theny =u’ = N gand Y- g
dx du

dy 6 5 d 5
Inshort, —=-—(3x+4) =6 (3x+4)’.—(3x+4)=18 (3x+4
nshort, - dx(X ) (3x+4) dx(X ) (3x +4)
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b y=cos’

Let u = cos x, theny = u®, d—y=6u5 and d—u=—sinx
du dx
&b du s (-sin x) = -6 sin x cosx
dx du dx
Observe that — c0s®x = 6 cos°x — ¢0S X = =6 sin X C0s°x
dx dx
3
c  y=(+1)°
_ 3 _ § u_,»2 dy _ 2
Letu=x"+1,theny=u> so that — = 3x" and d———u i
u
_2 _2 2 2
d_y_d_y.d_u_§ 5.3x% = (x3+1) 5 3x2=gx2(x3+1) s = 2N .
dx dudx 5 5 N
5(x +1)5
d y=+3x" - 2x + 4
Letu=3x>-2x +4, theny = Ju
Hence, du_ 15x* -2 and 4 1\
dx du  2Ju
:d—y:ﬂ.d—“:i.(lsx“—z) = { (15x* - 2)
dx  du dx 2Ju 23x° ~2x+4

Differentiate each of the following functions with respect to x.

a y= \/XZX7+4 b y=sin (¥ +1) ¢ y = gVxox
/2
d y:M e y=cos \/Iog (\/x2 +1 +x)

X + sinx
In this example, you differentiate each function without rewriting it as
the composition of simple functions.

a y=—= . Here you apply the quotient rule and the chain rule
XS +4
dy (x) x2+4—x( x2+4)
—= 5 Quotient rule
Xrd-x| 1 (x2+4)'
2NX* +4

Chain rule

(xzi(r4)
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M et GO ko) Bt
(X2 + 4) (x2+ 4) N

_ x> +4- x _ 4
(x2 +4)\/x2 +4 (x2 +4)\/X2+4

= %zﬁm.(sin(x%l))' because (&) :%

cos(x2 +1) xcos(x2 +1)

=—— 7 (2X)z ———— 1~
21/sin(x2+1)( " sin(x2+1)
¢ yzeWrsied

:>OI—y = V¥ rox+4 (\/x2 + 5X + 4) becuase (ex)'=eX

dx

Vo a 5 (x2+5x+4)'

2x% + 5x + 4

(2x + 5)

=€
e\/x2 +5x +4

" 2JX% +5x + 4

; log (x2 + 1)

q _log VX +1
X + sinx X + sinx

(x+sin x)(log (x2 +1))' —log(x® +1)(x +sin x)’

(x+sin x)2

L
2

oo
X |I<

=

(x +sin X)((x“ri)lnlo(xz +1)'}— Iog(x2 +1).(1+ cosx)

(x+sin x)2

N |-

1 (x+sinx)(2x) ,
2(x+_sinx)2( (X2+1)In10 _IOQ(X +1)(1+C°5X)J
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e  y=cos \/Iog \/ x> +1+ x) . This is the composition of several functions.

:>3—y:—sm\/log x+1+x)>< ! X[ X +1j

X
2\/Iog \/mH) (\/x2+1+x)|n10 VxA+1

sin4/log /x> +1+x [ X j
_ +1
24/log/x* +1+x (\/x2 +1+ x)lnlo VXt +1

2
Example 23 Find the equation of the line tangent to the graph of y= In( 2X j at
X

+2x
x=1
2
Solution y=In [—2 X j:>yzln (x*) = In (x* +2x)
X° + 2%
dx x (x2+2x) X XE+2X

:>Thegradientisd—y - 2_ 2(1)+2 :Z

Xl 1 2+2(1) 3

= The equation of the tangent line is

1) 2 2 2
Sl ) =2 (x-1) sy = 2k 23,
y (1+2j U T3

1 Use the chain rule and any other appropriate rule to differentiate each of the following

functions.
a f(x)=¢e" b fx=x+5" c  f(X)=(@x+5)4
(x+2)
d f (x) = sin (3x) e f(x)=cos (x*+1)) f f(x)= €
g f(x)=esin (4x* +5x +1) h  f(X)=Vx2+2x+3
i (0 =log,(x*+4) i f)= ﬁ;w)
_ sinx .
k  f(x)= Toxsl | f (x) = sin (x%) + cos (x®)
m f(x)=|n( 21 J n X =InJx*+1
X“+1
o f(=sin In(x*+7) p  logax
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q f(x):e‘Jmsin(\/x2 +1) r f(x) =In Jcos (%" +3)

2 Find the equation of the line tangent to the graph of f at (a, f (a)), if

a  f)=xe at(0,0) b f()=e at(l,e)
x+1 e

_ B 3Xx+2 ~ i
c fXx=In (Ej at (0, 0) d f(x)= P at( 1, SeJ
e f(x)=(8-x*)VJ2-xat (-2, 32)

. dy
3 Find —.
dx
2x3
a y=+1+x° b y = +/1+3x% ¢ c y=
v1+x*
X2 2x-1)
d = e = f =cos (Inve*
J X3 +1 J [3-4x] i ( \/_)

g y = (ax + b)"; where r is a real number.

SRS Higher Order Derivatives of a Function

You have seen that for a function f, f ' is the first derivative or simply the derivative of f.

f ' is a function which assigns x — ItimM.
X =X

For instance if f (x) = x* + 1, then f *(x) = 2x which is a function, too. Therefore, you can
compute the derivative of f * which is (f")'(x) = (2x)' = 2.

ACTIVITY 3.8 1\‘* s@%

1 Letf(x)= X +4x+5. :_:\’
a Findf'(x) b Differentiate f '(x) with respect to x.
2 -
2 affpg=qX T XS
6x-9,if x=3.
a Findf'(x) b Sketch the graph of f *(x).

c Find the derivative of f '(x) at x = 3.

3 Let f(x)=x>+ 1. Sketch the graphs of f '(x) and the derivative of f'(x) using the
same coordinate system.

4  Let f(x)=|x|x.
a Find f '(x) b Find (f'(x))' (0)
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The second derivative of a function f, denoted by f *(x) is the derivative of the first
derivative.

e, f"(x)=(f'(x)"

You say that f is twice differentiable or the second derivative of f exists or f '(x) is

f{t)-f'(x)
t—X

differentiable provided that f "(x) = !im exists.

Example 24 Find the second derivatives for each of the following functions.
a f)=x b fx)=x° c  f(x)=sinx
d fx)=¢" e fx) =xe f f (X) = Xsin x
g f(x)=¢"sinx
Solution
a f=xX=f'K=2x=f"(x)=2.
b f(x)=x*=f'(x) =3x° = f "(x) = 6x
c f(x) =sinx = f'(x) = cos x = f "(x) ==Ssin x
d fx)=e=f'x=¢=f"x)=¢
e f(x)=xe"=f'(x) = (x)'e* + x(e") by the product rule
=e+xe=e"(1+x)  =f"X) =)@ +x)+e (1 +x)
=e(1+x)+e'=¢€(2+x)
f f(x) =xsinx =1 '(x) =sin x + x cos x
= f"(x) = cos X + €oS X— X Sin X = 2 COS X — X Sin X
g f(X)=¢e"sinx=f'(x) = & sin x + " cos x = & (sin x + cos X)
= f"(x) = (¢")'(sin x + cos X) + €*(sin x + cos X)'
= " (sin x + cos x) + €”(cos x — sin x)

= ¢" (sin X + cos X + cos X — sin x) = 2e” cos X.

If y=1f (), then ] =f'(x) so that f "(x) = i f'(x) = i (dyj
dx dx dx \ dx

2 2
d(dyj is denoted by d7y ie. d7y =
d d x?

dx \ dx X2

f"(x) Also, d—zz f(x) =1"(x).
dx
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2
Example 25 For each of the following, find %
X
4 X
a =X b = X Cc = —
y y=x ]
d y= 3 - e y= W f y= e-x2+2x+1
X_
g y=Inx h y= x+1 i y:sinx
X2 +1 JIx
. X NG X /g
= k = I =In ;0<X<—
: y x2+1 y X+In x y cosxj 2
Solution

a y=x = i(x“):4x3:> d’y :di(4x3):12x2.

dx dx®>  dx
dy 1 1 -1
b :\/; = =2
y dx 2x 2
dzy:i EX_% = i _73:— 1 4
dx>  dx| 2 4 Ax/x
C y:i:;d_y: (X)'(X+1)—);(X+1)ll Quotient Rule
Xx+1  dx (x+1)
= X+1_):: 1 2:(X+:|_)_2
(x+1) (x+1)
dzy d k%) -3 2
=—((x+1 =-2(x+1) "=-
3 L dy 1 3 3
d = =3(x=1)2=>—==3| -=|[x-1) 2 =——(x-1) 2
y x-1 ( ) dx ( ZJ( ) ( )
d? d LW¥WA7 3( 3 5
— = — | ——(x-1)2 |= - —| ——(x-1) 2
= e a3 - 0] == )

Also, y = \Je¥*® =g 2

4x+3 + 4x+3
jd_z(/:e 2 Xi(4x—3j: e 2 x2 :2 /e4x+3

150



Unit 3 Introduction to Differential Calculus

2 4x + 3 4x + 3
:>OI—Z=iZe2 :2e2><i4x+3
dx dx dx 2

4x+3 4x + 3
=2 2 x2=4e 2 =4 e"*?
—x2+2x+1:d_y:e—x2+2x+li
dx dx
- e—x +2X+1( 2X+ 2)

y=e (—x2+2x+1)

(;)2(2/ :(e—x2+2x+1( —2X+2 ) ( o +2X+l) X+2 +e, +2X+1(_2X+2)'

—x +2x+1(

_x +2x+1( 2) -x2+2x+1 (4X _8X+2)

+2)'+
20 ( ) )

dy 1 d% 1
=lnx=—==
y :dx x:dx2 x>

d d
X+1 ﬂ:(xz +1)&(X+1)‘(X+1)d7(xz+1)

_ X H1-(x+1)(2%)

= =
x*+1  dx (x> +1)° (x* +1)?
O XP+1-2x7 -2x _1-x2-2x ¢ d’y _ 2x®+6x* -6x-2
(x* +1)? (x* +1)? dx? (x* +1)°
. 1
n AV o " Jxcosx-sinx| ——
_sinx:d_y:\/;(s'nx) —sm(\/;) £ 2Jx
Jx o dx (\/;)2 X
_ 2xcosx —sin X
2x+/x
d?y _( 2xcosx-sinx '_l 2XC0S X —Sin X
dx® 2x4/x 2 e

3 3
(2xcos x —sin x) 'x? —[xzj (2xcos x —sin x)

v

3 1
(2 cos x - 2x sin x - cos x) x2 —gxz (2xcos x —sin x)

2x3
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3 1
(cos x —2xsin x)x? —§x2(2xcosx—sin X)

2x3
' [~ 1
T e e ( /—X2+1)2 ) XA +1
(X +1) X - 2 =2
=(x"#1) 2
(x> +1)Vx* +1 (x +1)\/x +1
dZy _3 5
Ve :[(X +1) j :‘E(X +1) 2x2x
_ -3x _ -3x
(X2+1)% (X2+1)2 Y/ X2+1
T 7 =X 2 1
. 2 dy (Xz) (x+InX) = (x+Inx) 2x(x +Inx) X(“x)
= == =
y x+Inx  dx (x+|nx)2 (x+|n x)2
:2x2+2xlnx—x2—x:x2+2xlnx—x
(x +Inx)? (x +In x)?
d?y _[ x*+2xInx-x
dx? (x+|nx)2
(x2+2xln x—x)'(x+|nx)2—((x+|nx)2)'(x2+2x|nx—x)
B (x+In x)4
[2x+2|nx+2x[1j J(x+|nx) —2(x+|nx)[1+1j(x +2xInx=X)
X
- (x+Inx)*

(2x+2Inx+1)(x+In x)—2[1+1j(x2+2xlnx—x)
X

(x+Inx)*

ty=ln [L) =1n(x) — In (cos x) because 0 < x < *
COS X 2

:d—yzi(lnx—ln(cosx))z—— x(—sinx)=£+tanx
dx . dx X COSX X
d’y 4.1 >
= ——-+sec” x.
dx? x?
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Similarly, we define the third, fourth, etc. derivatives of a function f as follows:
The third derivative of a function f is the derivative of the second derivative. i.e.,
f(x) = ((f"(x)’
Also, the fourth derivative of a function f is the derivative of the third derivative.
In general, for n = 3, the n™" derivative of f, denoted by f "(x) is defined as
f (0D t)-f (n-1) (x)
t—x

I this limit exists, then we say that f is n-times differentiable or the n" derivative of f (x)
exists.

fM(x) = lim

Find the fourth derivative of
a  f)=x'-5C+6x+7x+1 b f(x)=sinx

a  f)=x'-5C+6x+7x+1
=S X)) = -5C+6x2+ Tx+ 1) =4x3= 15 + 12x + 7
= f"(x) = (43— 15X + 12x + 7)' = 12x* = 30x + 12
= f O(x) = (12x° - 3x + 12)' = 24x ~ 30
=f@(x)=24

Note that, forn =5, f W(x) =0

b f(x)=sinx,

= f'(x)=cosx = f”(x)=-sinx

mn

= "' (x) = —cos x =f ¥(x) = sinx.

Nom™aTmrIoNS

z

Ify = £ (x), then, we write f®() = 4Y = ¢ f (x)=D"f (¥)
dx"  dx"

d"y

he "

Let y =xe*. Find

y=xe' = %:(x)' e +x(ex)' =e* +xe* =¢*(1+x)
G (o) =(# ) () €9 4 e
%=(e*(2+x))l=(ex)'(2+x)+ex(2+x)':ex(2+x)+eX:eX(3+x)
From this pattern we conclude that, dnz/ =e*(n+x)

X
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Let f be a n-times differentiable function. If g (x) = f (3x + 1), find g" ().

g()=f@x+1)
=0g'(x)=f"(3x+1) [Bx+1) bychainrule.

=3f"'(3x+1)
=g" (x)=3f" (Bx+1)(3x+ 1) =3f" (Bx+1)x3=3*f"(3x+ 1)

9@ (x) =32 FO@Bx+1) Bx+1) =32 FO3x+1)x3

=33t @ (3x + 1)
From this pattern one can see that g ™ (x) = 3" f ™ (3x + 1).

Let f (x) = |x|x*. Find the third derivative of f.

£00 =l x| = X3, if x=0 () = 3x2, if x>0
-x3,if x<0 -3%%,if x<0
. 6, if x>0
6x,if x=0
= f"(x) = _ = fO(x)=J £ f x=0
-6x,if x<0 .
-6,if x<0
f - f f
£® ) = lim (X) (O) =lim (X)
X-0 X—O X0 X
fr fr
gut, fim ) = 1im 8 26 and tim ) < jim -8 =
x-0" X x-0" X X-0" X x-0" X

= @ (0) = doesn’t exist.

This is an example of a function which is twice differentiable at 0 but it is not three
times differentiable at 0.

Letf(X) = an X"+ an1 X"t + - +a, ¥ +a; x + ag
be a polynomial function of degree n. Show that f © (x) = 0 for all k > n.
f'(x)=nax""+(n-Da, X" +..+2ax

f"(x)=n(n=2a x"? +(n-1)(n-2)a, x"° +..+2a,

fOX) =n-D)(n-2)ax"*+(n-1)(n-2)(n-3)x"*+...+6a,

.f @D (x) =n(n-1)(n=2)...(n-1)a, x
fO(x) =n! a,
= O (x)=0.
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Exercise 3.10

1  Find the second derivative of each of the following functions.
a f(x)=3x-9 b f(X)=43-6x+T7x+1

c f(x):\/;+sinx d f(x):x\/;+sinx

sin X

e f(x)=—— ff)=In(E+1
() o () =In( )
g foo= =4 h f(x)=secx
x+1
2
i )= —=
4-x°
d?y
2 For each of the following, find o
X
a y=e*¥? b y=log (\/x+1) c y=In 1
: x* +1
d y = cos® (2x+1) e y=(Inx)? f o y=In@l-x)
X . .
=1In h = e sin/x i = sin (2x cos X
g vy [mj y y ( )
] y=1In(Inx) k y = (x+D)vVx*+1

3 Find a formula for the " derivative of each of the following functions for the
given values of n.

a f=e®D;n b f(X)=e“;n=6
1 2
c fX=In|——|;n=4 d f(x)=e*"3n=4
=75 )
o) Key Terms

chain rule gradient rate of change slope
derivative product rule rules tangent
differentiation quotient rule secant work
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1
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The slope (gradient) of the graph of y = f (x) at point P.
i A line which touches a (continuous) graph at exactly one point is said to be
a tangent line at that point, called the point of tangency.

i The slope of the graph of y = f (x) at a point is the slope of the tangent line
at the point of tangency.

f(x)-f(a)
x-a
iv. The equation of the tangent line at (a, f (2)) isy — f(a) = m, (x — a).

iii ~ The slopeofy =f(x) at(a, f(a)) isma= lerrg1

Differentiation of a function at a point
[ The Derivative

f(t)-f(x)
t-x

Let x, be in the domain of a function f. Then, f'(x) = Itim

f(x+h) - f(x)
h

Also, f'(x) = L'T)

i Other notation
Some of the other notations for derivatives are

dy d
—, — f(x),D(f(x
dx dx ( ) ( ( ))
If y = f (x), then the derivative at point a, f'(a) is also denoted by
dy
dX x=a

Differentiability on an interval

A function f is differentiable on an open interval (a, b), if f is differentiable at each
point on (a, b). f is differentiable on the closed interval [a, b], if it is differentiable
on (a, b) and the one side limit

lim f (x) and Iir!l f (X) both exist.

The Derivatives of some functions

[ The Derivative of a constant function is 0.
d
—()=0
i ©

ii The Derivative of the power function
If f (x) = X', then f'(x) = rx"*
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iii ~ The Derivative of simple trigonometric functions
v Iff(x) = sinx, then f'(x) = cos x
V' Iff(x) = cos x, then f '(X) = —sin x
iv. The Derivatives of exponential functions
v Iff(x) =€ thenf'(x) = ¢"
v Iff(x)=a%a>0,thenf'(x)=a"Ina

\Y The Derivatives of logarithmic functions

v IFF(X) = Inx, then f () = =
X

v IFf () = log, x; a> 0 and a#L, then f '(x) = ———.
xIna
Derivatives of combinations of functions
Let f and g be differentiable functions.
[ The derivatives of a sum or a difference.
v' The sum rule
(f+9)() =10 +g'(x)
v' The difference rule
(f-09)'() =1'(x) —g'(x)
ii The Derivatives of products and quotients.
v'  The product rule
(fg)' () =f'(x) g (x) +9'(x) f (%)
v' The quotient rule
[1]'(X): £'()g(x) = g'(x) f ()
g (9(x))?
Differentiation of compositions of functions
The Chain Rule
Let f and g be differentiable functions. Then,
(feg)() =f'@ (x). 9" (%)
If u is a function of x, y = f (u), u = g (x), then
dy _ ' _ dy du
o (feg) (x) = A0°
i iun = nu™ ] i ) sinu = cosu Ll
dx dx dx dx
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d . d , ., du
iii — cosu = -sinu — iv —e" =¢"—
dx X dx dx
d , " du . d 1 du
Y, —a" = a'lna — Vi —Inu = = —
dx dx dx u dx
y d 1 du
vii —log,u = —— —
dx ulna dx

7  Higher Derivatives
i The second Derivative
Fr(x = lim- 0= ')
t-x t—-x

i The nth Derivatives; n =3

f (n—l) (t) _ f (n—l) (X)

f M(x) = lim
()= lim —
d?%y dy)_d%
— = f — | =L
Ify = f (x), then, v '(X); (dxj e
d = 1000,

| | Rewew Exercises on Unit 3

In Exercises 1 — 8, find the difference Quotient of f at a.

1 f(x)=4x+3;a=-2 2 f()=2x¥+1;a=-1 3 f()_—; a=-2
+
4 f()—X 1 =—%5 fx)=|x+4l;a=-46 f)=Vx+5a==
7 f(x)=2%a=0 8 f(x)=\/1—3x2;a:T
In Exercises 9 — 53, find the derivative of the expression with respect to x.
1
9 9 10 m+ — 11 x*-3x+1
V2
12 4x* -8x 13 x*-7x3+2 14 (x-5) Bx+4)
L
15 (x-3)? 16 (5x+ 1) (5x—1) (x-5) 17 45— x3 ++/x +1
18 3% 24k +502-1 19 er4e 20 sin (4x)
X
21 cos (X +4) 22 tan(6x-1) 23 In(7x+3)
2 3 _
s X4 25 x-2(x+1)? 0p X TOX*3
X X
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27 5x(x+1) 28 1+xt+x2+x3 29 X1
XX
2
30 J1-3x g1 X 32
log, x
33 L+ + 4 34 xe 35 x7(ef+1)
X_§
_13
36 (Inx) (& +1) 37 (@x+1)° g (x71)
Jx
39 xInx—x 40 log \/x*+2 41 JInx +e* +2*
S
42 \Jlog v/x 43 e*cosx 44 [ 1 jg
X SIn X
2_
45 cosyIn (€ +1) 46  tan [X 1} 47 sec® (x +3)
X
& _ XAt
48 x2(sin (%) 49 XA gg EsinX
X“+1 In x

3 )
51 X y1-(2+X)2 52 g™V 53  €*sinx

54 For each of the following, find ' (x).

X3, if x=0 ﬁ’leSI
a f=4{". "7 b f(x)=
X%, if x<0 1 it x>1
x+2'

IOQZLH, if x< 3

c  fx=4 X
log——, if x=3
X+3
Find the gradient (slope) of the given curve at the given point in Exercises 55 — 67 below.
55 f(X)=x*-5x+1;x=1 56 f(x)=xvx+1;x=0
57 f(x):%z;le 58 f(x)= (—-1) VX ;X=2
X
59 f(x)=x*+5x+4;x=-25 60 f(X)=x*-3x+1;x=2

3x-1
(x-1*

1
61 f(x) = 1

(x) s
63 f()= e :x=3 64 f(x):ln(x+\/x2+1);x=1

X = 62 f(x):x2+%;x:x/§
X
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65 f(x):cos(4x+1);x:nT_1 66 f(x)=[3x-2 ;ng
3 iy

67 gt xSRIy
3x+2,if x>-1

For Exercises 68 — 79, find the equation of the line tangent to the given curve at the
given point.

68 f(x)=x*-2x+3;x=-1 69 f(X)=xx ;x=1
X
70 f(x)= P X = 2 71 f(x)= -3X; X=-—
(x) 2l (%) 4-3x; x=-4
72 f(x):sinx;x:g 73 f()=3-Ix-1;x=1
74 f(X)=49-x*;x=2 75 f(x)=log (x+3);x=7
76 f)=e*tix=-2 77 f(x):ln—x;x:e
X
1 e*sin x
78 fx)= x =1 79 f(x)= x =0
W= o2y W=

80  Find the equation of the line tangent to the graph of y = x* — 5x + 1 at the point
where the curve crosses the liney = 7.

81 Find the equation of the tangent to the curve y = 1 + x% which has a slope of -3.
X

82  Find the value of k so that the line y = —8x + k is tangent to the curve y = 3x? + 4x + 1.

d’y
In Exercises 83 — 96, find ?
X
83 y=x 84 y=x° 85 y=(¢+5) 86 y=e'*
17 .3, 1 2
87 =—Xx-2x+x -1 88 = — 89 =Inh(x+1
y=7 y N y=In( )
90 y =sin (x—cos (X)) 91 y=-e*cosx 92 y=e*cosx
2x-3 x> +8
93 = 94 = 95 = (Jx+3+5)"
Y= 5r3 Ve y=@K )

d’y

dx®

96 y=(x*+1)sin (4x +5) 97 If y=x*e™, find
98 Iff (x) =e"Inx, evaluate f "(1).
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Unit Outcomes:
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find local maximum or local minimum value of a function on a given interval.
find absolute maximum or absolute minimum value of a function on a given
interval.

apply the mean- value theorem.

solve smple problems in which the studied theorems, formulae and
procedures of differential calculus are applied.

solve application problems.

Main Contents

EXTREME VALUES OF FUNCTIONS
MINIMIZATION AND MAXIMIZATION PROBLEMS
RATE OF CHANGE

Key terms

Summary

Review Exercises
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INTRODUCTION

In Unit 3 you have studied derivatives and have developed methods to find derivatives.
Derivatives can have different interpretations in each of the sciences (natural and social).

For instance; the velocity of a particle is the rate of change of displacement with respect
to time. Chemists who study a chemical reaction may be interested in the rate of change
in the concentration of areactant with respect to time called the rate of reaction. A steel
manufacturer is interested in the rate of change of the cost of producing x tons of steel
per day with respect to x (called the marginal cost). A biologist is interested in the rate
of change of the population of a colony of bacteria with respect to time. In fact, the
computation of rates of change is important in all of the natural sciences, in engineering,
and even in the social sciences. All these rates of change can be interpreted as slopes of
tangents. This gives added sSgnificance to the solution of the -tangent problem.
Whenever we solve a problem involving tangent lines, we-are not just solving a problem
in geometry. We are also implicitly solving a great variety of problems involving rates
of change in science and engineering.

Once you have developed the properties of the mathematical concept once and for al, you
can then turn around and apply these results to al of the sciences. This is much more
efficient than developing properties of special concepts in each separate science. The
French mathematician Joseph Fourier (1768 - 1830) put it briefly: "Mathematics
compares the most diverse phenomena and discovers the secret analogies that unite
them.”

Y ou have already investigated some of the applications of derivatives, but now that you
know the differentiation rules, you are in a better position to pursue the applications of
differentiation in greater depth. You will learn how derivatives affect the shape of the
graph of a function and, in particular, how this helps you locate maximum and
minimum values of functions. Many practical problems require us to minimize a cost or
maximize an area or somehow find the best possible outcome of a situation.

OPENING PROBLEM

A square sheet of cardboard whose areais 12 m? is used to make an open box by cutting
squares of equal size from the four corners and folding up the sides. What size squares
should be cut to obtain a box with largest possible volume?
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EXTREME VALUES OF FUNCTIONS

!¥® Revision on Zeros of Functions

The fundamental theorem of algebra states that every n™ degree polynomial has at most n
real zeros. The problem of finding zeros of a polynomial is equivalent to the problem of
factorizing the polynomial into linear or quadratic factors. In the earlier grades, you have
studied how to find the zeros of a function, to refresh your memory, consider the
following revision questions.

Note that a number c isazero of afunctionf, if and only if f(c) = O:

Revision Exercises |

1 Find the real zeros of each of the following functions.

a f(x)=3x-2 b f(x)=x-8 c f(=x+8
d g(x):l_—‘/;2 e gM=JYX-1+x-1
(x+1)
2_
f h=7e-5Lx+14 g h=> X7
X +1
2 Find x-intercept(s) of the graph of each of the following functions
x-1
a =3-2x b = c =41-x
y y I+ 1 y

d y=xX-4 e y=X1x-6 Poy=x+1

X* +4

g y=x+1

3 Explain ways of finding zeros of functions. Consider particular cases such as
linear and quadratic functions and other polynomials.

Critical Numbers and Critical Values

Maximum and minimum values of functions

One of the principal goals of calculusisto investigate the behavior of various functions.
As part of this investigation, you will be laying the groundwork for solving a large class
of problems that involve finding the maximum or minimum value of a function, if it
exists. Such problems are often called optimization problems. You will be introduced
some useful terminology, but before that do the following Activity.
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ACTIVITY 4.1

1 Givenaset S={0, 1, 2,3,4,5} and f (x) =2x+ 3

a Finds'={f(x)| x S} b Whatisthe largest element of S'?
c  What isthe smallest element of S'?

2 Givenaset Sasanopeninterval: S=(0,5) andf (xX) =2x+ 3
a  Finds'={f(x)| xS b Canwelist all the elements of S?
c Can you guess the largest element of S?

d Can you guess the smallest element of S?
3 Givenaset Sasaclosed interval: S=[0,5] and f (X) =2x+ 3

a Finds={f(x) xS} b Canwelist all the elements of S?
c Can you guess the largest element of S?
d Can you guess the smallest element of S?
4 Let f(X)= i Find the largest and smallest elements, if each one of them exists on
X

the following intervals.

a (0,5 b (0,9

C [0, 5) d -1, 9]
Now the above discussion |eads to the following definition.

Definition 4.1
Let f be afunction defined on set S
If for somecin$S
f(c) =f(x) for every xin S, thenf (c) iscaled an absolute maximum of fon S,
If f (c) <f(X) forevery xin S thenf (c) iscaled an absolute minimum of fon S.

The absolute maximum and absolute minimum of f on Sare called extreme values or
the absolute extreme values of fon S,

Sometimes we just use the terms maximum and minimum instead of absolute maximum
and absolute minimum, if the context is clear.

Note that from Definition 4.1 and Activity 4.1, a function does not necessarily have
extreme values on a given set.
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For instance,

1 f(x)=2x+ 3 whichiscontinuouson (0, 5) has no maximum value and minimum
value (See Activity 4.1 above).

1. . . -
2 f(xX)=— isnot continuouson [-1, 5] and has no maximum and minimum value.
X

3 f(X) =2x+ 3 hasamaximum value on (0, 5] whichis 13 but has no minimum
value.

4 f(x) =2x+ 3 hasaminimum value on [0, 5) which is 3 but has no maximum
value on [0, 5).

At this point one can ask how one can be sure whether a given function” f. has
maximum and minimum values on a given interval.

Actually, if afunction f is continuous on a closed bounded interval, it can be shown that
both the absolute maximum and absolute minimum:must.occur. This result, called the
extreme value theorem, plays an important role in the application of derivatives.

Extreme-value theorem

Let a function f be continuous on a closed, bounded interval [a; b]. Then f has both the
absolute maximum and absolute minimum- valueson [a, b].

To illustrate this theorem, let's consider the following graphof a function on the
interval [a, b].

F(C) rmmmmmrmtmmm o e o

| L A VI T
)| I S .
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1
1
1
1
1
1
1
1
1
1
[ R P —
1
l

Figure 4.1
From the graph one can see that f (a) < f (x) < f (c) for dl xin[a, b]
Hencef (a) is the absolute minimum and f (c) is the absolute maximum value of f on[a, b].

Note that this theorem .does not tell us where and how to find the maximum and
minimum values on [a, b]; it Smply asserts that a continuous function on a closed and
bounded interval has extreme values.
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In the next section, you will see how and where to find the maximum and minimum
value of f on [a, b]. To this end, we need to define relative extreme values and critical
numbers.

Sometimes there are extreme values even when the conditions of the theorem are not
satisfied, but if the conditions hold, the existence of extreme value is guaranteed.

Note that the maximum value of a function occurs at the highest point on.its graph and
the minimum value occurs at the lowest point.

Relative extreme values and critical numbers

Consider the following graph of a function f and answer the questions in Activity 4.2
below.

a C C C ¢ b

Figure 4.2

ACTIVITY 4.2

Identify the numbers at which the maximum or minimum values occur Z

on the given interval. R
a [ac] b [a, cq] c [C2, Cq] d [a b]

Observe from the above Activity that, the extrema of a continuous function occur either

at end points of the interval or at points where the graph has a "peak" or a "valley"

(points where the graph is higher or lower than all nearby points).

For example, the function f in the'@bove Figure 4.2 has peaks &t (¢, f (Cy)), (C4, T (Cq)) and
valleys at (cy, T (c1)), (cs, T (C3)). Peaks and valleys are what you call relative extrema.

Definition 4.2

A functionf is said to have arelative
a  maximum at anumber cinan open interval |, if f (c) = f (x) for dl xin .
b minimum at a number c inan open interval |, if f (c) < f (x) for al xinl|.

The relative maxima and relative minima are called relative extrema.
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Example 1 Asshowninthe above Activity, the valleys and peaks are relative
minimum and relative maximum points respectively;

f (c1) and f (c3) are relative minimum values obtained at the valleys (¢, f (1)) and
(cs, T (Ca)), respectively.
f (cp) and f (cy) are relative maximum values obtained at the peaks (G2, T(c2)) and
(C4, T (Cq)) respectively.

Observe that:

1 At (cy, T (c1)), (cs, T (c3)) and (cs, T (Cs)) there are horizontal tangent lines, and
hence the slope of the tangent line is zero there.
Thusf’(c1)) =0,f"(c3) =0and f’ (cs) =0.

2 No tangent line can be drawn at (cz, f (c2)) and hence the derivative of f does not
exis at co.

Therefore, from Observations 1 and 2, one can conclude that relative extrema of a
function occur either where the derivative is zero (horizontal tangent)-or. where the
derivative does not exist (no tangent). This notion leads to the following conclusion:

Theorem 4.1

If a continuous function f hasa relative extremum at c, then either ' (c) = 0 or f has
no derivative & c.

Does the converse hold true? Justify by an example.

Definition 4.3

Let c be in the domain of f. Then if f ' (c) = 0 or f has no derivative at c, then c is said
to be acritical number of f.

Example 2 Find the critical numbers of the given functions
1 f(=4¢-5¢—8x+20 2 f()=2/x (6-x)
Solution j

1 f'(x)=12¢ - 10x—8 isdefined for all values of x.
Solve 12x* —10x—8=0

= 2(3x—4) (2x+1)=0=>3x—-4=00r2x+1=0=3x=4o0r2x=-1

:x—forx——
3 2

4 -1
Hence the critical numbers are 5 and >
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L 1

2 f'(X)=6x2 - 32
The derivative is not defined at x = 0; but 0 isin the domain of f. Hence, 0

isacritical number.

To find other critical numbers (if they exist), solve f '(x) = 0.

1 1 A h
= 6x( 2) -3x2=0 > 3x( 2] (2— x) =0 =2-x=0=x=2
Therefore, the critical numbers are 0 and 2.

Suppose you are looking for the absolute Extreme of a continuous functionf onthe
closed and bounded interval [a, b]. Extreme Value Theoremtells you that these extrema
exist and Theorem 4.1 enables you to narrow the list of "candidates" for points where
extrema can occur from the entire interval [a, b] to just the end points, and the critical
numbers between a and b. This suggests the following procedures:

To find the absolute extrema of a continuous function fon [a, b]:

Step 1 Compute f '(x) and find critical numbers of f on (a, b)
Step 2 Evaluatef at the endpoints a, b and at each critical number.
Step 3 Comparethe valuesin Step 2.
Thus by comparing the values of finstep 3 you have:
v' thelargest value of f is the absolute maximum of f on [a, b]
v' the smallest value of f is the absolute minimum of f on [a, b]
Example 3 Given f(x) = x* =, find the absolute extremum value of fon

a  [1,2] b [-% g} ¢ [0,1]

Solution  f'()=2x=3¢ f'(¥=0 :>x(2—3x):0:>x:00rx::—23

2 -
a Both 0 and 3 are critical numberson [-1, 2]

- Hence the following are the candidates for extreme values.

B 2/ 4 s _
£(0)=0, f[g) = . D =2, 109 4

Comparing the values, the maximum value is 2 and the minimum value is —4.
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b BothOand :—23are critical numbers on {—% g} Hence, f(0), f (%)

f (—%) and f (g) are candidates for extreme values.

3 27 2 8 2 8
Comparing the values, :—; is the maximum value and —g is the minimum value.

C ?2% is the only critical number in [0,1], hence f (0), f (%) and f (1) are the

candidates for extreme values.

£(0)=0, f(éj =2i7and f(1)=0

. - 4 :
Comparing the values 0 is the minimum value and o7 is the maximum value.

2

Find the absolute maximum and minimum value of f (x) = x~ x® on[-1, 2].
1

3x3 -2
1
3x3
Hence 0 isone of the critical numbers:

2 1
f'(x)=1-—=x 3
(x) 3

but f'(0) doesnot exist.

1 3
f'(x)zO:g’x3 - 1=0=x=x= §j =£:>x=0andx=E
2 2 27 27

are critical numbers.
Hence the following are the candidates for. extreme values:
8\ _-4
f(-D)=-2, f(2)=2-3¥4>0, f(0)=0, f| =>|="2
(D=2, 1@ =2-¥4>0, {(0) [27j -

Therefore =2 isthe minimum value-and 2 - %/4 is the maximum value on [-1, 2].

Identify critical numbers and find the absolute maximum value and absolute minimum
value for each of the given functions on the given interval.

1 f)=x5[-21] 2 f=x"-=2¢+3;[-1 2]

3 f(= xg (5 - 2x);[-1,2] 4 f(X)=2cosx+x; [0,27]
5  f(x)=x-3¢][-1,3] 6 f(X)=3¢C-20x[-2 2]
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Rolle's theorem and the mean-value theorem

You will see that many of the results of this unit depend on one central fact, which is
caled the mean-value theorem. But to arrive at the mean-value theorem you begin
with a special case of the mean-value theorem called Rolle's theorem, named after the
seventeenth-century French mathematician Michael Rolle. This result implies that if f is
continuous on [a, b] and f (a) = f (b) then there always exists at least one critical number
of fin (a, b).

ACTIVITY 4.3

Look at the following graphs and answer the questions below:

1y y
f f
X / E \ X
a G CcCcC b a C b
i i
Yy Yy
\_ 1/
/ § 7§_ f : ; :
x Lo
a C C C3 b a C b
i iv
Figure 4.3

Inall casesf (a) =f(b)

1 Find the coordinates of points on each graph at which horizontal tangent lines occur.
2 What isthe slope of ahorizontal line?

3 How do you relate slopes of tangent lines to derivatives?

Rolle’s theorem

Let f be function that satisfies the following three conditions:
a  fiscontinuouson the closed interval [a, b]
b  fisdifferentiable on the openinterva (a, b)
c f@=f(b

Then, thereisanumber cin (a, b) suchthat f'(c) =0
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Proof: There are three cases:
Case 1 f(X) =k, aconstant (asin Figure 4.3i in the above activity)
Then f '(xX) = 0, so the number ¢ can be any number in (a, b)
Case 2 f(X)>f(a)for somexin (a b), (asin Figure 4.3ii and Figure 4.3iiiin the
above Activity)

By the extreme value theorem, f has a maximum vaue somewherein[a, b]. Since
f(a) =f (b), it mug attain this maximum value at anumber cin(a, b). Thenf hasa
local maximum at ¢ and, since f is differentiable at ¢, thisimpliesthat f'(c) =0
Case 3 f(x)<f(a)for somexin (a b) (asinFigure 4.3 iii and Figure 4.3 iv.in
the above Activity)
By the extreme value theorem, f hasaminimum valuein[a, b] and, sncef (a) =f (b),
it attains this minimum value a a number cin (a, b) where againf'(c) = 0.
Let's apply Rolle's theorem to the podtion function £ () of a moving
object. If the object is in the same place at two different instant t = a and
t =D, then f (&) =f (b). Rolle's theorem says that there is some instant of
time t = ¢ between a and b when f'(c) = 0; that'is, the velocity is 0. (In
partticular you can see that this is true when a ball is thrown directly
upward).
Prove that the equation X* + x= 1 = 0 has exactly one real root.
Firgt you use the intermediate value theorem to show that a root exists.
Letf(x)=x+x—-1 f(0)==1<0 and f(1)=1>0

Since f is a polynomial, it is continuous, so the intermediate value theorem states
that there is a number ¢ between 0 and 1 such that f '(c) = 0. Thus the given
equation has aroot.

To show that the equation has no other real root, we use Rolle's theorem and
argue by contradiction.

Suppose that it had two real rootsa and b. Then f (a) = f (b) =0 and, sncefisa
polynomial, it is differentiable on (a, b) and continuous on [a, b]. Thus by Rolle's
theorem, there is a number ¢ between a and b such that f ’(c) = 0.

But f!/(x)=3+1 =1 [X(Bince X’ =0)
So f'(X) # 0. This leads to a contradiction.

Therefore, the equation cannot have two real roots.

Our mainuse of Rolle's theorem isin proving another important theorem, which was
first stated by French mathematician, Joseph - Louis Lagrange.
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ACTIVITY 4.4

Consider the following graphs.

s B(b, f (b))

Figure 4.4 Figure 4.5
In both cases AB and AP are the secant lines of the graph of f.
a Find the slope of the secant line AB.
Find the equation of the secant line.
Can you draw aline parallel to AB and passing through P? Why?
Can you draw aline parallel to AB and passing through R? Q? Why?
Recall that the lines through P, R Q are tangent lines. Can you find the
slope of these tangent lines, if f is a differentiable function? Explain.
f For the tangents parallel to AB, compare the slope with that of the slope of
AB. Are these equal ? Why?
g Can you find the vertical distance h(x) asin Figure 4.4 and Figure 4.5?

®©® QO O T

The mean-value theorem

Let f be afunction that satisfies the following conditions:
1  fiscontinuous on the closed interval [a, b]

2 fisdifferentiable on the openinterval (a, b)

Then there isanumber cin (a, b) such that

f'(c)= f(bt)) i )or equivalently f (b) —f (a) =f'(c) (b—a)

Proof: Using Activity 4.4

h (X) = f (x) -y, wherey = [WJ (x —a) +f(a)
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h@=0=hbyad ¥ = 1) ~f(a)
dx b-a

Observe that h is continuous on [a, b] and differentiable on (a, b). Then by
Rolle's theorem there isa number cin (a, b) such that h'(c) =0
NV . o = Y o = 1(0) 7 f(a)
f'c)-— =0 =f')=—=- =f1f(€)=——"———~
= f () il (c) ol (c) A
Example 7 To illustrate the mean-value theorem with a specific function, consider
f(x) =x*—x,a=0, b =2 Sincefisa polynomial,’it is continuous and
differentiable for all x € R, so it is certainly continuous on [0, 2] and
differentiable on (0, 2). Therefore, by the mean-value theorem, thereis a
number cin (0, 2) such that
f(2-f(0)=f'(c)(2-0), f(@2=6,f0)=0
f'()=3¢-1
f'(c)=3c-1
—=6=(3c-1) (2) =6c°-2
= C2 = f - C= +i
3 B
But cmust liein (0, 2),soc= 2

J3

2 If an object moves in a straight line with position function f(t), then the

. f(b) - f .
average velocity betweent =aand t =biis M and thevelocity at
t=cisf’(c).

Thus, the mean-value theorem tells usithat at atimet = ¢ between a and b the
ingtantaneous velocity f '(c) is equal to that of the average velocity. For instance,
if acar travelled 180 kmin 2 hrs, then the speedometer must have read 90 km/hr

at least once.

The Mean-value theorem can be used to establish some of the basic facts of differential
calculus.

Theorem 4.2
If f'(x) =0 for al xinan interval I, then f isa constant on I.

Proof: Let f be adifferentiable function on an interval | and let
f'(x) =0for al xoninterval |
If X1, Xo CIT&Nd X; < % withf'(X) =0 [XII1
The function satisfies the conditions of mean-value theorem on [ x;, x,]. Why?
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Thus we apply mean-value theorem on [X;, Xo]; 0, that
f (x2) —f(x1) = '(C) (x2—x1) = 0. Why?
Thisimpliesthat f(x1) = f(x2) DX Ix 1
Therefore; we conclude that f isa constant on |.
Corollary 4.1
If f'(x) =g '(x) for al xonaninterval |, then f — g is aconstant or
f(x) = g(x) + ¢, (cisarbitrary constant.)
Proof: Exercise
(Hint: consider (f—g)' (x) =0 [x@nd apply the above theorem)

1  Veify that each of the following functions satisfies the three conditions of Rolle's
theorem on the giveninterval. Then, find all values of c that satisfy the conclusion
of Rolle's theorem.

a f(x)=x"-4x+1on[0,4 b fX)=x-3+2x+50n]0, 2]
c f(x)=sn2mxon[-1,1] d f(X) =xVX+ 6 on[-6,0]
2
2 Givenf (x) =1 - x3, show that f (1) = f (1) but thereisno cin (-1, 1) such that
f'(c) = 0. Why does this not contradict Rolle's theorem?
3 Repeat Question 2 for
f(x)=(x—1)2f(0)=f(2) on]0,2]
4 Veify that the following functions satisfy the conditions of the mean-value

theorem on the given interval. Then find all values of c that satisfy the conclusion
of the Mean-value theorem.

a f(X)=3¢+2x+5,[-1,1] b fx)=x2+x-1,[0,2]
¢ fM=x [0 1] d f(x):x—iz,[lA]

5 Letf(®=|x-1.
Show that there isno value of ¢ such that f (3)—f(0) =f'(c) (3-0).
Why does this not contradict the mean -value theorem?
6  Show that the equation x® + 10 x + 3 = 0 has exactly onereal root.
Increasing and decreasing functions

Under this subtopic you consider intervals on which the graph of a functionrises, falls
or a constant, and attach a meaning to it. To do this, consider the following Activity.
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ACTIVITY 4.5

1 Consider the graph of the following function.
Y

Figure 4.6

a  Discuss whether the graph of f isrising or falling as you move from left to
right starting at a.

b Identify the intervals in which the graph isrising and falling.

c Identify the intervals in which the graph is neither raising nor falling.
2 Again considering the graph of f in Question 1 above,

a If x1 <Xx20n[a, p], isittruethat f (x1) <f (x2)?

b If x1, X2 [Iplq] and x1 < X2, which of the following is true?

i fx)<f(xp). i f(x) > f (x).
c If X1, X2 [1q, r]; and x1< X2, which one of the following is true?
i f(x) <f(x) i f(x)>f(x) i f(x)=f(x)

d Take X1, X2 []11 b] with x; < x,, compare the values f (x;) and f (x2).
Now as a summary of the above Activity, you have the following definition.

Definition 4.4

Let f be afunction on an interval I.

i Ifforany xg, xoin |, X3 < X impliesf (x1) < f (X)
fissaid to beincreasing on|l.

i If forany xg, X2 in |, xg < % impliesf (x1) = f (X)
fissaid to be decreasing on .

il If for any xg, X2 in I, X3 < % impliesf (x1) < f (x2)
fissaid to be strictly increasing on .

iv If for any xg, X2 in I, X3 < % impliesf (x1) > f (X2)
fissaid to be strictly decreasing onl.
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By looking at the graph of the above Activity 4.5, identify the intervals in
which f isincreasing, decreasing, strictly increasing and strictly decreasing.

[ Ontheintervals[a, p] and [r, b] fis strictly increasing.
ii Ontheinterval [p, q] fis strictly decreasing.

iii Ontheinterval [p, r] f is decreasing (but not strictly)
iv Ontheinterval [q, b] fisincreasing. (but not gtrictly)

How derivatives affect the shape of a graph

Many applications of calculus depend on your ability to deduce facts about a function
from information concerning its derivatives. Because f '(X) represents the slope of the
curvey = f (x) at the point (x, f (X)), it tells you the direction in which the curve proceeds
at each point. So it is reasonable to expect that information about f '(x) will provide you
with information about f (x).

In the previous section you have seen that if f'(X) = 0 for each x'in‘'someinterval 1, then
fisaconstant on|. Now what do you conclude, if f'(x) > 0 for each xin|; orif f'(x) <0
for eachxin|?

ACTIVITY 4.6

Consider the following graph.
J]

d e  h b
Figure 4.7

1 If x isany point in (a, c), isf'(x) >0 or f '(x) < 0? Why? (Hint: relate f '(x) to the
slope of tangents on (a, ).

2 Repeat it for any xin (c, d), (d, e), (e, h) and (h, b). (Assume f is differentiable at
c, d, e and h).

As a result of the discussion in Activity 4.6, you have the following test which is

important in identifying the intervalsin which afunction isincreasing or decreasing.
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Increasing and decreasing test
Suppose that f is continuous on an interval | and differentiable in the interior of 1.

If f'(x) 20 for dl xin theinterior of I, thenf isincreasing on I.
If f'(x) <0 for dl xintheinterior of I, thenf isdecreasingon |.
If f'(x) >0 and f'(x) = 0 only for finite number of points on I, then f is strictly
increasingon |.
If f'(X) <0 and f'(x) =0 only for finite number of points on I, then f is strictly
decreasingon|.
Find where the function f (X) = 3x* - 4x% - 12)¢ + 5isincreasing and
where it is decreasing.
/() = 12¢ - 12¢ - 24x = 12x (3¢ - x - 2) = 12x (x - 2) (x + 1)
You are going to find intervals in which f '(x) is podtive or negative. Use sign
charts for this purpose, as follows:

« 1 0 2 R\
12x‘ -0 t+t+ £+ ++ O\ V
X-2 —---|-=-=-]=-==-=-- 0+ + +
X+1 - - -0+++| ++++++ |+ ++
f'(X) ———++++( —————— o+ + +

From the sign chart one can see that

f'(x) 20on[-1, O] and [2, ) and f'(X) = O only at x =1, 0 and x = 2, thusf is
strictly increasing on [-1, 0] and [2, ).

f'(x) <0on (-0, -1] and [0, 2] and f '(X) = O only a x = -1, 0 and 2, thusf is
strictly decreasing on (—, —1] and [0, 2].

Find intervalsin which f is strictly increasing or strictly decreasing.

1

3
5
7

f(X)=x - 12x+1 2 f(x)=x-2sinxon|0, 2n]
f(X)=x-3¢+5 4 f(R)=2-3¢+5
f(x)=x" -6 6 f()=3C-5¢+3
f(X)=x Vx2 +1 8

f(X)=x+x+1

f)=x® (x + 3)5 10 f(X)=x-3x3
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11 £ =02-1)° 12 f(x)=X)§:_18

13 f(=xe'-4 14 f(x) = 3+|X

15 f(9=— 16 f(=|x-3 -5
17 f(x=2-3> 18  f(x)=In(3-2x)
19 f(x)=e 20 f(x)=|inx

Local extreme values of a function on its entire domain

Recall that if f has alocal maximum or minimum at c, then ¢ must be a critical number
of f; but not every critica number gives rise to a maximum or a minimum. You
therefore need a test that will tell you whether or not f has a loca 'maximum or
minimum at a critical number.

Suppose f is continuous on an interval [a, b] and a < ¢ < b such that f is strictly
increasing on [a, ¢] and f is trictly decreasing on [c; b] asin Figure 4.8:

y y

(c. (c))

Figure 4.8
From Figure 4.8 it isclear that

f(c)>f(x) DXIfa, b].

Thus f(c) isaloca maximum valueof f on (a,b)
Observe that:
f'(x) >0 for every x [{al c); and f '(x) <O for every x [{c] b) in both of the graphs

of Figure 4.8. If f " satisfies the above conditions, you say that f ‘changes sign a ¢ from
positive to negative.

Again suppose f is continuous on an interval [a, b] and a < ¢ < b such that f is strictly
decreasing on [a, ¢] and f isstrictly increasing on[c, b] asin the Figure 4.9 below.
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Figure 4.9
Itisclear thet f(c) < f(X) for every x C{@l b) and hencef hasalocal minimum value a c.

f'(x)<0 forevery x [{al c); and f'(x) >0 for every x L{C] b)in both of the graphs
in Figure 4.9. If ' satisfies the above conditions, you say that f ' changes signat ¢ from
negative to positive.

Therefore, you can have the following test for local extreme values of a function.

First derivative test for local extreme‘values of afunction
Suppose that ¢ isa critical number of a continuous function, then

a  if f' changessign from postive to negative at c, then f has alocal maximum at c.

b if f' changes sign from negative to positive at c, then f hasalocal minimum at c.

c if f* does not change sign at c (that is, f ' is positive on both sides of ¢ or negative
on both sides), then f has neither local maximum nor minimum at c.

Example 10 Find the local maximum and minimum values of the function:
1 f()=3x*"-43-12¢+5 2 g()=x+2snx for0<xs<2n
Solution
1 ') =12¢-12¢ - 24x = 12x (¢ - x - 2) = 12x (x - 2) (x + 1)
From the sign chart in Example 9 one can see that
f'(X) <0on (-, -1] and [0, 2] and f'(X) =0 only at x=-1, 0 and 2.
Thus, f is strictly decreasing on (—, —1] and [0, 2].
a. f'changessignfrom negative to positive at —1 and 2
. Hence both f (1) = 0 and f (2) = —27 arelocal minimum value.

b f'changessign from positive to negative at 0 and hencef (0) =5 isthe
local maximum value.

2 g'®=1+2cosxg'(x)=0=cosx= —%:X:Z—g or x:4—gin[o, 2]
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2 4
0 37 7 37 2
g'(x) -T- + + + + + (i) - - - (P + + + :

. - . 2
a @' changessign from positive to negative at En and hence
g(gn) = 2n+24n (Enj = 211+ V3 isalocal maximum value.
3 3 3 3
. . i 4
b g' changes sign from negative to positive at En and hence

g(fn) =424 %n = gn - /3 isalocal minimum value.

3
| Exercised.4 |

Find the local maximum and minimum vaues of each of the following functions.
1 f=x¥-12x+1 2 f(¥)=x-3¢+5 3 f(X)=x-2sinxon]0, 2n]
4 f)= —=2 5 f(x):x3—gx2 6 f(x)=x3-12x

L+ x)

7 f0= (¢ =9 g (0=-3@+3x9 fM=aF+2

z
3

10 f(x)=2x-3x

Concavity and inflection points

This subtopic focuses on the importance of the second derivative in identifying the
shape of the curve.

In the previous section you. have used the first derivative test for intervals of
monotonicity and determining local maximum values and local minimum values. Y ou
will see now that the second derivative test is also important in the study of the
behaviour of the graph of afunction f.

Now consider the following two graphs of increasing functionsf and g on [a, b].

i ii iii
Figure 4.10
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The graphs in i and ii of Figure 4.10 look different because they bend in different
directions. You are going to see how to distinguish between these two types of
behaviour. For this purpose, firs try to do the following Activity.

ACTIVITY 4.7

1 Copy the curvesin Figure 4.10 and try to draw tangents to the
curves at several points between a and b.

2 Does the curve of f lie above the tangents or below?
3 Does the curve of g lie above the tangents or below?

Definition 4.5

If the graph of afunction lies above al of its tangents on an interval |, then it is called
concave upward on .

If the graph of afunction lies below all of its tangents on an interval |, then it is called
concave downward on .

Example 11 Consider the following graph.

y

(b, f(0)  (d.f(d) (P f(P)

Figure 4.11
Ontheintervals (a, b), (c, d), (e, p) the graph is concave downward.
Ontheintervals (b, c), (d, €) and (p, q) the graph is concave upward.

Points (b, f (b)), (c, f (c), (d, f (d)), (e, f (e)) and (p, f (p)) are points on the graph at
which concavity changes either from concave up to concave down or from concave
down to concave up. Such types of points are called inflection points.

Definition 4.6

A point on a curve is called an inflection point, if the curve changes either from
concave up to concave down or from concave down to concave up.
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Now see how the second derivative helps to determine the intervals of concavity and
inflection points.
Concavity test
Let f be afunction which is twice differentiable on an interval |, then
a If f"(x) >O0for al xinl, the graph of f is concave upward on |.
b If f"(x) <Ofor al xinl, the graph of f is concave downward on .
Another application of the second derivative is the following test for maximum and
minimum values. It is a consequence of the concavity test.
The second derivative test
Suppose f is twice differentiable and f " is continuous at ¢
a If f'(c)=0andf"(c) >0, thenf hasaloca minimum at c.
b If f'(c)=0andf"(c) <0, thenf hasalocd maximum at c.

f"(c) > 0 near c and so f is concave upward near c. This means that the graph of f lies
above its horizontal tangent at ¢ and so f has alocal minimum at c.

f"(c) <0, near c and so f is concave downward near c. This means that the graph of f
lies below its horizontal tangent at ¢ and so f has.a local maximum at c.

Discus the behaviour of the curve f (x) = x* — 4xC with respect to
concavity, points of inflection, local maximum and minimum.

f'(x)=4x>-12x* = f'(X) =4x*(x-3)
Thus f'(X)=0=4x*(x=3)=0 = x=0o0rx=3
Now f"(x) =12x* - 24x, f"(0)=0and f"(3)=36>0
Sincef'(3) =0and f *(3) =36 >0, f (3) = ~27 is aloca minimum value by the
second derivative test.

Since f "(0) = 0O, the second derivative test gives no information about the critical
number 0. But since f '(x) < 0 for X < 0 and also for 0 < x < 3, the first derivative
test tells usthat f does not have alocal extreme value at 0.

To determine intervals of concavity and inflection points we use the following
sign chart:

0 2

A
v

12X { = = — = = ) ++ + + ++ [+ + +

X=-2w. —=—=—=—=—=| === === 0O+ + +

' (%) ++++++(P —————— 0+ + +
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The points with coordinates (O, 0) and (2, —16) are inflection points.

The graph of f is concave upward on (—eo, 0) and (2, ) and concave downward on
(O, 2).

The second derivative test isinconclusive when f *(c) = 0. In other words, at such a
point there might be a maximum, there might be a minimum, or there might be
neither. Thistest also fails when f "(c) does not exist. In such cases, the first
derivative test must be used. In fact, even when both tests apply, the first derivative
test is often the easier one to use.

2 ik

Example 13 Discuss the behaviour of the curve f (X) = (x3)(6— X) 3 with respect to

a  monotonicity b relative extreme values
c inflection points and concavity.

-1 102 -3 _
Solution f'(X)=(§X3)(6—X)3—X3%(6—x)3 _w4-Xx _

1
x3 (6~ x)3
f'(X) = 0 when x =4 and f'(x) does not exist when x=0o0r x = 6.
Hence, 0, 4 and 6 are critical numbers. ;

To identify the extreme value and interval's of monotonicity you use the sign chart.
0 4 6

& »
< »

4-x + + +|+ + + + ++0=-- | - - -

1
NG - = -0+ + + ++ 4+ | +++ | +++

2
(6—x)5 ++ + |+ + 4+ ++ + | +++ 0+ ++

(%) __—;||++-F+++(P———§[]———

From the chart f '(x) > 0 on (0, 4)
Hence f is strictly increasing on {0, 4].
f'(X) <0o0n (—», 0), (4, 6) and (6, )
Hencefis strictly decreasing on (—o, 0] and [4, )
f.' changes sign from negative to positive at 0 and hence
f (0) = Oisaloca minimum value.
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f * changes sign from positive to negative at 4 and hence f (4) = 2 ¥4 is alocal
maximum value.

At x =6, f ' does not change sign and hence f (6) is neither alocal maximum value
nor alocal minimum value.

Now to check concavity and inflection points we make use of the second derivative.
" -8
o) = ==
x3(6-x)°
f" doesnot existat x=0and x=6
To determine concavity and inflection points consider the following chart:

_8 _ e, e | = e e e e e WA - -

4
3 + + +0 + + + + Fo+ ++ + |+ + o+

(6—x)§ + + +| + + +FAE A+ + O = -

' ---3 - - N - - - -

f"(x) >00n (6, ).

Hence the graph of f is concave upward on (6, ).

f"(x) <0 on (—, 0) and (O, 6).

Hence by the second derivativetest the graph of f is concave downward on
(—00, 0) and (O, 6).

f" changes sign at x = 6, and hence (6, f(6)) = (6, 0) is an inflection point.

Curve sketching

Now, you are ready to develop a procedure for curve sketching. To sketch the graph of a
given function, we need to know where the graph crosses the x-axis, the y-axis, its
turning points, and intervalsin which the graph rises and falls.

Sketch the graph of f () = X* —4x° .

a f'(x) = X' —4x% isapolynomial function and hence it is defined for all real
numbers.

b y-intercept: itisthe value of fat x=0
Thus y-intercept = f (0) = 0*— 4(0% =0
Hence the graph crosses they -axis at (0, 0)
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c x-intercept: it isthe zero of the function f (x).
Which means X* - 4¢ =0
=X (x-4)=0 =x’=00rx—4=0 =>x=0o0rx=4
Therefore, x =0 and x = 4 are the X — intercepts.
That means the graph of f crosses the x-axis at points (0, 0) and. (4, 0).
d Intervals of monotonicity and relative extreme values

To identify intervals in which f is monotonic, you need to find the derivative
of fand find critical numbers.

f() =X -4 = ' (X) =43 - 12¢
') =0=48-12¢=0=4¢ (x-3)=0=4¢=00rx=3=0
=x=00rx=3
Hence x = 0 and x = 3 are critical numbersof f.
To identify intervals of monotonicity and extreme values you use the
following sign chart.

0 3

<&
<

4 +++0+ ++++ 4+ 4+ +++ |+ ++

v

X-3 - —--|l=3Aa - ---F4r 0O+ + +

9 --£fNTY - - - N 3+ ++

It can be seen from the chart that:

i f'(x) < Ofor al xintheinterval (—,3); thus f is strictly decreasing on (—00, 3].
i f'(X)>0fordlxintheinterval (3,); thusf isstrictly increasing on [3, 00)

il Thesignof f' changes only at a critical number x = 3, where it changes sign from
negative to positive and hence by the first derivative test, f(3) = —27 isthe relative
minimum value of f.

e Intervals of concavity and inflection points.

To identify intervals of concavity and inflection points, you make use of the
second derivative;

') =a3-12¢, f'(x)=12¢-24x, f"(¥)=0=12x(x-2)=0

= 12x=00rx—2=0 =x=0o0orx=2
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To identify intervals of concavity and inflection points you use the following sign chart.

& O 2 »
12x‘ —————— ) + + + + + + M
X-2 —-—=-—=-=-—=-=| =-—===-= 0o+ + +
f"(X) ++++++(P —————— 0+ + +

As can be seen from the sign chart

i f"(Q >0 for dl x in the intervals (e, 0) and (2, %); thus by the second
derivative test, the graph of f is concave upward on (-, 0).and (2, »)

i f"(X) <0on (0, 2) and hence by the second derivative test the graph of f is
concave downward on (0, 2) .

iii - The points at which concavity changes are called inflection points.

Therefore, (0, f (0)) = (0, 0) and (2, T (2)) = (2, —16) are the inflection points of
the graphoff.

Now using the above information, you can sketch the graph of f as follows:
\

\
\

\
x* - 43

‘ F(x)=
-3 -2 - \1\‘2 3 A 5
14 N

IS
D

N W
O D

|
|
|

[ /
b
(@)

Figure4.12
X

x+1

Sketch the graph of  f(x) =

X

a' ) 1=

is defined for al real numbers.

b y-intercept: it isthe value of fat x=0
Thusy-intercept = (0) =0
Hence the graph crosses they -axis at (0, 0)
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c X -intercept: it is the zero of the function f (x).

Which means >—=0=>x=0.
X +1

Therefore; x = 0 isthe x — intercept.
That means the graph of f crosses the x-axisonly at (0, 0).
d Intervals of monotonicity and relative extreme values

To identify intervals in which f is monotonic you need to find the derivative
of f and find critical numbers.

_ X N G
(9= 7 = (x)_W
f'(X):O:>1_—X22:0:>M]LX)_:O
el (e

=Xx=1lorx =-1.
Hence x =1 and x = -1 are critica numbers.of f.

To identify intervals of monotonicity and extreme values you use the following
sign chart.

-1 1
1-X + BN+ + AP - - - -
X+ 1 —{NAJ-0 + NN + + + +
2
(x2+1) S e I T e S I S S S
f'(x) e~ - -0 KFr++ Q- - - -

It can be seen from the chart that:

f'(x) <O fordl xintheintervals(-c,~1Dand (1,) ; thusfisstrictly decreasing
on(—c,-1] and [1,00).

f' (9 >0fordl xintheinterval (-1, 1); thusf isstrictly increasing on [-1,1]
Thesignof f' changesat x = -1 and x = 1. It changes sign from negative to
positive at x = —1 and hence by the first derivative test, f (-1) = _71 istherelative
minimum value of f. It aso changes sign from positive to negativea x =1 and

hence by the first derivative test, f (1) = % isareative maximum value of f.
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e Intervals of concavity and inflection points.
To identify intervals of concavity and inflection points, you make use of the
second derivative;
1-x2 ) 2x(x* -3
RO i)
(x +1) (x +1)

—x=00rx =+/3 orx=-+3.
To identify intervals of concavity and inflection points you use the following sign chart.

/3 0 NE

<& »
< >

f"(x):O:M:O

f' =
0 e

2X - - —|- - -0+ + I \F+
x-3 - - -|- - -|- - -0+ + +
x+vy3 - - =0+ + + |+ '+ x|+ + ¥

3
(x2+1)++++++++++++

f"(X) - = =0+ QLA -0 L4 4
Asit can be seen from the sign chart
i f "(x) < O for dl x in the intervals (—00, \/é) and (0, \/5) thus by the second
derivative test the graph of f is concave downward on (—00, x/§) and (O, \/é)
ii f"(x) > 0on (\/50) and (\/éoo) and hence by the second derivative test, the
graph of f is concave upward on (\@O) and (x@oo)

i Inflection points of the graph of f are: (0, 0) [—ﬁf} and[ S_SJ

Now using the above information, you can sketch the graph of f as follows:

Figure 4.13
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Sketch the graph of each of the following functions by indicating the following:

a  domain of the function

c asymptotes (if any)

e local extreme values

g inflection points
1 f(x)=x-12x 2

4

4 f(x)= 11 5
7 f(x)=x3—gx2+6x 8

b intercepts (y-intercept and x-intercept)
d intervals of monotonicity

f intervals of concavity
f(x)=¢€" 3 f(x)=Inx
1 2X-6
f==x"-2x 6 f(x)=
( ) 4 ( ) X2_

1
f(x)=——
=5

MINIMIZATION AND MAXIMIZATION

PROBLEMS

The methods you have learned in this unit for finding extreme values have practical
gpplications in many areas of life. A businessperson wants to minimize costs and
maximize profits. A traveller wants to minimize transportation time. You know
principles in optics which states that light follows the path that takes the least time. In
this section you will solve problems such as maximizing areas, volumes and profits and
minimizing distances, time, and costs. Let us see the following examples:

Find two nonnegative real numbers whose sum is 18 and whose product

(5.2, 12.8), (6.5, 11.5), . . ., eic.

IS maximum.

There are many pairs of numbers whose sum is 18. For instance,
(1, 17), (2, 16); (3, 15), (4, 14), (5, 13), (6, 12), (7, 11), (8, 10), (9, 9),

All these pairs have different products, and you cannot list al such pairs and find
al the products. As a reault you fail to get the maximum product in doing this.
Instead of listing such pairs and products you take two variables say x and y such
that x = 0,y =0, and x + y = 18 with the product xy maximum.

Sincex+y=18,theny=18-x (0<x <18,0<y< 18)
Thus you want to maximize x (18 - x) = 18x - X%.
Consider f (X) =18x — >, which is continuouson [0, 18] and differentiable on (0, 18).

f'(x) =18 - 2x

f')=0=x=9
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The maximum occurs either at end points or at critical numbers. Thus evaluating
the values of the function at critical numbers and end points, you get,

f(0)=0,f(18)=0 and f (9) = 81

Comparing these values, x = 9 gives the maximum product. Hencex=9andy = 9
are the two real numbers whose sum is 18 and whose product is maximum.

A farmer has 240 m of fencing material and wants to fence a rectangular
field that borders a straight river. (No fence is needed along the river).
What are the dimensions of the field that has the largest area?

Y ou need to fence aong the three sides of arectangular field.

For example, you may have 240 = 100 + 100 + 40 =80+ 80 + 80 =90 + 90 + 60
as possibilities for the three sides.

You can ligt alot of possbilities; but the problem is which possibility gives the
maximum area.

Thusingead of listing the possibilities, you consider the general case: you wish to
maximize the area A of the rectangular region. Let.x and y be the width and depth
of the rectangle.

Then express A interms of x and y as:
A=xy
We want to express A as a function of just one variable, so eliminate x by

expressing it interms of y. To do this, you use the given information that the total
length of the fencing is 240 m.

2y +x= 240
= X=240-2y
A(y) = (240 - 2y) y = 240y - 2y%; 0<y<120
A(y) = 240y - 2y7 is continuous on [0, 120] and differentiable on (0, 120)
A'(y) = 240 - 4y
AlY)=0 =240-4y=0 = y=60
Hencey = 60 isacritical number.

To get the maximum area, you calculate the value of A at y = 60 (the critical
number),

y.=0and y =120 (the two end points): A(0) = 0= A(120) and A(60) = 7200
Therefore A(60) =7200 is the largest value.

Hencey = 60 m and x = 120 m are the dimensions of thefield that give the
maximum area.
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A cylindrical canisto be madeto hold 10 litres of oil. Find the dimensions
that will minimize the cost of the metal to manufacture the can.

ay

*~—

-

-

Figure 4.14

In order to minimize the cost of the metal, you have to minimize the total surface
area of the cylinder. Y ou see that the sides are made from arectangular sheet with
dimensions 2mr (circumference of the base circle) and h. So the total surface area
is given by

A=2mr? + 2mrh
To diminate h you use the fact that the volumeis given as:
V =10 litres = 10,000 cm”.

= 1r’h = 10000 — thSJT(:(Z)O
= A(r)=2ﬂr2+2/7r [1(D(2DJ:2]"2+ 20’®0:>A'(r):4ﬂ'r _ZO,CZ)CD
mr r r
A'(r)=0=4nr - 20,rC2)OO =0=7r zlo[iﬁJ
m

40,000

r3

Applying the second derivative test A'(r) = 47 + >0 for anyr >0, and

hence r = 10[1/E J gives the minimum value.
v

Thus the value of h correspondingto r = 10[3‘F J is 20[@ J
m m

Thus, to minimize the.cos of the can, the radius should be 10[1FJ cm and the
T

height should be r = 20[3 EJcm.

n
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A home gardener estimates that if she plants 16 apple trees, the average
yield will be 80 gpples per tree. But because of the sze of the garden, for
each additional tree planted the yield will decrease by 4 apples per tree.
How many trees should be planted to maximize the tota yield of apples?
What is the maximum yield?

To solve this problem consider the following:
a  If only 16 apple trees are planted, then what is the tota average yield?

If 17 apple trees (one additional tree) are planted, then what is the totd
average yield?

c If 18 apple trees (two additional trees) are planted then what is the tota
average yield?

d In general, if 16 + x apple trees (x additional trees) are planted, then what is
the total average yield?

Now to come to the solution you consider the general case (d) and assume that x
additional apple trees, are planted. Thus the total yield will be (16 + X) (80 — 4x),
since for each additional apple tree planted, the yield will decrease by 4 apples per
tree. Thus, you are going to maximize the function:

f(X) = (16 + X) (80 — 4X) = 1280 + 16x — 4x* on [0, ).
f'®)=16-8 f'X)=0=16-8x=0 =—=x=2
Thusx = 2 isthe only critical number.

f"(x) = -8 < 0 and hence by the second derivative test, the function has a
maximum value at critical number 2.

Therefore, 18 trees should be planted to get the maximum yield:
f(2) =18 x 72 = 1296 is the maximum yield.

A manufacturer wants to design an open box that has a square base and a
surface area of 48 sq units as shown in the figure below. What
dimensions will produce a box with a maximum volume?

X

Figure 4.14
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Because the base of the box is square, the volume V of the box is given by:
V=xh
The surface area S of the open box is given by:
S= (areaof base) + (areaof four faces)
S=x+4xh
Because V is to be optimized, it helps to express V as a function of just one
variable.

Y2 2
e, h=2"X - B - X
4x 4x

_ 2
Thus, V(X) = 32 [48 X
4x

since S = 48 sq.units)

J = 12x - 1y
4

3.2
V() =12- =X
& 4

V() =0=x=16 =>x=+4
Since x is the dimension of the box, it is non-negative and hence x = 4 is the only
critical number.

V"(X) = _73x <0 [X3*0S0, V (4) is amaximum by the second derivative test.
Therefore, x = 4 and h = 2 gives the maximum volume, and which is
V = (4% (2) = 32 cubic units
Find the points on the graph of f (X) = 1 - that are closest to O(0, 0)
Look at the graphof f(x) = 1 - »°

Figure 4.15

Any point on the graph is of the form (x, 1 - x°)
Henced = \/(x—O)Z + (1— X2 —O)2 = \/xz + (1— x2)2

d is aminimum whenever the number under the radical isa minimum.
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Thus, you minimize g (X) = x° + (1 - x°)°
g =x+1-2¢+x'=1-x+x*
g = —2x+ 48
g(® =0=2x (2x2 - 1) =0 =>x=0o0rx= i%

J2 2

Therefore, 0, —7 and - are critical numbers.

To check whether these numbers give a minimum distance, you use the second
derivative test.

V2 V2

g'(X) =—2+ 12> 0 for x= > and x = —

o[ 2)-s

Thus, [\fﬂ and [—%%J are the closest pointsto (O, 0).

But the critical number x = 0 does not minimize the distance. Why?

Suppose the tota cost C (X) (in thousands of Birr) for manufacturing x
desktop computers per monthis given by the function

C(x) =575+ 25x—%x2,03 X< 50

a Find the margina cost at a production level of x computers per month.

b Use the marginal cost function to approximate the cost of producing the 31%
compulter.

c Usethe total cost function to find the exact cost of producing the 31% computer.

a Sincemarginal cost isthe derivative of the cost function C (x), you have
C'(x)=25- % x
b Themargina cost at aproduction level of 30 computersis
C'(30)= 25—%x3o=1o
or Birr 10,000 per computer.

That means at a production level of 30 computers per month, the total cost is
increasing at the rate of Birr 10,000 per computer.

Hence the cost of producing the 31% computer is approximately Birr 10,000.
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c  Theexact cost of producing the 31% computer is

Total cost of Totd cost of
producing 31 |—| producing 30 |=C(31) - C(30)
computers computers
=1,109.75-1,100=9.75 or Birr 9750

As a summary from what you have seen in solving problems by the application of
differential calculus, the greatest challenge is often to convertsthe real-life word
problem into a mathematical maximization or minimization problem; by setting up
the function that is to be maximized or minimized. The following guideline adapted
to particular situation may help.

1 Understand the problem
The first step is to read the problem carefully until it is clearly understood. Ask
yourself:
What is the unknown? What are the given quantities? What are the given conditions?
2 Draw a diagram (if necessary)

In most problems, it is useful to draw a diagram and identify the given and
required quantities on the diagram.

3 Introduce notation

Assign a symbol to the quantity that is to be maximized or minimized and select
symbolsfor the unknowns.

4 Express the quantity which is going to be optimized in terms of the
unknowns.

5 If the quantity which is going to be optimized is expressed as a
function of more than one unknown in step 4,

use the given information to find relationships (in the form of equations) between
these unknowns. Then use these equations to eliminate all but one of the unknown in
the expression. Thusthe quantity which is going to be optimized will be expressed as
afunction of one unknown; write the domain of this function and use the methods of
solving maximization and minimization problemsto get the quantity optimized.

| Exercise4.6 |

1  The product of two positive numbers is 288. Find the numbers which minimize
the sum of the second number and twice the first number.

2 Find the points on the graph of the function that are closest to the given point.
a f=xX-4 (02 b f=xt+1; (04
c  f=x5 (22

195
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3

10

11

12

13

What positive number x minimizes the sum of x and its reciprocal ?
Find the length and width of arectangle with perimeter 100 m that maximize the area

A farmer has a 200 m fencing material to enclose two adjacent sides of a
rectangular field. What dimensions should be used so that the enclose area will be
amaximum?

A dairy farmer plans to enclose a rectangular pasture adjacent to a river. To
provide enough grass for the herd, the pasture must have an area of 180,000 m?.
No fencing is required along the river. What dimensions will use the smallest
amount of fencing?

Find the length and width of a rectangle with area 64 m® that give minimum
perimeter.

The combined perimeter of acircle and a square is 16. Find the dimensions of the
circle and square that produce a minimum total area.

A ten meter wire isto be used to form a square and acircle.

a  Expressthe sum of the areas of the square and the circle as a function A(x)
of the side of the square x.

b Identify the domain of A(X)

c How much wire should be used for the square and how much wire for the
circlein order to enclose the smallest total area?

A company has determined that its tota revenue (in Birr) for a product can be
modeled by R(X) = = + 450 X% + 52,500 x where x is the number of units
produced (and sold). What production level will yield a maximum revenue?

Find the number of units that must be produced to minimize the cost function
C(x) = 0.008x% + 2x + 304. What is the minimum cost?

A mass connected to a spring moves aong the x-axis so that its x-coordinate at
timetisgiven by

X(t)=sn2t+ V3 cos2t.
Wheat is the maximum distance of the mass from the origin?

The body temperature (in degree centigrade) of a patient t hours after taking a
fever reducing drug is given by

4

Vt+l

Find C (3) and C '(3). Give a brief verbal interpretation of these results.

C(t)=37+
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RATE OF CHANGE

In the previous sections you have seen derivatives as rates of changei.e. f'(x) istherate
of change of the function f with respect to x at the point (X, f (X)). In this section, you
will see that there are many real-life applications of rates of change. A few are velocity,
acceleration, population growth rates, unemployment rates, production rates, and water
flow rates. Although rates of change often involve change with respect to time, you can
investigate the rate of change of one variable with respect to any other related variable.

When determining the rate of change of one variable with respect to another, you must
be careful to distinguish between average and instantaneous rates of change. The
distinction between these two rates of change is comparable to. the distinction between
the slope of the secant line through two points on a graph and the slope of ‘the tangent
line at one point on the graph.

The slope of the tangent line is the derivative of a function at the given point; this is
regarded as the instantaneous rate of change:

f'(c) = lim %_i(c) instantaneous rate of change

But the slope of a secant line is determined by two points given on the line; this is
regarded as the average rate of change:

f(b) - f(a)
b -a

= average rate of change

a Cc

bYa

Figure 4.16
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t 01101 20| 30|40 | 50|60 70 (80 |90 (100( 110( 120
O 2 |17 |37 |5 | 73|89 103|111 |113|113|103| 68

The concentration C (in milligrams per millilitre) of adrug in a patient’s
blood stream is monitored at 10-minute intervals for 2 hrs, where t is
measured in minutes, as shown in the table. Find the average rate of
change over each interval.

[0, 10] b [0, 40] ¢ [100, 120]

For theinterval [0, 10], the average rate of changeis
Ac =ﬁ:3=o.2 mg per m/min.

For theinterval [0, 40], the average rate of changeis
Ac _55-0_55_11

S_PrY_P_- |/ mi
AU 40-0 40 g MIPermi/min

For the interval [100, 120], the average rate of change is

Ac _ 68-113 _-45_-9 .

—= = =— mg per ml/min

At 120-100 20 4

If afree-falling object is dropped from a height of 100m, and resistance
is neglected, the height h (in metre) of the object at timet (in seconds) is
given by h (t) = -16t° + 100.

Find the average velocity of the object over

a [1,2 b [1, 1.5] c [0, 2]
Find the instantaneous rate of change at
a t=1lsec b t=2sec C t=3sec d t=15sec

a h(1)=84,h(2) =36
Average velocity over [1, 2] is given by:
h(2) - h(@@) . %6 -84
2,71 1
b h(1)=84,h (1.5) =64
Average velocity over [1, 1.5] isgiven by
h(1.5)-h(1) _64-84 _
15-1 05

= —48m/sec

-40m/sec
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c h (0) =100, h (2) =36
Average velocity over [0, 2] isgiven by
h(2)- h(0) _ 36 - 100
2-0 2
i h(t)=-16t+ 100 = h' (t) = -32t.
Thus, the instantaneous rates of change are given as follows:
a h@)=-32m/sec b h(2 = -64m/sec
c  h(@)=-96m/sec d h(15)=-48m/sc

| Exercised4.7 |

The height h(in meters) of a free-falling object at time t (in seconds) is given by
h(t) =—16t* + 180. Find

[ the average velocity of the object over these intervals
a [01] b [1,2] c [273 d [1,5
ii the instantaneous vel ocity of the object at

= - 32m/sec

a t=05sc b t=1sec ¢ t=15sec d t = 2sec

The population of a developing rura area has been growing according to the
model P(t) = 22t + 52t +10,000, wheret is time in years, with t = O representing
the year 2000 E.C.

a Evaluate Pfort=0,t =5, t = 8 and t = 10. Explain these values.

P
b Determine the population growth rate, ((jj—t

C Evaluate ((jjt—P for the same values asin part a. Explain your results.

Related rates

In this section, you will study problems involving variables that are changing with
respect to time: If two or more such variables are related to each other, then their rates
of change with respect to time are also related.

For ingtance, 'suppose that X and y are related by the equation y = 2x. If both variables are
changing with respect to time then their rates of change will also be related, by the equation

ﬂ = 2%
dt dt
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Examining two rates that are related

A stone is dropped into a calm pool of water, causing ripples in the form
of concentric circles, as shown in the figure below. The radius r of the
outer rippleisincreasing at a constant rate of 1 cm per second. When the
radius is 4 cm, at what rate is the total area A of the disturbed water

changing?
()
Figure 4.17
Theradiusr; and the area A of acircle are related-as follows:
dA _ 5 dr
A== o Ty

Whenr = 4 and % =1, we have2mr % = 27(4)(1) = 8w cm?/sec.

Therefore, the area is changing at the rate of 877cm?/sec.

Air is being pumped into a spherical balloon at the rate of 4.5cm®/min.
Find the rate of change of the radius when the radiusis 2cm.

Let r be the radius of the sphere, then the volume V of the sphereis
givenby V = gﬂrS

&V o adr a1 odv 1

dt dt 7 dt  4nrd dt | 4n(2)? x45 (8 nce% =42)

= Ecm/min = 0.09cm/min
16
A ladder 5m long rests against a vertical wall. If the bottom of the ladder
dides away from thewall at arate of %fm/sec how fast is the top of the

ladder sliding down the wall when the bottom of the ladder is 3m from
the wall?
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Solution

Figure 4.18

F+y'=25=y°=16

=>y=4
dx . dy
X+ =25=2X— + 2y 2=
YEB=2eE T Ay _
dy_—xdx_'“—3(1)_—,3
= LS T = m/sec.
dt y dt 4\4) 16

The fact that % is negative means that the distance from the top of the ladder to

-

the ground is d;oéreas ng at arate of_1—36 m/sec. In other words, the top of the ladder
is sliding down the wall at araté_'of 1—:Zm/sec

Example6", A" water _tank’ is in the shape of an inverted circular cone with base
\ ~‘radius 3 m and height 5 m. If water is being pumped into the tank at a

rate of 2.m*min, find the rate at which the water level is rising when
the water is 3 m deep.

201
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Solution
L:§:>h:§r :>r::_3h
h 5 3 5
2
V= :—L/Trzh = lﬂ (ghj = iirh3
3 3 5 25
N_9 pedh_ 1nr2(§rj )

50 ,
gh_ ZSZQ: 25 ~x2m/min= —— m/min
t 9rh®dt 9r(3) 8lr

Example 7 Givenx?y + xy =6,

a Find the rate of change of x with respect to y. Figure 4.19
b Find the rate of change of y with respect to x.
Solution

a In this case we assume x is differentiable with respect to y

Thus %(xzy+ xy) :i(6)

dy

dx dx
=X+ X+2XY —+y—=0

dy “dy

:>(2xy+y)j—§=-><2-x

dy 2xy+y
d d
b &(X2y+ xy):&(ﬁ)

:>y(2x)+>€%+y+x%:0

:(ﬁ+X5$=-2w-y

ﬂ:_zxy_y: 1 :i
dx  xX*+x. ~—2xy-y dx
x*+y dy

Example 8 Thetota sdes S (in thousands of copies of movies) for ahome video
movie t months after the movie isintroduced are given by:
1252
S(t) =
® t?+100
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a  Findtherate of change of sales S(t), at timet.

Find S(10) and S'(10). Give a brief verbal interpretation of these values.
(o Use the reaults from b above to estimate the total sales after 11 months.

+100)(125t%) '~ 125t*(t* +100)’
(t* +100)°

(250t)(t? +100) - (2t)125t* _ 250t + 25000t - 250t°

2 2 - 2 :

(t2+100) (t2+100)

_ 25,000t

(t* +100)*
125(10)°
10° +100
25,000(10)

(107 +100)°

a  sp=l

b S(0)= =625, and

S(10) = =6.25

The total sales after 10 months are 62,500 copies of movies, and saes are
increasing at the rate of 6,250 copiesper month.

c The total sales will increase by approximately 6,250 copies during the next
month. Thus, the estimated total sales after 11 months are

62,500 + 6,250 = 68,750 copies of the movie.

|_Exercise4.8 |

Theradiusr of acircleisincreasing at arate of 3cm/min. Find the rate of change
of the area when

a r=8cm b r=12cm

Theradiusr of a sphereisincreasing at arate of 3 cm/min. Find the rate of change
of the volume when

a r=2cm b r=3cm
A 10 m ladder is leaning against a house. The base of the |adder is pulled away

from the house at a rate of zllm/sec. How fast is the top of the ladder moving

down the wall when the base is
a 6 m from the house? b 8 m from the house?
c 9 m from the house?
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4  Find ) and (o5 assuming that y is differentiable with respect to x and x is aso

dx dy
differentiable with respect to y.
a X+y=25 b 3xy+yx-xy=10
C o oxHxoysxy d oy 3y =xy

€  XsSiny+yCcosx=Xxy

5 A spherical balloon is inflated with gas at the rate of 20 cm® min. How fast is the
radius of the baloon changing at the instant when the radiusis
a 1cm? b 2cm? C 3 cm?

6  Theradiusr of aright circular coneisincreasing at arate of 2cm/min. The height
h of the cone is related to the radius by h = 3r. Find the rate of change of the

volume when
a r=3cm b r=6cm
[-2]

absolute maximum decreasing function monotonicity
absolute minimum extreme values relative maximum
concave downward first derivative test relative minimum
concave upward increasing function Rolle’s theorem
concavity inflection point second derivative test
critical number mean-value theorem

After studying this unit, you should know the definition of the following technical terms
and have acquired the skills to find them or test them.

1  Critical number
Suppose f is defined at ¢ and either f'(c) =0 or f'(C) does not exist. Then the
number c is caled a critical number of f and the point with coordinates (c, f(C))

on the graph of f is called a critical point; this critical point is either avalley or a
peak of the graph.

2  Absolute maximum and absolute minimum
Let f be afunction defined on some set Sthat contains c. Then

f(c)isan absolute maximum of fon Sif f(c)= f(x)foral xinS.

f(c)isan absolute minimum of fon Sif f(c)< f(x)foral xinS.
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Unit 4 Applications of Differential Calculus

Relative maximum and relative minimum

The function f is said to have a relative maximum at ¢, if f(c) = f(x)for dl xin
an open interval containing c.

The function f is said to have arelative minimum at ¢, if f(c)< f(X)for dl xin
an open interval containing c.

First derivative test

Let f be afunction which is continuous and differentiable on an interval I. Then

a  First derivative test for local extreme values

If f'changes sign from positive to negative at ¢ then f has a local
maximum value at ¢ for some critical number c.

If f' changes sign from negative to positive at ¢ thenf hasalocal minimum
value at ¢ for some critical number c.

b First derivative test for intervals of monotonicity

If f'(X)>0onl,thenfisstrictly increasing onl;if f'(X)<Oonl,thenfis
strictly decreasingonl.

Second derivative test

Let f be afunction suchthat f'(c) = Oand the second derivative exists on an
open interval | containing c. Then

a  Second derivative test for local extreme values

If f"'(c) > Othen f (c)isalocal minimum valueon .

If " (c) <Othen f (c)isalocal maximum valueon|.

If f"(c) =0, then the te fails.
b Second derivative test for intervals of concavity

If f"(x)>O0foral xinl thenthe graph of fisconcave upward on.

If £''(x) <Ofor al xin | thenthe graph of f is concave downward on|.
Inflection point

The point at which concavity changes, either from concave up to concave down;
or from concave down to concave up is called an inflection point.
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9

[l _Review Exercises on Unit 4

10

For each of the following functions find: critical numbers, local extreme values,
intervals of monotonicity, intervals of concavity and inflection points.

a f(X)=x"-8x"+6 b f(X)=x>+3x*-9x+5

2X X2 -2x+4
: d f="—""""
X“+1 X—2

Find the absolute maximum and minimum values of each of the following
functions on the indicated intervals.

a f(X)=x"-8x"+6; [-3,3] b f(X)=x>+3x"-9x+5; [-2, 2]

¢ f(X)=

2 —
: [L,2] d o f=X22*4 13
1 X-2
A box is to have a square base, an open top, and volume of 32 m®. Find the
dimensions of the box that use the least amount of material.

Determine the point(s) f (x) = > + 1 that are closest to the point (0, 2).

¢ f()= 2’;

X2

Find the maximum and minimum of the function f (x) = cos 2x — 2 sin x for
0<x<2m.

A window whose bottom is a rectangle and top is a semicircle being built. It there
is 12m of framing materials, then what must be the dimension of the window?

Determine the area of the largest rectangle that can be inscribed in a circle of
radius9 m.

Water is being poured into a conical vase at arate of 18 cm®/sec. The diameter of
the cone is 30 cm and its height is 25 cm. At what rate is the water level rising
when its depth is 20 cm?

Two poles, one 6 m tall and the other 15 m tall, are 20 m apart. A wireis attached
to the top of each pole and is also staked to the ground somewhere between the
two poles. Where should the wire be staked so that the minimum amount of wire
isused?

A car travelling north at 48 km/hr is approaching an intersection. A truck,
travelling East a 60 km/hr is moving away from the same intersection. How isthe

distance between the car and the truck changing when the car is 9 m from the
intersection and the truck is 40 m from the intersection?
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Unit Outcomes:
After completing this unit, you should be able to:
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understand the concept of definite integral.

integrate polynomial functions, simple trigonometric functions, exponential
and logarithmic functions.

use the various techniques of integration to evaluate a given integral.

use the fundamental theorem of cal culus for computing definite integrals.
apply the knowledge of integral calculusto solve real life mathematical
problems.

5.1 INTEGRATION AS REVERSE PROCESS OF DIFFERENTIATION
5.2 TECHNIQUES OF INTEGRATION

5.3 DEFINITE INTEGRALS, AREA AND FUNDAMENTAL THEOREM OF
CALCULUS

5.4 APPLICATIONS OF INTEGRAL CALCULUS

Key terms

Summary
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INTRODUCTION

Y ou have just seen differential calculus, which is one of the two branches of calculus.
In this unit you shall see the other branch of calculus, called integral calculus.
Integration is the reverse process of differentiation. It is the process of finding the
function itself when its derivative is known.

For example, if the slope of a tangent a an arbitrary point of a curve is known, then it is
possible to determine the equation of the curve using the method of integral calculus. Also,
it is possible to find distance of a moving object in terms of time, if its velocity or
acceleration is known.

Differential calculus deals with rate of change of functions, whereas integral calculus
deals with total size or value such as areas enclosed by curves, volumes of revolution,
lengths of a curves, total mass, total force, etc.

Differential calculus and integra calculus are connected by a theorem caled the
fundamental theorem of calculus.

Inintegral calculus there are two kinds of integrations which are called the indefinite
integral or the anti derivative and the definite integral.

The indefinite integral or the anti derivative involves finding. the function whose
derivative is known.

The definite integral, denoted by I: f(x)dx isinformally defined to be the signed area

of the region in the xy-plane bounded by the curve'y = f (x), the x-axis and the vertical
linesx=aand x=Dh.

One of the main gods of .this unit is to examine the theory of integral calculus and
introduce you to its numerous applications in science and engineering.

INTEGRATION AS REVERSE PROCESS OF
DIFFERENTIATION

Xl - The Concept of Indefinite Integral
ACTIVITY 5 1

1 Find at least three different functions which have derivative 2x.
Describe similarities (and differences) between the functions
you found.

2 Write the set of all functions with derivative 2x.
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Unit 5 Introduction to Integral Calculus

3 Check that all of the functions:
f(x) =X +3x+1, g(¥) =X +3x h(X) =>¢ +3x-12and k (X) = ¢ + 3x + T
have the same derivative 2x + 3.

differentiation

In general, di(x2 +3x+c) = 2x+3 for any constant c.
X

Draw the graphs of f, g, h and k together, using same pair of axes of reference.

Definition 5.1

The process of finding f (X) from itsderivative f '(X) is said to be anti differentiation or
integration. f (X) is said to be the anti derivative of f'(x).

differentiation
—
f(X)‘\_’/f'(x)

anti differentiation

Integration is the reverse operation of differentiation.

Definition 5.2
The st of all anti derivatives of afunction f (x) iscalled the indefinite integral of
f(x). Theindefinite integra of f () is denoted by I f (X)dx read as “the integral of f(x)
with respect to X".
v" The symbol I issaid to be the integral sign.
The function f () is said to be the integrand of the integral.
dx denotes that the variable of integration is x.
If afunction has an integral, then it is said to be integrable.
If F'(X) = f (X), then jf(x)dx= F(X)+c
I f (x)dxisread as, “ the integral of f (x) with respect to x”.

N N NN

cissaid to be the constant of integration.

2 2
_[xdxzi rc Because 3 X 4c]=ZXi0=x
2 dx\ 2 2
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i [ gdx=f(9+e i j(;jxf(x)dx:f(x)+c

. d
i &jf(x)dxz f (%)

Example 2 J‘di(4x+5)dx=.|'4dx=4x+c Because di(4x+-c)=4
X X
5

Example 3 You know that %(xe) =6x° = %%(xe) =X

= [reax= 28 () ax
_ di[%] _
pcein, g [ d %[%w} ¢

Integration of some simple functions

ACTIVITY § 2

1 Copy and fill in the following table

(f(x) 4l x| ¥ | x| x| x| sinx | cosx|tanx | cotx | €| 4| Inx | logx
')

2 By observing the table in Problem 1 above, evaluate each of the following

integrals.
a [xtdx b [ sinxdx ¢ Jcosxdx
d [sec®xdx e Josc? xdx f  [edx
1 . 1
4* dx h =d [ d
g I Ix X -[xlnlo X

In this section, you will see how to find the integrals of constant, power, exponential
and logarithmic functions and simple trigonometric functions.

The integration of a constant function

[ 0dx= c, where cisa constant.
[ cdx = cx + d , where cisa given constant and d is the constant of integration.
Whenc=1,[dx= x+ d.
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Integrating X", integration of a power function

Differentiating X™* gives (n + 1)x".
Sof(n+ 1) X dx=x"1+ ¢

n+l

Thus.[ x"dx = X+ :
n

Example 4 Integrate each of the following functions with respect to x.

+cC n#-1

a 4 b X c X
1 _3 _4
d x2 e x5 f x2x
Solution :

a [4dx=4x+c

7+1 8

b [Xdx= X —+c=2+c
7+ 8
541 -4
c Ix'de= X +C=X—+C=—i4+0_
5+1 -4 4x
. 1, 3
2 2
d IXZ dx = re=4c=SY¢ +c
1 3
—+1 _
2
_3, 2 2
1 X ° X2 5x5
e I ~dx= +{E£ 2 He=""—+¢
-3 -3 2 2
X 5 —+1 =
5 5

4 41

i Ix 3&dx=jx3 2dx="_=6%x.
1
6

Let k beaconstant and n # -1, then | k X" dx = klx”+l+c.
n+

Integrating (ax + b)" with respect to x
Example 5 Lety = (3x+ 5)™, then using the substitution
u=3x+5, wehavey = u®,

dy_dy du
dx du dx

[3 x 20 (@x + 5)%dx = (3x+5)° +¢

=10u®x 3=3x 10 (3x+5)°
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In general, by applying the same technique as Example 5, you have

di(ax+ b)"™ =a(n+1)(ax+b)" sothat

[a(n+1)(ax+b) dx = (ax+b)"" +

Thus, [(ax+b) dx=

n+l
m(a)(‘Fb) +C. Wheren#-1and a#0.

jk(ax+ b)" dx =

(ax+b)™ +c, nz-1landa# 0.

k
a(n+1)

g

Integrate each of the following functions with respect to x.

1
2x*

5x° b c (x-11)"  d
1
5(2-3x2 f f-x g (3x*+5)3x+5

Using .[kx”dx:le”*%c, you' get ISXEdX:§X7+C
n+

-3
.[—dx x‘4 dx= T [X—}c: —is+c
2 V<3 6X
Jlox-1ox= - Lo (oxeg = BT
2(11+1) 24

j(4x+3)8dx=4719(4x+3)9 +c=

1

J'5(2—3x)5dx Here k=5a=-3n==

9
(4x+3)" |
36

Hence, j5(2—3x)% dx =

(4x+ 3)8

- % (2-3%) V2-3x+c

I I(1- x)sdx:L(l— x)g+l+c :—g(l— x)* Y(1-x)* +c

7

7
[ (3x+5) Vax+5dx= [ (3x+5)? dx = -
3x—
2

9
(3x+5)2 ro= 2(3x+5)*/3x+5 .
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Integrate each of the following expressions with respect to x.

1 X 2 ¢ 3 X3 4 x5
4 2 1
5 = 6  6x3X 7 8 3x-1)°
Xl.5 83’X ( )
3 1

9 J1-2x 10 8%44-3x° 11 12 (2x-3)2
J4-5x ( )

13 (ax-7)"”

Integration of exponential functions

Y ou should remember that dieX =g
X

Hence, Iexdx: € +c. Also, di(kex) = ke*, hence Ikexdx: ke +c
X F

Similarly —e* = ke® = ——e* = €. Hence _[e dx=—+c
dx k dx k
Fora=>0, iaX:aXIna = 14 a*=a"

dx Ina dx

Hence Iaxlnadx:ax+c

X

a
+c;a>0anda#1.
a

Thus, Ia*dx = "

kx

J‘kaxdszaWc and [a%dx=-2
Ina kina

+C

Example 7 Integrate each of the followi ng' expressions with respect to x.

a 3¢ b e c 2 d €*
e 5 fooo3t g 36"  n e
Solution

a | | [sedk=3¢+c
b Iezxdxz e;X +C

X _'2X
C IZdX_InZ

+C
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_ _ e’
d J'exdx:J'e( YXdx==——+c=-e"+cC

—-2X _ =-2X
e ISeHde = j5e>< e ¥dx = 5e[e j +c= 521 +C

81x 9"
+
In9

f j34+2de:j34x32de:j81x9de: c

3Xx

g My = 3e4xe3xdx:3e4xe B
3

1
1 X 1
h Ix/erxzjeixdx=%+c=2e5x+c=2\/e7+c

2
|_Exercise5.2 |

Find the integral of each of the following expressions with respect to x.

1 & 2 e 3 g 4 24X 5 &%
+5 4
6 4e'>* 7 % 8 3 9 % 10 e
1-3X
11 4%5 12 2 13 2 x 3=

3X+1

Integration of )1(

In Ix"dx, you put arestrictionn # - 1. Thus, integrating .[1 dx = .[x'ldx cannot be
X

Xn+1 d 1
+c.'You recal that for x>0, —Inx==
n+1 dx X

done using the rule of I x"dx =

= .[1 dx=Inx+c.
X

What happensif x<0? Let x <0, then —x >0 so that In (-x) is defined.
1 d (—x):_—lz1 by the chain rule.
-X dx -X X

= For x< Oj% dx=1n(-x)+c

Inx+c, if x>0

1
: Zdx=In|x|+c
In(=X)+c, if 0= )% I

Thus, Jé dx={
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If k is a constant, then _"dez kin|x|+c.

Example 8 Evauate
3
a = dx b — dx
-[x -[Zx
Solution

k .
a Usng I— dx=k|n|x|+c, you obtain .[E dx=3In|x|+c¢c
X X
b .[i dx,herek:1
2x 2

1 1
Hence, I& dx=§ln|x|+c = In\/N+c.

Now consider the derivative of In (ax+ b) with respect to x, where a # 0.

d 1 d =
—In(ax+b)= x—(ax+Db by the'chain rule
dx ( ) ax+b dx( ) (by )
=_2 liln(ax+b): ¢
ax+b a dx ax+b

:Ii%(ln(aﬁb))dx:jﬁdx

d 1 1
— ZIn(ax+b)dx="| —— dx
:Idxa ( ) Iax+b

:>I L dx=iln|ax+b|+c
a

ax+b
Example 9 Evaluate each of the following integrals.
a J' 1 oax b J' ® i
4x+1 2-3x
Solution
In(ax+b
a Using_[ o dx = ( )+c, you have
ax+b a
1 In(4x+1)
Joy s 8D,
4x+1 4
5In{2-3x
I > dx = | |+c:—§ln|2—3x|+c.
2-3x -3 3

Note that, .[% dx=1n |x|+c=1n |[x/+ Ine’ =1n|x/e° =1In|x| A; A=¢°
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Example 10 Evaluatetheintegral.[ 1 x,
3x-1
Solution J. 1 dx:ln|3x_:q+czlln|3x—:q+lne°:In Y(Bx-1€°
3x-1 3 3 :
=InA \3/3x—1‘,A:e°

Integrate each of the following expressions with respect to x.

1 i 2 i 3
3X 2X x+1
p 3 = V2 . 4
2x-1 1-3x mx-1
_ 1
7 £ g __1 9 o
5-2x [;Xﬂj x(x+1)

FW] Properties of Indefinite Integrals
ACTIVITY 5 3

1 Evaluate each of the following integrals.

a J.(X2+\/;—ex)dx b IXZdX+J.\/;dX_J'eXdXR ==

c I(Zx—l)zdx d 4Ix2dx—4j'xdx+J'dx

e I(3x2+xz+%—e'xj dx f SIX;dX+IX§dX+I% dx—je‘xdx

2 Y ou remember that differentiation is a distributive process over addition. Is
integration distributive in the same way? Justify your answer by considering the
integrals in Problem 1 above.

3 Youknow that severa functions may have the same derivative, for instance, X2, ¢ + 5,
X%+ 2, + 3,... havederivative 2x. What isthe geometrical interpretation of IZX dx?

Using Activity 5.3 and what you have done so far, you have the following properties of
theindefinite integral.
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Properties of the Indefinite Integral

1 If'(x)dx=f(x)+c or J.%f(x)dx=f(x)+c.
d

2 d—xjf(x)dx= f (x).

3 [KE(dx=k[ f(x)dx

4 [(F09+g(0)dx=[ f(gdx+ [ g(x)dx
5 [(f(9-909)dx= f(x)cx- [ g(x)c

Theorem 5.1

If two functions F(x) and G(x) are anti derivatives of the function f(x) in the interval
[a, b], then F(X) = G(x) + c for dl x [Ta) b], where cis an arbitrary constant.

Proof: (F(X) - GX)=F' ()-G (X)=fx -~ f(x=0
= F(X)-G(X=¢=F (x)= G.'(x)'+ ¢
We will explain briefly what we mean by arbitrary constant c,
[foax=6(x)+c '

If you draw one of the integral curvesy = F (x) by taking ¢ = 0O, al the other integral
curvesy = F (X) + ¢ are obtained by shifting the curve of y = f (X) in the y-direction.
Thus you obtain afamily of (parallel) curves.

The fact that they are parallel curves means that they have equa slope at (a, F (a) + c).
Look at Figure 5.1 and Figure 5.2.

y
y=F(X) +c y:X2+1
//y:':() / \ “y /y: 2
AT Kl s \\ Z //y: -1
P /y:F(>é+‘3 X \ 2 //
LA |/ \1 //
/ // X
/ | — -3 -2 _];4 1 2 3 4 5 6
/ -2

Figure 5.1 Figure 5.2

The slope of each.curveat aisF '(a). Where F'(a)= F'(a) = F,’ (@) =. ..
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Example 11 Letf()=2x Then [ f(x) dx=x"+c
Theslopeof y=x’a x=1is 3—y|X:1 =2(1)=2
X

Smilarly, theslopeof y=x* - 1ax=1is2, andthesopeof y=x* +lax=1is2.

[See Figure 5.2].

Evaluate each of the following integrals.

1 J'%(x?‘)dx 2 % J'xsdx

3 I[x6+x;—x'4+x_gjdx 4 I(&—3x3+x'2+2) dx
3w+ x+1 x+1)*

5 [XrCrxry, o [ o

. J.(Z4+23 _22222+Z+l) oz 5 I(X—l)(x2+x+1) o
(t° -3t +4) x+1

9 J‘fdt 10 j( v jdx

11 j[ex -e '+ %] dx 12 IW dx

13 j [2x3+ezx—%j dx 14 jex (1- eX)2 dx

L1 1
15 J'[312+\/2_X+?jdx

Integration of simple‘trigonometric functions

Y ou know that j%f (x) dx=f (x)+c

From Acti\/ity 5.2 you observed that (;i (sinx) = cosx
X

:I%(sinx)dxz [ cosx dx

:>Icosx dx=snx+c
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Therefore, using the derivatives of Smple trigonometric functions you obtain,

Isinx dx=-cosx+c
Iseczxdx:tanx+c

Icsczxdx:—mtx+c

Similarly, (;j(secx) = sec xtan x and
X

%(QSCX) = —CcscX cotx
Thus, Isecxtanx dx=secx +cand

jcscxcotx dx=-cscx+c

Usng the properties of indefinite integrals, you have the following. integrals of
trigonometric functions.

J'ksinxdx:—kcosx+c

.[sin(ax+ b)dx = —Ellcos(ax+ b)+c; wherea#0

Example 12 Icos(Sx)dX=%sin(5x)+c because

d(1. 1d . 1
—| =sn(bx)+c|== — 5X) = —xcos(5X)x5= 5X).
ax[Ssm( ) Cj 5 dxsm( ) 5 & 0 (3X)

Example 13 Isec2(3x+7)dx =% tan (3x+7)+ ¢ because

i[ltan (@x47)+ cj =19 o (x4 7) = e (3x+ 7) x 3= soc? (3x+ 7).
ax\ 3 3 dx 3

Integrate each of the following expressions with respect to x.

1 3d9n(x) 2 cos(2x) 3 8n(4x-1)
4 3cos(4x+ %) 5 sdn(@x)+cos(@x) 6  sec®(2x+1)
7 csc(2X) cot (2X) 8 sec[Zx - %) tan [Zx = %)
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TECHNIQUES OF INTEGRATION

In differential calculus you have seen different rules such as: the addition, subtraction,
product, quotient and chain rules. Also, in the reverse process, integration, you have
different methods. The most commonly used methods are: substitution, partia fractions,
and integration by parts.

Wl Integration by Substitution

Integration by substitution is a counter part to the chain rule ef differentiation, It
is a method of finding integrals by changing variables. The integra expressed in a new
variable may be smpler to evaluate or changed from the unfamiliar integral form to a
better understood form. This method is based on a change of variable equation and the
chain rule. The change of the variable is helpful to make unfamiliar integral form to the
integral form you can recognize.

Consider j2x(x2 + 1)5 dx
du
dx

Letu=x°+1, then — (;j(x2+1)=2x:>du:2xdx
X

= [2x( +1)ox= =" vo
But, u=x*+ 1.

(¢ )

Thus, IZX(XZ + 1)5dx = +c

In this integration, you change the variable from xto u.
Y ou remember that if u isafunction of x, then for afunction f (u),

9t w)=Ntw)= j%f(u)du= F(U)+c

dx dx
du v .
:jd f'(u)du="f(u)+c= [f'(u) —dx [ f(u)du
Example 1 FindJ'x\/x+ 5 dx
Solution Let u=>%+5, then ﬂzi(x2+5)=2x:>l du = x dx
dx dx 2

|w

1 u?

1
Hence, J.x/x+ 5 dx = J‘/X +5x dx = —.[fduz_ _+c:§u u+c

N w

:>.[x\/x +5dx = (x +5)\/x2+5+c
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For each of the following expressions suggest the variable of substitution
and integrate with respect to x.

XZ

a X@©B3¢-2° b  cosxe™ c  xe
d %7 e  cosxsinx i xlexdx
X+

Rewrite the integral using u asthe variable of substitution.
a sz (5x3 - 2)9 dx.

Here, the factor of theintegrand, 2 is the derivative of %(ng' -2)

Thus,u=5¢ - 2 = %z%(st—Z)zlsxz
:>idu:x2 dx:>jx2(5x3—2)9dx=ijugduzi[u—m}c
15 15 15\ 10
:>.[x2(5x3—2)9 dx=%(5x3—2)10+c

b jcosxes‘”xdx

Y ou know that di(sin x) = COSX.
X

Hence, u=sinx = du=cosx dx
=N jcosxes'“xdx = je“du zg'+c= jcosxes‘”xdx =™ +e

c Ix e dx
u=x2:>d—u=2x:>1du=xdx
dx 2
:>Ixex2dlej'e“duzie“+c:>.|'xexzdx:£exz +C
2 2 2
Also, observe that, % (exz) = 2xe’
Hence, u=¢e LA
dx

:>£du:xexzdx:Ixexzdx:EJ'duzlwc
2 2 2

:Ixexzdx:%exz +cC
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X — U2
-[x2+7
du
= _—= +c
dx
:>j dx:—1n|x +7|+c VX2 +7+cC
X2 +7
e joos?xsmxdx
du . .
U = CcoSX :>d—= -sinX = —du=snx dx
X
-cos*x
+.C

4
. -u .
:>Icos3xsmxdx:—ju3du =T+C:Icosax sinx dx =

f I& 1+x\/§ dx
d

3
3
u=1+x+/x ———1+x2 —
= dx dx[ 2

NH—\

=/x dx

3

If 1+ XV X dx-—J'\/idu——(—j2 c=gu§+c=g(1+x\/§)2+c
Findj 3x—2x/xT6dx.

Here, 3x — 2 is not a constant times the derivative of x + 6 or vice versa
But you can till use substitution as follows.
U=X+6=>Xx=u-6 =3x-2=3(U-6)-2=3u - 20;u=x+6=du=dx
Thus, [(3x-2)Vx+6 dx=j(3u—2o)\m du = [3uv/u-20Vu du
5

- u2 6 , —~ 40
3Iu2 du - 20.[u2 du = 37 +¢ - 204 3 Z—EU u ?u u+c
2

2
:>.[(3x—2)\/x+6 dx:g (x+6)2\/x+6—?(x+ 6)~/x+6+cC.

dx.

Evaluate j 5 3+1
X

u=2x+1:%du:dx

dx:g In|2x+]j+c

:>I 3 dngjlduzgln|u|+c:>.[ 3
2x+1 2° U 2 2x+1
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Example 5 Evaluate the following integrals

a  [f()f(x)ax b I%dx,f(x)io

Solution u= f(x)=>—=—"f(x)=f'(x)= du= f'(x)dx

T ST oy - ()
a J'f(x)f(x)dx—J'udu——+c :,sjf(x)f(x)dx_ AV

b J'f'(x)dxj' du=Inju/+c :J' )dx In|f |

F() (x)

Example 6 Using I% dx, show thatjtan xdx = -In|cosx|+c.

Solution Itanxdxzjir;); I cosx) dx-—ln|cosx|+c /

Example 7 Using asuitable identity, find [sin’x dx.
Solution By writingcos (2X) = cos® x - Sn’x=1 - 2 sin’ x; you have,
1- 2
Srfx = cos(2x)
. 5 _l-cos(2x) . ¢l 1
:>Ism xdx—J'T dx—Ide Ejcos(Zx)dx
But [ cos(2x) dx = %sin(Zx)+ c.  Explain!
= [sin®x dx = 1x—lsin(2x)+ c
2 4
Example 8 Find j 2°dx using the method of substitution.
Solution u=4x-1= %—4 =3 —du dx
dx 4

:>j24“dx— [2:du i[

+C.

u u 4x-1
Z 122 yoo [2 k=2
In2) Inl6 In16

Can'you do this without using substitution?
Look at the following.

X 4x-1
jz“x‘ldx I—dx=—jl€xd ~1/16 +c= 2 +C
2 In 16 In 16
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Example 9 Find Ixzms(x3+1) dx
Solution u=x+1 :%du:xzdx:>.|'x2cos(x3+1)dx:%.|'oosudu:%sinu+c
Ixzcos(x3+1) dx:%sin(x3+1)+c

Example 10 Evaluate J.\/i
X°+a’

du _
dx

Thu&'[\/XZXTa j Ju+c :j\/i

Example 11 Evaluate J'

Solution Letu=xX+a’= — d (x2+a2):2x:> ldu:xdx
dx 2

dx=+x+a* +c.

xnx

Solution Inthe product(lj (i
X

I ) , thefactor 1 isthe derivative of In x.
nx

X

Therefore, u = Inx so that jd—“:|n|u|+c:|n|ln|x||+c
u

1  Integrate each of the following expressions with respect to x.

a 2x(x2 +1)3 b xJVx*+4 c e+l
d (2X+1) VX +x+9 e  SnXcosX f (2x+ 3) g +3x+)
g  sinxe°sx h o (x+2)Vx-3

2 Find each of the following integrals us ng the suggested subgtitution.
& IV3X-2 dx u=3x-2 b J'x\/1—5x2 dx ;u=1-5x

c Isin(Zx) dx; u=2x d [(1-4x)dxu=1+x

—h

e jx(xz—s)sdx; u=x*-3 Ix2(2+3x3)dx;u=3x3+2

g J'exx/1+eX dxu=1+¢ 1 Isinx cos®x dx; u = cosx
A 1t =1
[ I 4x-3dx; u=x-3 j I T O u=1-X

(1-x)3
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. 1

Kk J'SX X2dx; u==

X

m fms(3—x)dxu:3—x n
I 4x-5 .

2x2 -5x+4 p
u=2x*—5x+4

q I(3+ 2x)12dx; u=3+2x r

s fsin(Zx+;7) dxu=2x+7 t

dc u=x*+5 v

I X
. VX +5

Evaluate each of the following integrals.

a J'x?'(x4 +5) dx b
c I(ZXZ )X dx d
e Isin Xy/1-cosx dx f
g I(ax+ b)n dx h
i [3(2-3"Y) ax j
1
k j T |
m J‘\/sziﬂdx n
le
q Ix\/3+5x dx r
sin(2t)
° J.1— cos(2t) t

u J 4x-1
1-2x+4x°

w .[(x—l),3/(x2—2x+3)2dx X

f3°'6x*”dx; u=0.6x+m

Ixén(x2+7) dx u=x*+7

+
_[ S dx u=x+3oru=x+1

Jx+3
J'tanxszec2 xdx;u = tan x
ISX&& dx;u = x/x
[(2x=3) Vx+3dx u=x+3

1 5o

Icotxdx
IeX\/4+eX dx

Icos(4x+3) dx

1
I(ax+b)" dx

Ixz (x3 —8) dx
o
e

sint
J. \/3+ cost a
Ixex2+7dx
I(3x+1) (3x2 +2X+ 5)6 dx

Icosx sin®°x dx
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Integration by partial fractions

Decomposition of a rational expression into partia fractions was discussed in grade 11.
In this section, to find the integras of some rational expressions, you use partia
fractions aong with the method of substitution.

ACTIVITY § 4.

1 Decompose each of the following rational expressionsinto

partial fractions

a 1 b S S c 2
x(x+1) X3 —3x+2 (x—l)2
q e . X+2 ; X2 +2x+3
X2 —4x+3 X (x=3) (x+1)(x2—4)
x-1
(x+2)°(x+2)
X+

2 Consider the integral of the rational expression i’ , rewrite this expression as

X+

1+ CE by using long division.
x+1

X+
=]

3dx=.[(1+ijdx= X+ Zjidx= x+2|n|x+:q+c
x+1 x+1 x+1

Using this technique of integration, find each of the following integrals.

.[X+2dx b .[X+2 dx c .[ X dx
X+3 4x-3 4x+5
4x-5 1 x+1)’
_[—5)(_4 dx e I(Zx—l)“ dx f -‘(x—SJ dx
3 Youknowthat.[(i+ijdx=.[ L dx+j € dx =In|x+2/+3In|x-1+c
Xx+2 x-1 X+2 =

Can you evaluate this integral by summing up the expressions?
ie. J'( 1 o 3 )dX=IX—1+3(X+2)dX=J- 4x+5
Xx+2 x-1 (x+2)(x-1 (x+2)(x-2
From Activity 5.4, you have seen that decomposition into partial fractions together with
substitution enables you to evaluate the integrals of some rational expressions.
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Example 12 Find jL‘r’ dx
X% +4x+3
Solution Using partial fractions, you obtain,
2x+5 _ A+ B :>J-2x+5 dX:.[ A+ B dx
X“+4x+3 x+1 x+3 X“+4x+3 x+1 x+3

=AlIn [x+1+BIn|x+3+c =2In [x+1=In|x+3+c

3 2 _
Example 13 Find IM dx.
X" +X-2
Solution The rational expression is an improper fraction, hence before factorizing
the denominator we use long division, to obtain

2_ —
X+ 2% = X 7 = (x+1— 5 jdx
X+ X=2

X, x5 J'(i+ij dx=X_2+ X=5 (Aln|x+2|+ B In|x—]1)+c
2 Xx+2 x-1 2

2 2
=X x+2n |x+2|—§ In|x—]4+c=x—+x+§ [In|x+2|=In|x-1[]]+c
2 3 3 2 3

X+2
x-1
dx
x* =9

Solution Using partial fractions you have

NG 5

=—+Xx+=In +C
2 3

Example 14 Evaluatejl

.[)(Zd—)_(g: XTA:% dx+j XE3 dx = Aln|x—=3+ BIn|x+3+c

From partial fractions we calculate the values A = % andB=- %

dx _ 1 1 X-3
:>IX2_9 :gln|x—3|—gln|x+ﬂ+czlne/ 3 tc

|_Exercise5.7 |

Use the method of substitution along with partid fractions to evaluate each of the
following integrals.

J-xz—x—zdx

X dx 2 5
X +X—-2

4x+1
X+5 -[

X2 —3x+2
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X2+ 4 3x+5
| dx 5 jx+2 dx
X X3 1
" g™ erea™ 0 e
x?+2x-3

0 e g

FXE] Integration by parts

The product rule for differentiation is
S (0900)=9(x 5 F (3 1 ()5 a()

Thisform cannot be expressed as % f'(x).
X

Hence, it cannot be integrated by the method of substitution.

Integration by partsis a method which is a counter part of the product rule of
differentiation.

Integrating both sides of the above expressions gives,

[ (£ (000)ax= Jo(£ 1 (ax+ [ 1(x)5a (x)ex

= f(x).0(x)= J.g(x)% f (x)dx+_[ i (x)%g(x)dx
:If(x)%g (x)dx= f(x).g(x)—_[g(x)&f(x)dx.

ACTIVITY § 5

1 Differentiate each of the following expressons with respect to x. \
a Xxlnx-x+4 b xe&-¢e-7
C  Xcosx- cosx+5 d € (sinx+cosx)
e Xlnx-x
2 Using the result of problem 1 above, evaluate each of the following integrals.
a Ilnxdx b Ixexdx c Ixsinxdx
d Iexsinxdx e lenxdx

3  Supposeyou want to eval uaej x?sin x dx , which method are you going to apply?
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Let uand v be functions of xi.e.u=u (xX) and v=v (X).

N _
dx dx dx dx

W e 19 (e (v o [u ae e fu
:ju&dX— I&(uv)dx Iv&dx :>Judx dx= uv -[de dx

In short, judv: uv—jvdu

In this method, you should be able to choose “parts’ u and dv.
Evaluate jxeX dx

Here xe“ = u dv.
Now, decide which part should be u and which part should be dv.
Suppose u = x and dv = €', then
% =1 and Idv: jexdx:>v:eX

:Ixexdx:uv—jvg—i dx =xex—jex dx =xe'- e+ c

Ifu=€e‘anddv=x
Then, du_ gand v=x°= jxexdx =uv- Ivd—u dx = e*, X —Ixzexdx
dx dx

This is more complex than the original integral. Hence, it is sometimes helpful to
consider u to be the polynomial factor.

In the expression x€°, x is the polynomial factor.
Evaluate Iln X dx.
InInx, what isthe polynomial factor?

Let u=Inxand dv=dx. Then, duzg andv=x
X

Thus, jlnx dx=x|nx—_|‘x(3 dx=xInx— Idx =xlnx-x+c

Evaluate [log,xdx

Note that log, x = In_x
In2

Hence J'Iogzxdxzj::—;dx:% In x dx :é(xlnx—xﬁc
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Ifa>0anda =1,

Ilog xdxzjm—xdx = = [n xdx
2 Ina Ina

— 1 _
—m(xlnx X)+c

Example 18 Evaluate jlog(3x+1) dx
Solution Let u=3x+ 1, then

%=3:>ldu=dx
dx 3
In(3x+1) 1 :
log(3x+1)dx = dx = I[nudu
= [log@x+Yax= [= == s |
= (ulnu-u)+c
3In10
1 .
= 3x+1)In(3x+1)-(3x+1))+cC
Szo (X Din(3x+1) - (3x+ 1)
1

= m((3x+1)ln(3x+1)—3x—1)+c

Example 19 Evauate Ixsin x dx

Solution u=x=du=dx

%:sinx:w:—cosx = Ixsinxdx: — X COS X —I—cosxdx
X

=—XC0SX+8nx+c
Example 20 Evauate lenxdx

2
Solution u="1Inx :duzlanddvzx :>sz7
X

2 2
- jxlnxdx=x7|nx— X?ldx
X
2 2 2
X—Inx—l .[xdx:X—Inx —1 x + C
2 2 2 2 2
X
2

N

1,
—Inx -= x°+c.
4

230




Unit 5 Introduction to Integral Calculus

Can you assumeu =xand dv=Inx?
If you set u =X, then du=dx and dv=Inxdx
= v=XxInx-x

Then,jxln xdx = x(xInx-x) —I(xln X~ x) dx

=X Inx—x - lenxdx+jxdx

2
X
:>2J'xlnxdx= NG Inx—x2+7+c

:lenxdlelenx—1x2+c.
2 4

Although this gives you the correct answer, it is safer to set u asIn x.

Example 21 Eval uatef X" Inxdx; wherer isareal number different from—1.

Solution What happensif r =—1? Areyou going to use by parts?

If r =1, then, Ix’lnx dx:Im—X dx
X

By the method of substitution you have,

u=Inx :>du=ldx,
X

In'x In? x

2
dx=judu=u7+c:> T =

Inx
X

+C

Ifrz-1,then u=Inx = duzldx
X

r+l

dv=Xdx = v=

r+1
Then, Ix‘ Inxdx = uv—fvdu

r+1

I
_—
=
=
=

|
x—!
&
7\
| =
N

1
=3
x

I
+
o
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Evaluate I x?log, x dx

1
x?log., xdx = —— | x*In xdx
I O In3-[

Find jexsin X dx.

Chooseu = € and dv=snx
Then, du= € dx and v=—cosx.
:>jexsinx dx = —exoosx—j—cosx e dx= —estx+jwsx € dx
jex cosxdx hasthe same form as jexsinx dx.

Hence you apply integration by parts for a second time.
u=€e'=du=€"dxanddv=cosx=>v=snx

:>jcosxexdx: exsinx—jsin xe* dx
But jex snxdx=-¢e* cosx+jcosx € dx==-€"cos x+€e9n x—jsinxeX adx
By collecting like terms, you obtain

2jexsinxdx:—exoosx+exsinx+c
. 1 ;
:>.[exsmxdx:§ex(sm X - COSX) +C.

In the integralj f (x)g(x)dx, if f(x) is atranscendental function (exponential,

trigonometric or logarithmic function) and g(x) is a polynomial function, use the
substitution u = g (x) and dv = f (X) dx for integration by parts.

|_Exercise5.8 |

Integrate each of the following expressions with respect to x using the method of
integration by parts.

1 xe* 2  XCOSX 3 xe&*

4 X 5  4xsnx 6  €cos(2x)
7 e¥snx 8  €*sn(2x) 9  In(4x)

10 xlnx 11 € (x+2) 12 ¥sinx

13 X%In(2x) 14 xIn(nx);n>0 15 xsin(nx);n>0
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DEFINITE INTEGRALS, AREA AND THE
FUNDAMENTAL THEOREM OF CALCULUS

OPENING PROBLEM

The area under the curve of y = 5 — 2% + 4x°- X° from x :—% tox = 1% is divided into

n strips. Each strip is approximated by a rectangle of width 1 as shown by the
n

following figure.
Ay

~

[o)

Al
DA
|
|
|

~_
N
7
1
1

f(X)=%- 28k -

| :
]

4 g

b i

Figure 5.3
What isthe limit of the sum of the areas of dl the rectangles as n approaches infinity?

KRl The Area of a Region'under a Curve

From geometry, you know how to determi ne the areas of certain plane figures such as
triangles, rectangles, paralelograms; trapeziums, different regular polygons, circles or
combinations of parts of circles and polygons.

In this topic, you shall determine the area of aregion under the curve of a non-negative
function y = f (X) that is continuous on a closed interval [a, b]. You divide the region into
n stripes approximated by n rectangles of uniform width Ax,

where Ax = b-a formed by vertical linesthrough a = Xo, X1, X2, . . ., Xn = b; where
n

A=X< X1 <X <. <X =b, Xi-Xg = Xo—X1= Xz — X2 = ... =(Xn_Xn-1)= Ax
Look at Figure 5.4.
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y
fl(x)
A
\44 S
X
a=XoX1 X2 X3 Xi+/1 kﬁt
Figure 5.4

As the value of n - gets larger and larger the rectangles get thinner and thinner. i.e. the
rectangles rise up to fill in the region.

Thus, the area of the region will be the limiting value of the sum of the areas of the
rectangles. This is one of the different techniques of finding the area of aregion under a
curve.

ACTIVITY 5.6

1 Let Xo, X1, X2, - . ., X LIA, D) wWitha=Xo <X <X <...< X =h.

7 . . - p—— —
Thefinite set P = {Xo, X1, X2, . ., Xn} issaid to beapartition of [a, b].

: 11 . .
For instance {O, 22 :31 1} isapartition of [0, 1].

Find at least three different partitions of [0, 1]
2 Then - subintervasinwhich the partition P divides [a, b] are:
[Xo, Xa], [Xa1, X2], [X2, Xg], - - -, [Xn-1, %]
The length of the K™ sub interval [Xi1, X iS X« - X1
a  Divide[0, 1] into 5 - sub intervals of equal lengths
b Divide [3, 5] into 10 - sub intervals of equal lengths.
c Divide [0, 1] into n - sub intervals of equal lengths.
3 Consider the areaunder theliney = x + 1 from x = 0 to x = 1. Divide the interval

[0, 1] into n - sub intervals each of length % Figure 5.5 below shows a sketch of

theinscribed rectangle.

234



Unit 5 Introduction to Integral Calculus

y=x+1

1234 n

2=1

annn

Figure 5.5
i Find the sum of the areas of the rectangles when
a n=3 b n=>5 C n=10
ii Find the limiting value of the sum of the areas of the rectangles, asn — o
4 Repeat Problem 3, if the rectangles are circumscribed instead of being inscribed.
Look at Figure 5.6.

12

nn

3
n

SFS

Figure 5.6

Using the concept developed in the activity, consider a function f which is non-negative
and continuouson [a, b]. Then the area under the curve of y = f (X) and the x-axis between
thelinesx'= a and x = b iscalculated as follows.

Dividetheinterval [a, b] into n sub intervals

[XO’ Xl]’ [Xl’ XZ]’ [XZ’ )%]1 "y [Xn-l, Xn] ea:h Of Imgth AX = b;na
Let n rectangles each of width b-a be inscribed in the region asshown in Figure 5.7.
n
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X)

<
1]
—

a=XoX1XeX3 | X1 Xc Xn=h
Figure 5.7

Let z CJk,,,x ] suchthat f (z) isthe height of the k" rectangle.

Let AA, be the area of the K" rectangle.
Then, AA = (b;na) f(z)

Let A be the sum of the n - rectangles.

Then, Azgm = > 20(2)= (b;naj; t(z)

k=1

The area A of theregion isthe limiting value of A, whenn - co.

e A= lim A =lim2223 "1 (z,)
n-e VY &

Definition 5.3
1 The sum Z f(z)Ax is said to be the integral sum of the function f in the
k=1
interval [a, b].

2 If lim Z f(z)Ax exists and is equal to I, then | is said to be the definite
n=%i=1

b
integral of f over theinterval [a, b] and is denoted by | = ja f(x)dx. aand b are

said to be the lower and upper limits of integration, respectively.

Example 1 Find the area of the region enclosed by the graph of f (x) = »* and the
x-axis between the linesx =0 and x = 1.
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Solution

-1 0 1 2
Figure 5.8
Using the definition, calculate the area of the region as follows.

A= [ dx:[xdx—anf( ) Ax

- k-1Y?
WhHGAX—%-% dzk:¥':>f(zk):(_)

= S r(a)sey ()L Sy

k=1

ni[0+1+22+32 +(n—1)2}

1 (n=1)(n)(2(n-1)+)

= i[Zne‘ -3n*+n]

Theorem 5.2  Estimate of the definite integral
If the function f is continuous on [a, b], then limf (z)Ax exists.

That is, the definiteintegral [ f (x) dx. exists.

Example 2. Show that jfsinxdx exists.

Solution f (X) = sin x iscontinuous on [O, ]—27}

Thus, by the above theorem, the definite integral exists.
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21
Show thatj —dx doesn't exig.
_lX
f(x) = X isdiscontinuous a x = 0.
X

2] .
— f isnot continuouson[-1, 2] :>J._l;dx doesn't exist.

1 Estimate the area of the region bounded by the graph of f (x) = x¢ and the x-axis
between the linesx = 1 and x = 2, by dividing the interval [1, 2] into

a 5- aubintervals b 10 - sub intervals
c n - b interval, of equal lengths.

2 Using the definition of areaunder a curve, determine the area of the region enclosed
by the curvey = f (X) and the x-axis between the lines x = a and x = b, when

a f(x=3x-1a=1,b=3 b f(X)=x5a=1b=2

c f(X)=xX-4xa=0b=4 d f(X)=xX-2x+1; a=0,b=2,
3 In each of the following determine whether or not the integra of the function

existson the given interval.

f()=tanx| - T b f(x) = | - ﬂ
a x) anx{ 4,4} x) cosx{ n,2
© f(x)=|x;[-31] d f(x)= sz_l;[—z, 2]
2X x+1
e f(x):xz—_g;[—4,4] f f(x):X2_4;[—L1]
4 Using the definition, evaluate each of the following definite integrals.
a I154dx b I:'xdx c I_ll(x2+1)dx
11 i 4
d I-1? dx e I_lx dx

5  Evaluate I 2 sinxdx. What is this definite integral representing?
2

6 Usngthefact )¢ =< showthat | f(x)ax= f(g)ds
x=1 s=1

7 In Figure 5.9, the area A of the region is equa to
A=A +A

Use this fact to explain I:f(x)dx=I:f(x)dx+ICb f(X)dx.
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y=f®X

As Az

a b

Figure 5.9

¥ Fundamental Theorem of Calculus

Fundamental Theorem of calculus is the statement which asserts that differentiation and
integration are inverse operations of each other. To understand this, let-f be a function
continuous on [a, b]. If you first integrate f and then differentiate the result you can
retrieve back the original function f. The next theorem allows you to evaluate the
definite integral by using the anti derivative of the function to be integrated.

Theorem 5.3 Fundamental theorem of calculus
If f is continuous on the closed interval [a, b] and F is an anti derivative (or indefinite

integral) of f.
That is, F'(x) = f(x) for all x Cfal b], then j: f (X)dx = F(b)- F(a)

4
Example 4 Evaluate L x dx

Solution Thisvaueis calculated using the definition of definite integrals.
Here you use the fundamental theorem of calculus.
The indefinite integral,

2

Observe that evaluating the definiteiintegral using the integral sum is lengthy and
complicated as compared to using the fundamental theorem of calculus.

In evaluating F (b) - F (&), the constant of integration cancels out.

F(X) :IXdXz§+C:>I14XdX= |:(4)_|:(1):[4_22+Cj_(1_22+cj=§

b
Therefore, you write F(X) ato mean F (b) - F (a)
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Example 5 Evaluatejf(x3 + x+1) dx

4 2 2
Solution Is(x3+x+1)dxzx_+x_+x|3: §+3_+3 _ 14.14.1
1 4 2 ! 4 2 4 2

=8_1+g+3_1_1_1:@+§+2:26 ;
4 2 4 2 4 2

Example 6 Evauate ﬁsinxdx
6

n
Solution _[;jsinxdx:—cosx
B

sl ne e

olyw|y

Example 7 Find the area of the region bounded by the arc of the sine function
between x=0and x= 7.

Solution The area A of this region identified to be the value of the definite integral

J'nsin x dx.
0
— A= j”sin xdx = —cosx|” = -[cos - cos0] = -[-1-1] =2
0 0
My
1
X
7\/277
_1 .
Figure 5.10
/ 0
Example 8 Evaluate I_lexdx
Solution IO e“dx = € % =eO_e—1=1_}=e__1
- " (] e e

Exatmplé 9" Evaluate .[:In xax

e e
Solution Llnxdx=xlnx—x 1= elne-e-(1xInl-1)=e-e-(0-1)=1
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Properties of the definite integral

ACTIVITY 5.7

Letf()=x2andg (x) =1-1.
X
1 Evaluate each of the following definite integrals.

4l Ls(f(x)+g(x))dx b _[_Szf(x)dx
c j:f(x)dx+j13f(x)dx d j:'f(x)dx

8 4 10 10
e 4j_2f(x)dx f jlg(x)dx+j4 g(x)dx—j1 g (x) dx
2  Letfand g be continuous functions on the closed interval [a, b] and k [CIRI.
a  Evaluae j x) dx b  Express j: f (X) dxin terms of Lb f (x) dx

c In the indefinite integral you learned that

j(f(x)ig(x))dx=j dx+jg dxandjkf X)dx = kj
Does this property hold true for definite integrals? Justify your answer by
producing examples.

n k n
d  Youdso learned that Za -Za + Y a, for 1<k<n. Doesthe equality

i=k+1

j:f( x)d :j x+j x)dx for a< c<b hold true?
. d d d
In diff I hat — il
e n differential calculus you saw that dX(f(x)g(x));ltdxf( )dxg( X).

Give an example to show that j: f(x)0(x)dx # j: f(x) deLl g(x) dx

b
f(x)dx
Show that jbf(x)d ¢I ( ) by producing examples.
2 g(x) j g(x)dx

Properties of the definite Integral

If f and g are continuous on [a, b], k [IRJand ¢ [falb] then

1 ["fax=0 2 [Tfgdx=—[ f(x)ax
3 j:(f(x)ig(x))dx=j:f(x)dxij:g(x)dx
4 [Pregax=[ Fegax+ [ f(9ax 5 [ K ax=k| f(x)ax
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Example 10 Evaluate each of the following integrals using the above properties.

a Is(x3+1)dx b I,Eénxdx c jj(x—%}zdx
f X +3X
.[1 2 J-‘/—X +]_dX € J.—lle” v dx
Solution

a  ByProperty 1, J.;(xg‘ +1) dx =0
b By Property 2,

Vs
v . e -
_[,,s;nxdxz—_[“snxdx:cosx
— n
4

B N

T
= COSZ —Ccosmt

N\ﬁ
S

+1

_(_1):

C By Property 3 and Property 5,

(o2

3
:szz dx—ZJ'Zldx+_|'2i4dx=X— 2= 2Injx|*-—
1 1 x 1 X 3|1 X |1
(8 1) 2[In2-1n1]- 13 ¥
3 3 32°) 3
L oz L2 o2
3 24
d By Property 4,
V2. X (5 X
.[1 2 J-‘/—X +1dX—J-1 X2+1dx

=%In‘x2 +]c

=L (n26-1n2)=tin13.
2 2

3X 1
e jl € ¥ dx= jl e dxe’ S
da = 3|-1

j_llef’”x dx = j_lle"esx dx= e j_lleBX ax=e'e| =

3 3 77-3
—e[eg egj © (€°-1).
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Change of variable

In evaluating the indefinite integral j x) dx = F (), the methods you have been using
are: substitution, partial fractions and mtegration by parts.

In the substitution method, the composition function fog is the anti-derivative of (fog).g".

=" (9(¥).9'(9 dx=F (g(b)) - F (9(a))

To evaluate the definite integral by the method of subgtitution, you transform the
integrand as well as the limits of integration.

For this process you have the following theorem.

Theorem 5.4  Change of variables

If the function f is continuous on a closed interval [c, d], the subgtitution function
u =g(x) isdifferentiable on [a, b] with g(a) = c and g(b) = d, then

[ (909)-g09a= [ f (W

ACTIVITY 5 8

1 If —1<x<2, find theintervals of values for u, when

a u=3x-1 b u=+x+1 C

d u=l-xJx*-1 e u=xt-x-2

2 IfJ'\/XTd—J' , find the values of ¢ and d in terms of a and b.

3 Evaluate L (2x+1)v/x* + x— 2 dx using the method of substitution.
2 2
Example 11 Evaluatethe integral L xe*dx

Solution Using integration by substitution,

Uz x2%=2x:> %du=xdx
X

Asx variesfrom 1t02, u=g (x) variesfromg (1) = 1to g (2) = 2° = 4.

%(e“—e)

4

szexz dx:%j:e“ du :%e” 1 =
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Evaluate the integral I _13 Xy 2x% +5dx.

Here, u=g(X) = 2 +5, g (—=3) = 2(—3)* + 5 =23,
g(1) =2(1)*+5=7
d—u:i(2x2+5):4x :>1du:xdx
dx dx 4

7
3

2
[ /2@ +s =7 Judu=7| % | =%(747-23/23).
-3 42 4 3 6
2 23
Evaluate _[05 cos’xsin xdx
The derivative of cosx is—snx which is afactor of the integrand.
Hence, u=g(x) = cosx.
= —du=sinxdx

J'O% cos® xsin xdx = —J'gg([oi);] uldu= —Eug’ du = > i

Exercise 5.10 |

In exercises 1-15 evaluate each of the following definite integrals using the
fundamental theorem of calculus. In the exercises, a, b and n [N.

1 jide 2 j:dx 3 j_i—xdx
4 J'lzxsdx 5 J':x"dx 6 J':(x3+5x2—1)dx
7 J'IZ\/ZX—ldx 8 I:23‘de 9 jogsinzxdx
1 9 /.
10 ;;dx 11 ﬁ e 12 jfsn(x2+3) dx
13 jg Xsin xdx 4 jjxlnxdx 15 .[132)(%)(_1
2

In exercises 16 — 25, evauate each of the following definite integrals using change of
variables.

16 J‘_llﬁdx 17 [Haxd’a 18 [ xeT x
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19 jlzxz(x3—3)5dx 20 jjf/g 21 joz(x—Z)Jledx
22 jj;;fldx 23 Ii)@)i—;l—sdx 24 j_llitldt

1 et
25 J—11+ex dx

2
26 Youknow that.[i2 dx = 1 +c. Isf(x) integrableon[ -2, 2]?If so, find I 2x_12 dx.
X X -
27 Let f bean even function whichis continuousin [-a, a] for any real number a.

Then, show that_[ dx 2_[ dx Usej cosx dx to verify your work.

28 If fisan odd function that is continuouson| -a, a], for any real number a then
show that j f(x)dx=0

Verify your conclusion by computing the following integrals

a (R b [2,sinxc
2

o

jl 2X dx
X +1

APPLICATIONS OF INTEGRAL CALCULUS

In this section, you shall see some of the mathematical and physical applications of
integral calculus. In the mathematical application you calculate the area of a region
bounded by curves of continuous functions defined on a closed interval [a , b] and the
volume of a solid of revolution.

In the physical applications, you calculate the work done by a variable force along a
straight line, acceleration, velocity-and displacement.

The Area Between Two Curves

You calculated the area of some regions under the graphs of a non-negative function f

on [a, b}, when the definite integral f: f (x) dx was defined. However the focus was to

evaluate the integral rather than to calculate area. Here, you use this concept of areain
order to determine the area of a region whose upper and lower boundaries are graphs of
continuous functions on a given closed interval [a , b].
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ACTIVITY § O

Using the definition of the definite integral, calculate the area of £
the region bounded by the graph of ‘

a y=xandthex-axisbetweenx =0and x = 1.
b y=x*+1and the x-axis between x = 0 and x = 1.

Using the results from problem 1, and your knowledge of the area of a shaded part,
find the area of the region bounded by the graphs of f (X) = * + 1 and g (X) = X
between x =0 and x = 1.

We extend the problems of the Activity to an arbitrary region enclosed by the graphs of
continuous functions.

Example 1 Find the area of the region bounded by the graph of the function

f (X) = x* - 3x + 2 and the x-axis betweenx= 0 and x = 3.

Solution Look at the graph of f between x =0.and x = 3.

246

Let As, A2 and Az be the areas of the parts of the region between x =0 and x = 1,
x=1and x=2and x=2 and x = 3, respectively.

y
- 2
2 y = X7— 8Xit
1
X
-1 0 1 2 3 i

Figure 5.11

The part of the region between x = 1 and x = 2 is below the x-axis.

2:4—§:£

:>AZ=—Ilz(x2—3x+2)dx=—[X—;—3—22+2xjl 5-6

1

:§and
o 6

3 2
Whereas, A = [ (x*-3x+2)dx = [X——%+ 2xj

3

3
A= f;(x2—3x+ 2) dx=[§—3—§+ 2xj =

2

oo
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Therefore, the area A of theregionis

11
A=A+ A+ Ag= —

6
What would have happened, if you had ssimply tried to caculate A as
— 8 2 _ 2
A—J.O(x 3x+2)dx. _
Example 2 Find the area of the region enclosed by the graph of f (x) = sin x and the

x-axis between x = - g and x =27

Solution

’T 0 7 s il 27
2

Figure 5.12
From the graph you have the area A of the region

A=-[",sinxdx+ [ "sinxax- [ “'sinxax
2

- n 21 0 0 2

=-cosX 2 ~cosxX, +cosX| ' =cosx_r +cosX +cosx
2

= c0s0 + (cos 0 — cosm) + (cos (2m) — cos(m))

=1+1-(-1)+1-(-1)=5
Example 3 Find theareaof the region bounded by the graph of f(x) = x° and the

x-axis between x = -1 and x = 1.

Solution

V %

7
-1
Figure 5.13

From the symmetry of the region, you have the area

6
Az2_[§x5dx:2[x—jl 1

6 )o 3
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Example 4 Find the area of the region bounded by the graph of f (x) = X3~ 2% + x
and the x-axis between x = -1 and x = 2.

Solution

y =X —2%¢ + X

-4
Figure 514
f(X)=x - 2¢+x=x (¢ = 2x+ 1) = x (x - 1)*

Let the area of the part of the region under the x-axis be A;.

4 3 2

1,2, 1 17 .
=-10=| =+ =+ = || = == sguare units
[ (4 3 ZH 12

Let the area of the region above the x-axis be Ay, then

0 2 )’
Then, %:—I_l(x3—2x2+x)dx=—£———+_j

-1

2
2f & 4 x* ¢ X [16 16 j 2
== (X=-2xX"+x)dX=-| ———+— | =|——-—+2|==
A=A -2t go( 35 E | (250
= The area A of theregion is
A=Ai+A=£+§=2—5
12 3 12
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2% if x<1;

Example 5 Letf(X) =
. A P

X
Find the area of the region enclosed by the graph of f and the x-axis
between x =-1and x = 2.
Solution Y ou first show that the function is continuouson [ -1, 2].
Look at the graph of fon[-1, 2]. The function is continuouson|-1, 2].

Figure 5.15
The upper part of the region is bounded by the graphs of two functions, y = 2* and

y:1+lintersectingatx:1.
X
Let A; be the area of the region between the lines x = -1 and x = 1 and A; be the
area of the region betweenthelinesx =1 and x= 2.
2xl_1[2_1j: 3 _ 3 _3

In2l-1 In2l" 2) 2In2 2In2 In4

1
Then, A = J' 2=
A :LZ(“%JCIX: x+|n|x||f =2+In2-(1+In1)=1+In2

= The areaof theregionA=A; + A, :%+ 1+In2.
n

ACTIVITY 5.10

1  Using your knowledge of shaded area, determine the area
of the region enclosed by the graphs of f (x) = x? + 4 and
g(X)=1landthelinesx=21and x=3
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ry =X +4

Figure 5.16

2 Consider the following region

y=f(
Ay X

NN b

Figure 5.17

Express the area A of the region in terms of the integral of the boundaries

y=f(x) andy=0.

Theorem 5.5
Suppose f and g are continuous functions on [a, b] with f (X) = g (X) on[a, b]. The area

A bounded by the curvesof y = f (x) and y = g (X) between thelinesx=aand x=b s
Az_f:(f (x)—g(x)) dx.

Example 6 Find theareaof the region enclosed by the curves g (x) = x*- x - 6 and
f(x)=x-3.
Solution Thefirst step isto draw the graphs of both functions using the same axes.
Y ou solve the equation f(X) = g(x) to get the intersection points of the graphs.
X - x-6=x-3
= X -2x=3=0 = (x-3)(x+1)=0= x=3orx=-1

f(X)=2g(xon[-1, 3]
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&
I
o

I
X
|
o>

|'\_,
Figure 5.18

The height of each infinitesimal rectangle within the shaded region is equal to (f (X) — g (X)).

= Theareaof theregionis
3

A=jfl((x_3)_(xz_x_6))dxz.[_31(_)(2+2.Xﬁ3)dX= _%+'x2+3x 3

='_27+9+9—[—[%1)+1+3(—1)]=9—(%+1—3} :3—32

Example 7 Find the areaof the region enclosed by the graphs of f () =4 - x* and
g(x) =6 - xbetweenthelinesx= -2 and x=3.

Solution The first step isto draw the graphs of both functions using the same
coordinate axes.

342-1. 12 3 4 56

Figure 5.19
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g(x)=f(x)on[-2, 3]
= The Areg, A:_[_32((6—x)—(4—x2))dx:J.:(xz—x+2)dx
_x P21 9, [8 4_4}:g

"3 2 |3 2 6

Xl
3 2 3 2
Example 8 Find the areaof theregion in the first quadrant which is enclosed by the
y-axis and the curves of f (x) = cosx and g (X) = sin x.
Look at the graphs of both functions.

X
-Z ¢
2

Solution
Ty
/1_f
el @
/ AN hl X
N ! Tl NN N AT
\\//_1 4 2 \\_// 2/
Figure 5.20
Thecurvesmeetatx:gmdcosxzsinxon 0, ﬂ

Therefore the required areais

© »lx

A:If(cosx—énx)dxzsinx—(—cosx)

=sin%+cosz (sm0+coso)—£+£—1 V2-1
Example 9 Findtheareaenclos;edbythegraphsoff(x)—x3 xand g (x) =¥ -1

Solution The first step is to draw both graphs.

Solve the equation
X2 - x=x* - 1to find out the intersection points of the graphs.

X - x=x—1
= X=X -x¥1=0 = x*(x=1)-(x-1)=0= (X'-1)(x-1)=0= x=+1

Figure 5.21
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Therequired areais A= J._ll(XS - x—(x2 —1)) dx= J._ll(x3 = x+1)dx

X X ]t 111 111 4
= - ! Rl [P Sy [
4 3 2 1 4 3 2 4 3 2 3
Example 10 Find the area of the region enclosed by the curves of f (x) = 2x%~ x*and
g(x) =4-x.
Solution The first step is to determine the intersection points of the graphs and
then to draw both graphs.

Thus, 2 - =4 - ¥= x*-3xX+4=0
Using the rational root test, the zerosof X - 3 + 4arex= - 1and x = 2.
y

Figure 5.22
2
-1

The required areais A= ﬁ(4— xz)—(2x2 - x3)dx:J. (x3 -3x° +4)dx
X4

X N P |
4 »1_[4 2+4(2)j [ 2 +1 4}

onea{Ll(aos-1)5

Example 11 Find the area enclosed by the graph of f(x) = |x| and the x-axis between
the vertical linesx = ~4and x = 3.

- X +4x

Solution Do you think that J._34| X |exists? Explain!

f(x) =¥ iscontinuouson -4, 3].
Ay

PN W s

54321 12 34

Figure 5.23
253
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X, if x=0

Y ou know that f (x) = {—x it x<0

3 0 3
Thus, the area, A= LI x|dx = LI X|C|X+I0 | x]ax

210

X

=J‘0(—x)dx+J‘2xdx=—7 X

2|3 —4)? 2 f

A - HEE

Example 12 Determine the area of the region enclosed by the graphs of x=- y? and
X=9 - 2y~

Solution Here the curves are opening in the negative x direction.

-4

The region is symmetrical with respect to the x-axis.
Y

3

X'= 9= A

X ==y X

—8—7—6—5—4—3—2—i)2 1 23 45 6 9

-3
Figure 5.24

You solve - y? =9 - 2y* in order to determine the intersection points of the graphs.
Thus, - Y*=9 - 2y¥= ¥y’ =9 ='y=+3
The required areais found by integrating with respect to y. [Can you see why?]
3 3
A=2[ ((9-2y)+ y?)dy= 2£9y—y€}
Example 13 Find the areaof the region enclosed by the graph of y = x* + 1 and the

$=2(27-9)=36
0

line y=5.
Solution From the graph, you seethat the liney = 5 crossesthe curvey = x* + 1 at
X=x2,
/y i
; y=X"+1
6 y:5
4
3
2
X
3-2-1p12 3 45
-1

Figure 5.25
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x* +1<5foral x [f=2,2]. Therefore, the required areais

i 8 8) 32
=8———[—8+—j=—.

A=j_22(5—(x2+1))dx=4x—§ 5 2=

-2

1 Find the area of the region enclosed by the graphs of the function f and the x-axis
from x=atox=bwhen

a f(=x;x=-3andx=2. b f(x) =12 -3¢;x= -4andx=3.
c f=x;x=-1landx=1. d f=2";x=-1landx=4.
e f(x)=|nx;x=1andx=e2. f f(x)=sinx;x=£andx=zn.
S 4 4
g f(x)=1;x=iandx=1. h f(x)=x2+4;x:—16ndx=1.
X 10 2

2 Find the area of the region enclosed by the graphs of
a f)=xadg(x=x. b f®=|{adgx =
c f(®=3¢-4andg(¥=2& d f(X)=x - 4xandg(x)= -3%.

X¥.| Volume of Revolution
OPENING PROBLEM

A hemispherical bowl of radius 5m contains some water. If the radius of the surface of
the water is 3m, what is the volume of the water?

N

//

Figure 5.26

In this section, you will ‘apply integra calculus to determine the volume of a solid by
considering cross sections. In the study of plants or animals, very thin cross sections are
prepared by scientists. During examination in a transmisson electron microscope
(TEM), the electron beam can penetrate if the diced specimen is extremely thin,
because only the electrons that pass through the specimen are recorded.
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Suppose a region rotates about a straight line as shown in Figure 5.27a below. Then a
solid figure, called a solid of revolution, will be formed [see Figure 5.27b].

y ¥
\/ a
(V)
a A region to be rotated b A salid.of revolution
(Two dimensional) (Three dimensional)
Figure 5.27

ACTIVITY 5.11

Identify the type of the solid so formed when the given region
rotates about the x-axis.

1  Theregion bounded by the liney = 1 and the x-axis between x = 0 and x = 5;
2 Theregion bounded by the liney = x and the x-axis between x =0 and x = 1;
3  Thesemicirdex*+y*=1; 0 <y<1 andthex-axisbetweenx= -1 and x = 1;
4 Theregion between theliney = x + 1 and the x-axis between x = 0 and x = 3;

5  Theregion bounded by y=v4-x and the x-axis between x = -2 and x= - 1.

From the above activity, you have seen different solids formed by rotating an area about
aline. In general, a solid of revolution is a three dimensional ‘object formed by rotating
an area about a straight line. The next task isto find the volume of such a solid.

The volume of asolid of revolutionis said to beavolume of revolution. Theline
about which the arearotatesis an axis of symmetry.

Now, consider the following solid of revolution generated by revolving the region
between the curve y = f (x) and the x —axisfrom x=ato x=h.

(, 1))

v

Cross section

Figure 5.28

Every cross section which is perpendicular to the x-axis at x isacircular region with
radius, r = f (x). Thus, the area of the cross section isTir? = 1 (f (X))?
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How to determine the volume of a solid of revolution

Divide the solid of revolution into n equaly spaced cross sections which are
perpendicular to the axis of rotation [See Figure 5.29].

wfTh -
TTRAS —

Figure 5.29 Figure 5.30
As the cuts get close enough, then the sections so obtained will approximately bea
cylindrical solid asin Figure 5.30.
Let Vk be the volume of the k™ sections, then
Vi = mir*h, wherer = f (%) and h = Ax
= Vi = Tt (f (%)% Ax
Let AV be the sum of the volumes of the n sections.

Then, AV=Y"v, .
k=1

=|

The volume V of the solid of revolutionis
V= lim AV =lim >V, =lim > (1 (%)) ax= [ (1 () o
X n-«ia n-«ia ¥

Example 14 Find the volume generated when the area bounded by the liney = x and
the x-axisfrom x=10to x = 3 isrotated about the x-axis.

Solution
y y
y=x
X
x 0
\V)

a Rotating the region about the x — axis b The solid of revolution is a right
gives the'solid as' shown in the figure'on circular cone with radius and height
the right. Using the definite integral the each 3 units long.
volume. V. is determined as follows

b Figure 5.31
3 3
X

Y, :/TI;XZdXZ— =97
3 0

; . 1
Check that you arrive a the same result, if you useV = éﬂl’ *hfor the volume of the cone.

257



Mathematics Grade 12

Example 15 Find the volume of the solid generated by revolving the region bounded by
the graph of y = x? and the x-axis between x = 0 and x = 1 ebout the x-axis.

Solution
h y b y
y= xZ 1
x
x 0
| \
a The region to be rotated b The'solid of revolution
Figure 5.32
5

3 2 X m
\Y =/Tj (xz) dx="=-'==
0 Slo 5

Example 16 The areabounded by the graph of y= x®+ 1 and the line y = 4 rotates
about the y-axis, find the volume of the solid generated.

R

Solution

1
x: ] X

of
a The regionbeing rotated about the y= axis. b The solid of revolution

Figure 5.33

y=xX+1= X=+ JJy—1:Here, you have horizontal cross sections.
" i 4 2 _ 4 . _ yz_ 4_ 16_ ~ 1_ _9
V—_/Tj.l(\/y—l)dx—irjl(y—l)dy—ﬂ[7 yjl—ﬂ[7 4) (E 1)_5”

Example 17 Find the volume of the solid of revolution about the x-axis, when the region

enclosed by y = € — 1 and the x-axis from x = In(%) to X = In (2) rotates.
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Solution  In (%) = ~In()

y X
v=e -1

-In2 lnEU = —t:aﬁ

-1

a The region to be rotated b The/solid of revolution

In(2) X _
I In(2) ( )
2X

(())( e - 2e* +1)dx ﬂ[ez

=In(2

2In2 e—2|n2
2e'”2+ln2—[ -2en2 InZJ
2
[2 4+In2- ——1—In2D
7 9
=7 —2+In2—[———|n2} =n[—2+2ln2+—j=[2ln2——jn
8 8 8

Example 18 Using the volume of ‘a solid of revolution, show that the volume of a

Figure 5.34

In2

=In2

-2ef+ XJ

sphere of radiusr is gﬂr3. .

Solution In Activity 5.11 you should have seen that a sphere of radius r is
generated when the semicircular region x* + y? < r%; 0 < y < r revolves
around the x-axis.

A F ¥ 4

¥ - &
' T
P [\ N
-1 0 r U_x' -r 0 r x:

r -r

T

a The semicjrcular region to be rotated b A sphere of radius r

Figure 5.35

259



Mathematics Grade 12

¥+y=r2;0sysr = y=+r2-x°

The volume

R T

-r

s e e

Example 19 Find the volume of water in a spherical bowl of radius5 m, if its
maximum depth is2 m.

Solution From Figure 5.36, you can determine the radius of the surface of the
water whichis4 m.

Figure.5.36

The hemisphere can be generated by the quarter of the circular region.

X +y*=25;0<x<5and ~5< y< 0 revolving about the y-axis.

Figure 5.37 b

The volume of the water = /TJ'__SS(\/ZSI— y? )zdy = /TJ.:53(25— y?) dy

for g imfoor () 5]

5—211 cm’.
3
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Example 20 Find the volume of the solid of revolution about the y-axis generated by
revolving the region enclosed by the curve x = \/§ and the y-axis from

y=0toy=4.
. Y 2 (Y4
Solution V—/TJ'O(\N) dy—ﬂjoydy—ﬂ[7jo—8ﬂ
Ay y
&«
S
* x
0 ! of g
a The region to rotated about the y — axis b The solid of revolition

Figure 5.38 /

Example 21 If the region bounded by the curvey = x and the liney = 4. rotates about
the x-axis, find the volume of the solid of revolution.

Solution Thefirst step isto determine the intersection points of the line and the
curve and then sketch both graphs together.

=4 = xX==%2

2 ‘y
y x%
y=4

—
I

/'

-

a The'region to be rotated about the X —axis b The solid of revolution

Figure 5.39

The solid of revolutionisacylinder that has a vacant space generated by the area
bounded by y = x*‘and the x-axis from x = -2 to x = 2.

Let V; be the volume of vacant space.
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ThenV, = /TJ._ZZ(XZ )2 dx= %

° 1, 32 [ 32} 64
= —=| —— =—7
-2 5 5 5

Let V> be the volume of the cylinder, then

V, = 7[° 4%dx =167 x
2 -2

2 =167 (2-(-2)) = 647

Thus, the volume V of the required solid is

V:VZ—V1:64H—% = 2556”

Observe that
V=V,-V, = ﬂj_z242dx—ﬂj_22(x2)2 dx = ﬂj_zz(42 —(xz)z)dx
= /TJ.__ZZ(42 - x“) dx = ]TI__: (16— x“) dx = ﬂj_2216dx— ITI_ZZ x* dx

5
onX| :n(32+32)—n(§+§j
-2 512 5 5
:64”—% ”:@
5 5
From the above observation, can you see how to ca culate the volume of a solid of

revolution generated by an area enclosed by two curves?

=7TXx16X

Consider the region enclosed by the curvesy =f (X) and y = g (X) betweenx=a and x=b.
Y ) ’
Y %’ o0

A

a The region enclosed by two curves b The solid of revolution

Figure 5.40

Using the concept seen in Example 21, you have the volume V of the solid of revolution
to be

V= ITJ.:(( f())" - (g(x))z) dx
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Example 22 Find the volume of solid of revolution about the x-axis generated by
revolving the area between the linesy = xandy =4 fromx=1tox= 3.

Solution
‘ A y
4
Y y %
4 y = 4
0
x
1 2 3 4 l l
a The region to be rotated b The’solid of revolytion

Figure 5.41

Using theformula V = ]Tj:(( f (x))2 - (g(x))z_) ; you have

V=ITJ.13(42—X2)dX=IT[16X—X—33j £ 70

3= (a8-oyr-[16-1
i= (48-9)r [16 3)

Example 23 If the region enclosed by the graphs of f (x) = x and g (x) = x? from

x = 0 to x = 1 rotates about the x-axis. Find the volume of the solid of
revolution.

Solution

~
|

Figure 5.42
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Work done by a variable force

The work done by aforce F through a displacement from x; to x; is
I:Z |F|dx
Find the work done when a particle is moved through a displacement. of 10m

along a smooth horizontal surface by aforce F of magnitude [9 T % xj N.

Where x is the displacement of the particle from itsinitial position, in metres.

10 2g99-10 g5
0 4

2
Work done = [ |F|dx= j:o(g—%xjdx: 9x—X7

Motion of a particle in a straight line
Suppose a particle P moves along a straight line X 'with O asits initia point.

The velocity v isthe rate at which the displacement s increases with respect to time't.
ds _ /
=>Vv= E: Ivdt—fds :>s—fvdt
The acceleration a isthe rate at which the velocity increases with respect to time't.
_av _ Y
:a—azjadt —Idv Y F Iadt

Suppose a particle P moves along astraight line OX with an acceleration of
3.5t. When't = 2 sec, P has adisplacement of 10 m from O and a velocity of
15 my/sec. Find the velocity v.and the displacement whent = 5 sec.

Using the given information you have,

35 35,2
V:Iadt:j35tdt:7t2+c Butv(2)215:15:7(2) +C = c=8.
SN
4

Also, s= Ivdt:s:IGtHdet = £t3+8t+c
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But s(2) = 10 =10 :é(z)3 +8(2) +c

32
—c=-2 s Lpag-2
3 12 3

Therefore, whent =5,
. T ,\2
a theveocity, v= 2(5) +8=51.75 m/sec

b thedisplacement, s:é(S)S +8(5)—3—32 =102.25m

Find the volume of the solid of revolution about the x-axis generated by revolving the
region enclosed by the given function, the x -axis and the vertical lines.

a y=2x; x=0andx=1 b y=xX+1;x=-landx=2

c y=€;x=landx=2 d y:sinx;x:gandx:g

e y=|¥;x=-3andx=1 f y=2";x=-2andx=3

g y=x;x=-landx=2

Find the volume of the solid of revolution about the x-axis generated by revolving
the region enclosed by the graphs of the given functions.

a f()=4x—xadg(x)=3

b f(x)=xadg(x)=x

o

f(X)=dnxandg (x) =cosxfromx=0tox=

N

d  f=x,90) =X fromx=-2tox=2
Using the volume of revolution, prove that the volume of afrustum of aright
circular cone of radii Rand r and height h is%h(R2 +rR+12).

A particle P garts from apoint A with velocity 4 m/sec. If it ismoving along a
straight line AB with an acceleration of —1.5t2 at atime t seconds, find

a  theacceleration b  thevelocity and
c the displacement after ten seconds
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Bl Key Terms

acceleration differentiation partial fraction

anti derivative displacement substitution

area fundamental theorem velocity

by parts indefinite integral volume of revolution
definite integral integration work done by force

[l summary

266

Anti derivative or Indefinite integral
Let f (X) be afunction, then
v" F(x) issaid to be an antiderivative of f (X) if F'(xX) = f ().
v' Theset of antiderivatives of f (x) is said to be the indefinite integral of f (x).
v Theindefinite integral of f (x) is denoted by j f (x) dx
v If F (x) and G (x) are anti derivatives of f (x), then the difference between
F () and G (X) is a constant.
The Integral of Some Functions
The Integral of power functions

r+1 1

i [Xax=Z—sgrz-L i Ifr=-1then [Sdx=In[x+c
r+1 X

iii Ib(rdx=ijrdx

The Integral of trigonometric functions

i _[cosxdx=sinx+c ii _[sinxdx=—oosx+c

iii Iseczdx=tanx+c iv Isecxtanxdx=secx+c

v Itanxdx=—|n|cosx|+c Vi _[cscxcotxdxz—cscx+c

jcsczxdxz -cotx+c

The Integral of exponential functions

X

[ Ie"dx=e"+c ii jaxdxz 2 g a>0adazl
Ina
The integral of logarithmic functions
i [Inxdx=xInx-x+c i _[Iogaxdxzi(xlnx—x)m
Ina

The Integral of a sum or difference of functions
i ka(x)dxz kj f (x)dx i j(f(x)ig(x)dx) =j f(x)dxtjg(x)dx
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Techniques of Integration

Integration by substitution

J'f( x) dx = J' u) du; where u = g(x).

i jf(x)f()dx (()) i

Integration by parts
,[ du _ du
u—=uv- |v—
dx dx

Fundamental Theorem of Calculus

If f(X) = F '(x), then jb f(x)dx = F(b)- F(a)

Properties of definite integrals

[Tk fdx=k] f (9

() g =
J'de—ln“ (x)[+c

i [(F9£g0)dx=[ () axx [ g(x)cx

i 1ff (x) >00n[a b], then j:f(x)dxzo

v () ax==] " (x) o

v j:f(x)dx:o

\Y

L If u=g00), ] f(909) g ek= [

Applications of the definite integral

\Y

J'bf xdx:J'C dx+j dxa<c<b
g(b)

f (u)du

[ The area A bounded by two continuous curvesy =f (x) and y = g (X) on

[a b] withf () > g (x) [x[Talb] is
A:j:(f(x)—g(x))dx

ii The volume V of a solid of revolution generated by revolving the region
bounded by y = f (x) and y = g (x) with f (X) = g(x) [xX{a b] about the

X-axisis

V=] ((1(9) ~(9(¥)) e
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[l Review Exercises on Unit 5

In exercises 1 — 60, integrate the expression with respect to x.

1

13
17

21

25

29

33

37

41

45

49

53

268

}x 2
X’ 6
2x 3 10
tan (3x—4) 14
(¢-1)3 18
X (x2+4f 22
sin™(x) cosx 26
x| x| 30
E{g 34
Jx
gosx 38
3+sinXx
XeX2 42
4
( X+ 3)2 46
cosxe"* 50
3X
54
X2 -1
4
x2(x+1)°" 58

2X+5

N w

2
X_g
X 0¢ + 1)
(x+ 1)(C +
2x + 5)*
X
X2 -2x-3
3X+1
51— 4x

6+ X

2x+1

4x2+x+1

=
—ZCOS =
X X

2x2+1

(x+1)"(x+3)

3

11
15

19

23

27

31

35

39

43

47

X2 —3X+2

Ix+x
x 3/x

2X 2x/1+ 2%

sac?x
Jx
e;

X2

(2x+ 1)(¢ + x
+ 3)10

51 ( 1+ 2¢€")?

55 (x-2)(x+1)

X

X +1
X’ (x-4)

12
16

20

24

28

32

36

40

44

48

52

56

60

3x°

4 1 .
X3+ XX~ +X
2X

4*—gin x

(3x+5)*
1
x*-16

xlog Vx* +1
x sin (3x%)

(1+2Y

(=) ()

sin X
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In exercises 61 — 85 evauate the definite integral.

61 | :dx 62 :114dx 63 | ;(x—5) dx
64 [ 6 65 | eax 66 [ xdx
67 | ;Sde 68 | 18 & 69 | 13& (1— 3 dx
70 J‘_lle”SdX 71 I:32X+5dx 72 Ii 222dx
2
nofde o [lese)e o fes
76 :’X—J’:de 77 [ x/+1ax 78 Ilgf/fdx
X
b/d T . t
79 Ig cos(5x) dx 80 | %2 sinxcosxdx 81 J'ol e
82 joﬂ4f20);x dx 83 J'_lz(x+1)\/x+2dx 84 Lox(8x2 —1)6 dx

2 2x-3
RN o

In exercises 86 — 97 find the area of the region bounded by the graph of f, the x-axis
and thelinesx=aand x=h.

86 fX)=4,a=-1,b=2 87 f(¥=3xa=-3,b=-1

88 f(x)=3x+1;a=0,b=3 89 f(x)=2¢+1;a=0,b=3
1

90 f()=1-4¢; a=-1,b=1 91 f(x)=x3;a=—§,b=2

92 f=¢:a=-1b=4 03 f(=—2_:a=-1p=3
X=€;a=-1,b= 1 >
1 1 1

94 f(x)=Jx+——:a==,b=4 95 f(X)=Inx;a==,b=e
e ) =

96 f(x) = X-25x+6;a=-2b=3 97 f(X)=[¥-1];a=-3 b=2
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98 Find each of the following shaded areas.

y
5
(5.4)
4 o
3
2
! X
432 -1 | 1 2 3 4 5
4,-1)
a b
1Y
, . | y=3
|EEEREEnE]
o
| L
_9-1.52 _} 1 152 2
c
Figure 5.43
99  Find the area of the region enclosed by
a f(x)=x,y—}andy=4 b f(x)=4—x%and g (X) =3x.
X

100 Find the volume of the solid generated when the region enclosed by the x-axis and
the given curves and lines is rotated about the x-axis.

a y=4x— 3 b y=x+1;x=-1,x=2
101 Find the volume of the solid generated when the region bounded by y = 3x and
y = + 2 rotates about the x-axis.

102 Find the volume of the solid of revolution generated when the region enclosed by the
curvey = €, they-axis and the line y = e rotates about the y-axis.
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THREE DIMENSIONAL
GEOMETRY AND VECTORS IN
SPACE

Unit Outcomes:

After completing this unit, you should be able to:

>
»>

»>

»

know methods and procedures for setting up coordinate systemsin space.
know basic facts about coordinates and their use in determining geometric
concepts in space.

apply facts and principles about coordinates in space to solve related
problems.

know specific facts about vectors in space.

COORDINATE AXES AND COORDINATE PLANES IN SPACE
COORDINATES OF A POINT IN SPACE

DISTANCE BETWEEN TWO POINTS IN SPACE

MIDPOINT OF A LINE SEGMENT IN SPACE

EQUATION OF SPHERE

VECTORS IN SPACE

Key terms

Summary

Review Exercises
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INTRODUCTION

In this unit, you will be introduced to the coordinate system in space which is an extension
of the coordinate system on the plane that you are already familiar with. Thus, the unit
begins with a short revision of the coordinate plane and then introduces the three
dimensional coordinate system. You will learn how the three dimensional coordinates are -
used to find distance between two points, the midpoint of a line segment in space and also
how they are used to derive the equation of a sphere. Finally, you will see how three
dimensional coordinates can be applied to the study of vectors in space. '

Each topic in this unit is preceded by a few activities and you are expected to attempt every

activity. Attempting all the exercises at the end of each section will also help you progress
with confidence. ’

OPENING PROBLEM

Two airplanes took off from the same airport at the same time. One was heading north
with a ground speed of 600km/hr and the second heading east with a ground speed of
700km/hr. If the flight level of the one heading north is 10km and that of heading east
is 12km,what is the direct distance between the two airplanes exactly one hour after
takeoff?

COORDINATE AXES AND'COORDINATE
PLANES IN SPACE

Recall that you set up a rectangular coordinate system on a plane by using two straight lines
that are perpendicular to each other at a point O. One of the lines, called the x-axis, is made
horizontal and the second line, called the y-axis is made vertical. Then using these two axes
you associate each point P of the plane with a unique ordered pair of real numbers written

as (x, y).
y
; j ------------- ? P(XI y)
] I_i X
(@)

Figure 6.1
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ACTIVITY6. 1

1 Plot each of the following points on the xy-coordinate plane.

a P(23) b Q-3 3) ¢ R0O,-4)
31 3 5
d -2 -3) e T[—Z,Ej f U[E,—Ej

2 By naming the vertical axis on the plane z and the horizontal axis y, plot the
following points.
a A_2,4) b B(-2,3) c C(-3,-4)
This association of the points of the plane and ordered pairs of real numbers is'a one- to-
one correspondence.

The rectangular coordinate system is extended to three.dimensional spaces as follows.
Consider a fixed point O in space and three lines that are:mutually perpendicular at the
point O. The point O is called the origin; the three lines are now called the x-axis, the
y-axis and the z-axis. It is common to have the x and the y-axes on a horizontal plane
and the z-axis vertical or perpendicular to the plane containing’ the x and the y-axes at
the point O as shown in Figure 6.2a below. The directions of the axes are based on the
right hand rule shown in Figure 6.2b below.

Right-handed

b
Figure 6.2

The plane determlned by the x and-the y-axes is called the xy-plane, the plane determined
by the x and the zaxes is called the xz-plane and the plane determined by the y and the z
axes is called the yz-plane. These three coordinate planes, which intersect at the origin,
may be visualized as the floor of a room and two adjacent walls of that room, where the
floor represents the xy-plane, the two walls corresponding to xz and yz-planes that
intersect on the z-axis and the corner of the room corresponding to the origin.

Commonly, the positive direction of the x-axis is coming out of the page towards the
reader; the positive y direction is to the right and the positive z direction is upwards.
(Opposite directions to these are negative).
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Notice that the coordinate planes partition the space into eight parts known as octants.
Octant 1 is the part of the space whose bounding edges are the three positive axes,
namely, the positive x-axis, the positive y-axis and the positive z-axis. Then octants 2, 3
and 4 are those which lie above the xy-plane in the counter clockwise order about the
z-axis. Octants 5, 6, 7 and 8 are those which lie below the xy-plane, where octant 5 is just
below octant 1 and the rest being in the counter clockwise order about the z-axis again.

COORDINATES OF A POINT IN SPACE

As indicated at the beginning of this unit, a point P on a plane is associated with a
unique ordered pair of real numbers (X, y) using two perpendicular lines known as the
x-axis and the y-axis. You also remember that x represents the directed distance. of P
from the y-axis and y represents the directed distance of P from the x-axis. For example,
if the coordinates of P are (-3, 2), it means that P is 3 units to the left of the y-axis and
2 units above the x-axis. Similarly, a point Q(4, 5) is found 4 units'to the rlght of the
y-axis and 5 units below the x-axis.

ACTIVITYG, 2

Plot each of the following points using the three axes introduced above.
a A(34)0) b B(0,3,4) c C(30/4)

Now a point P in space is located by specifying its directed distances from the three
coordinate planes. Its directed distance from the yz-plane measured along or parallel to
the x-axis is its x-coordinate. Its directed distance from the xz-plane measured along or
in the direction of the y-axis is its y-coordinate and. its directed distance measured along
or in the direction of the z-axis from the xy-plane is its z-coordinate.

The coordinates of P are therefore written as an ordered triple (X, y, 2 as shown in
Figure 6.3 below.

\Z
¢ Py 2
|
I
|
{
| 1 S
77 y
o 7

Figure 6.3
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Example 1Locate the point A(2, 4, 3) in space using the reference axes x, y and z

z z
sl -5
4 C I
v-------------!:-73
3 ot
2 AR4,3) !
b
: 3 y
SO 23 ,2/21 5
b A 2
3 4
4
X /
Figure 6.4 (Example 1) Figlre' 6.5 (Example 2)

Example 2 Locate the point B(3, -3, 3) in space using the reference axes X, y and z.
The process of locating the point B may be described ‘as follows: Start from the
origin O and move 3 units in the direction of the positive x-axis. Then‘move 3 units
in the direction of the negative y-axis and finally move 3 units up in the direction of
the positive z-axis to get point B. ’

On the same coordinate system of Example 2 above, notice that the coordmates of

point C are (0, -3, 3), the coordinates of point D are (3, —3, 0), coordinates of point F

are (0, 0, 3) and the coordinates of point O (or the origin) are (0,.0, 0).

Locating a given point in space as observed from the different examples above can be

considered as corresponding or matching a given ordered triple of real numbers (x, y, 2)

with some point P in space.(See Problems 3, 4 and 5 of Exercise 6.1.)

Using this fact, it is possible to describe some geometric figures in space by means of

equations. For example, the x-axis is the set of' all points in space whose y and z

coordinates are zero. Thus we express it as follows:

x-axis= {(x, y,2:x Yy, zER andy=z=0}

1 Locate each of the following points in space using reference axes x, y and z You
may use the same or different coordinate systems in each case.

a P@3,273) b Q(-24,73) c R@B3,-3,4
d T(2,-33) e M(@©00,-4)  f N5, —% -3)
g Q(Ol_3lo)
2 Give the equations of
a  the y-axis b the zaxis c  the xy-plane

d  the xzplane e  theyzplane
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3 Given any point P in space, draw a coordinate system and

>
>
>
>

>

drop a perpendicular line to the xy-plane.

mark the intersection point of the perpendicular line and the xy-plane by Q.
measure the distance from P to Q with a ruler and mark the same value on
the z- axis. Call it z

drop perpendicular lines to each of the x-and the y-axes from point Q and
mark the intersection points on the axes, say x and y.

the triple (x, y, z) you found in the above steps uniquely corresponds to the
point. Verify! Thus (X, y, ) are the coordinate of P in space.

4 Given any ordered triple (a, b, ¢):

>
>
>

draw a coordinate space and label each axis.

mark a on the x-axis, b on the y-axis and c on the z-axis.

From &, draw a line parallel to the y-axis and, from b, draw a line parallel to
the x-axis; find the intersection of the two lines: mark it as point R.

From point R, draw a line parallel to the z-axis, and from c, draw a line
perpendicular to the z-axis that intersects the line from R. Mark the
intersection of these two lines by point P.

The point P in space corresponds to the ordered triple (a, b, c). Verify that
there is no other point in space describing the ordered triple (a, b, c). Thus,
(a b, ¢) are the coordinates of P.

5  Can you conclude from the above two problems, Problems3 and 4, that there is a
one-to-one correspondence between the set of points in space and the set of
ordered triples of real numbers? Why? You may need to use the basic facts in
solid geometry about parallel and perpendicular lines and planes in space.

DISTANCE BETWEEN TWO POINTS IN
SPACE

OPENING PROBLEM

Assume that your classroom is a rectangular box where the floor is 8 metres long and 6
metres wide. If the distance from the floor to the ceiling (height of the room) is 3
metres, find the diagonal distance between a corner of the room on the floor and the
opposite corner on the ceiling.

After completing this section, you will see that solving this problem is a matter of
finding distance between two points in space using their coordinates.
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ACTIVITY§.3

1 Onthe coordinate plane, consider points P(xi, y1) and Q(x y2) to
be any two distinct points. Then find the distance between P and ”-
Q or the length of the line segment PQ by using the Pythagoras (
theorem.

Y1

P (X1, y1) R (X2 y)

X1 X2

Figure 6.6

2 Find the distance between the following pairs of points.
a A(34,0)and B(1,5,0) b C(0,3,4)and D(0,1,2)

c E(4,0,5) and F(1,0,1)
The same principle which you use in two dimensions can be used to find the distance
between two points in space whose coordinates are given.
First, let us consider the distance of a point P(X, Y, Z) from the origin O of the
coordinate system. (77,
From the point P(X, y,/z). let us drop perpendicular line segments to the three planes

and let us complete the rectangular box whose edges are X, y and z units long as shown
in Figure 6.7. Let itsvertices be named O, A,B,C, D, P, Q and R.

Then, to find the distance from O to point P, consider the right angled triangles OAB
and OBP.

Here notice that PB is perpendicular to the xy-plane at B, and hence it is perpendicular
to OB at B.
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D ==TPx vy 2)

X

Figure 6.7
Now as OP is the hypotenuse of the right angled trlangle OBP you know by
Pythagoras theorem that(OP) (OB) (PB)

Once again, as OB is the hypotenuse of the right angled trlangle OAB you have
(0B)*=(0A)” +(AB)".

Then substituting (OB)” by (OA)? + (AB)? in (OP) -(OB) +(If’B) you ‘obtain
(OP)? = (OA)? + (AB)? + (PB)?= X + y2 + z2

or OP= X+ y+ 727

Observe that OP is a diagonal of the rectangular box and x, y and z, in absolute value,
are the lengths of its three concurrent edges. Therefore, the distance from O to P is
now the length of the diagonal of the rectangular box which is the square root of the
sum of the squares of the lengths of the three edges of the box.

Example 1 Find the distance from the origin to.the point P(3, 4, 5).

Solution The distance from the orlgln to the point P is the length of the line
segment C OP, WhICh is

OP=.\/x+y+z \/32+42+52 = 5 /2 units
Example 2 | Find the distance from the origin to the point Q(—2, 0, 3)

Solution\0Q-= \/(—2)2 +/0%+ 3 = /13 units
Now, let P(Xl, Yis 21) and Q (x,, y,, z,) be any two points in space. To find the distance
between these two given points, you may consider a rectangular box in the coordinate

space so that the given points P and Q are its opposite vertices or WQ is its diagonal as
shown in Figure 6.8.
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QX Y2, 22) Y

@] 7
' |z -z
_________ Ll )

P (%1, Y1, 21) ! ' ;

N\ 7l V1

R U v

X
Figure 6.8

Then we see that the lengths of the three concgrrént edges of the box are given by

% =% |,|; ~ Yi|and|z, - 2.

Thus, the distance from P to Q or the length of the diagonal W} of the box, is given by
PQ = (=) # (v, - ) + (2 -2

Example3  Find the distance between the points P(L~2,3)and Q(~4,0,5)

solution  PQ= (% -x) *+(y;- %) +(-2)" = \/(—4—1)2 +(0-(-2)) +(5-3)°
=25+ 4+ 4 = /33 units

1 Find the distance between the diveri points in space.

a A(0,1,0) and B(2,0,3) b C(2,1,3) and D(4,6,10)

c E(-1,-3,6) and F(4,0,-2) d G(7,0,0) and H(0,-4,2)

e L[—l,—%,—%)and M(40-1)  f  N(7.11,12) and P(-6,-2,0)

g Q(v2,-v21) and RO,0-11)

2 Can you now solve the opening problem? Please try it.
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MIDPOINT OF A LINE SEGMENT IN SPACE

ACTIVITY6 4.

On the coordinate plane, if P(x;, y1) and Q(x,, y») are the endpoints of =% <-~"§
a line segment PQ,you know that its midpoint M has coordinates

[Xf"xz y1+yz)_

T

2 2
Q(Xz, Vz)
y
A
M
P (x, Y1)
0
Figure 6.9
1 Find the coordinates of the midpoints of the line segments with given end points
on a plane.
a A(24)and B(0,2) b C(-1,3) and D(3,-1)

E [l_ﬁ) and F [ﬁéj
4 4 4 4

2 Find the coordinates of the midpoints of the line segments with given end points
in space.
a A(24,0)and B(0,2,0) b C(-1,3,0) and D(3,-1,0)

c E[l,—g,ojand F[E,E,Oj
4 4 4 4
The coordinates of the midpoint of a line segment in space are also obtained in the same
way. That:is, the coordinates of the midpoint are obtained by taking the averages of the
respective coordinates of the endpoints of the given line segment. Thus, if P(xy, y1, z1)
and Q(X2,. Y2, ) are the end points of a line segment in space, the coordinates of its

midpoint M will be (Xlz % : le; Y : le 22jSee Figure 6.10.
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z
0\ Q(xz ¥z, 22)
M
>y
y P (x4, y1,21)
Figure 6.10 3
Example 1 Find the midpoint of the line segment with endpoints A(0, 0, 0) and
B(4, 6, 2). AN AN
Solution  The midpoint of AB will be at the point M whose coordinates-are
O+4|0+6|O+2 :(21311)' ;) I ';
2 2 2 L

That is, M(2, 3, 1) is the midpoint of AB . .

Example 2 Find the midpoint of the I.i ne segment whose endpoi-hts are P(-1, 3,-3)
and Q(1, 5, 7). :

Solution The midpoint of @ is at the point M whose coordinates are

[—1+1,3+5,—3+7j:(0,4,2).

2 2 2
So, the point M(0, 4, 2) is the midpoint of PQ.

1 Find the midpoint of the line segment whose endpoints are:
a A(,35andB(3,1,1) b P(0,-2,2)and Q (-4, 2, 4)

. C(%,&O)andD(%—Ll) d  R(0,9,0)andS 0,0, 8)

e T(-2,-3,-5)and U (-1,-1,-7) f G (6,0,0) and H (0, -4, -2)
g M [ll—l) and K[—E,O,lj
23 2 4

2 If the midpoint of a line segment is at M (2, 5, —=3) and one of its endpoints is at
R (=3, 2, 4), find the coordinates of the other endpoint.
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EQUATION OF SPHERE

ACTIVITY§.5

When the centre of a circle is at (h, k) and its radius is r, the equation - "=
of the circle is given by (x— h)? + (y— K)* = r* ‘
Here notice that C(h, K) is the centre and P(Xx, y) is any point on the circle and r is the
radius of the circle or the distance of P(x, y) from the centre C(h, k).
Now using similar notions:
1 Define a sphere whose radius is r and whose centre is at (a, b, c).
2 a  Find the equation of the sphere whose centre is at the origin, and has radius
r=2.
b If a point P(X, y, 2) is on the surface of this sphere, what is the distance of P
from the centre of the sphere?
3 If the centre of a sphere is at the origin and r is its radius, what is the distance of a
point P(3,4,0) on the surface of the sphere from the origin?
Now, let us consider a sphere whose centre is at the origin of a coordinate system and
whose radius is r. Then, if P(x, y, 2) is any-point on the surface of the sphere, the length

of OP is the radius of that sphere. In the discussion above, you have seen that the
length of OP is given by /x* + y* + _zz . Therefore, every point P(X, y, 2) on the sphere

satisfies the equationr =/x* +y* + 2° .

That means, if the centre of a sphere is at the origin of the coordinate space and r is its
radius, the equation of such a sphere is given by x* + y* + z2* = r?

Figure 6.11

Example 1 Write the equation of the sphere whose centre is at the origin and whose
radius is 3 units.
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Solution If P(X, v, 2) is any point on the sphere, its distance from the origin (the
centre) is given by d = \/m Substituting d by 3, we get the
equation of the sphere to be\/m = 3, which is equivalent to
xX+y* +72°=9.

Therefore, the equation of the sphere will be x> + y* + 22 = 9.

Now let us consider a sphere whose centre is not at the origin but at any other point
C(a, b, ¢) in space. If P(x, y, 2) is any point on the surface of the sphere, then the radius
of the sphere will be the length of CP .

That means, in this case 1 = \/(x-a)’ + (y-b)* +(z-c)’
Therefore, the equation of the sphere in this case is

(x-a)l +(y-b) + (z-cf = *

C‘ia, b, c)

Figure 6.12
Example 2 Write the equation of the sphere with centre at C(1, 2, 3) and radius 4
units. /
Solution If P(x, y,/2)is any point on the surface of the sphere, then the distance

from the centre C to the point P is given to be the radius of the sphere.
That means r = /(x=1)" +(y-2)" +(z-3)’

Substituting r by 4 and squaring both sides, you get the equation of the sphere to be:
(x—l)2 +(y= 2)2 +(z—3)2 =16.

Observe that when.the centre is at the origin (0, 0, 0) the equation
(x-a)’+(y-b)’ +(z-c)’ = r? reduces to the form X + y*+ Z = r2.

(Substituting (a, b, ¢) by (0, 0, 0)).
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That means the equation of a sphere given by(x-a)’+(y-b)’+(z-c) =r?,
where r is the radius and C(a, b, c) is the centre can be applied to a sphere whose
centre is at any point C(a, b, c) including the origin.
Example 3 Given the equation of a sphere to be X% + y* + Z = 9, what can you say
about the points:
a P@1,22)? b Q@1,2) c R, 3,2
Solution Clearly the centre of the sphere is at the origin O(0, 0, 0) and its radius is 3.
a  Because the distance of P from the centre is 3, P is on the surface of the
sphere.
b Because the distance of Q from the centre is+/5, which is less than 3, Q is
inside the sphere.
c Because the distance of R from the centre is+/14 > 3, R is outside the sphere.
In general, if O is the centre of a sphere and r is its radius,then for any

point P taken in space, we have one of the following three possibilities.
[ OP =, in which case P is on the surface of the sphere;

ii OP <, in which case P is inside the sphere; and

iii ~ OP>r, in which case P is outside the sphere.

|_Exercise 6.4 |

1 Write the equation of a sphere of radius 4 cm whose centre is at O(3, 0, 5).
2 Given the equation of a sphere to be X% + y* + 7% — 6x — 4y — 10z = -22, find the
centre and radius of the sphere.
3 If A0, 0, 0) and B(4, 6, 0) are end points of a diameter of a sphere, write its equation.
4 How far is the point P(3, -1, 2) from the sphere whose equation is
(x-1)°+(y+2?+7=1?
5 If the centre of a sphere is at the origin and its radius is 10 units, determine which
of the following points lie inside or outside or on the sphere.
A2, 1,2) B(-3, 2, 4) C(5, 8, 6) D(0, 8,6) E(-8,-6,0)
6 Decide whether or not each of the following points is inside, outside or on the
sphere whose equation is
X +y+72+2x-y+2=0.
a  0(0,0,0) b PL01) ¢ Q@ % 0)
7 a  State the coordinates of any point in space which is on the z axis.

b Find the coordinates of two points on the x-axis which are +/12 units from
the point P(-1, -1, 2).
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(X5 VECTORS IN SPACE

Recall that a vector quantity is a quantity that has both magnitude and direction. In physics,
velocity and force are examples of vector quantities. On the other hand, a quantity that has
magnitude only but no direction is called a scalar quantity. For example, mass and speed are
examples of scalar quantities.

ACTIVITY6.6

How do you represent a vector on a plane?

How do you represent the magnitude of a vector?
How do you show the direction of a vector?
How do you express the vector in Figure 6.13 below using the standard unit
vectorsi and j?

A WN PP

»
>

A\ 4

Figure 6.13

Recall also that the vector OP can be named using a single letter. That is, OP may be
named &, or simply by a so that a ='a = xi + yj

Operations on vectors can be performed using their components or the coordinates of
their terminal points when their initial points; are at the origin of the coordinate system.
Example 1 If a=2i+4j and b=5i + 3, then find

+8. ¥/ / il d-b

Qi

i
Solution

i a+b= (2+4))+(5i+3j)=(2+5)i +(4+3)j=Ti+7]

i 1 a-b=(2i +4j)~(5i+3)=(2-5)i +(4-3)j = =3i 4
Notice that the terminal points of the vectors dand bare at (2, 4) and (5, 3) respectively,
while the terminal point of the vector a+bis at (7, 7) which can be obtained by adding the

corresponding coordinates of the terminal points of the two vectors dandb. You may also
look at Figure6.14 below.
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(7,7)
7
| </
6
-7/
5 7 /
24,7
4 -
ol - a+b
a (5,3)
27 —
1 b
T T I f X
° 1 2 3 4 5 6 7 8

Figure 6.14

In your previous studies, you have also learned about the scalar or dot product of two
vectors. That is, if & is the angle between the two vectors éandB_l the dot or scalar
product of @ and bdenoted by d-bis defined as: '

(é)[ﬂB) = |é”6‘cos€, where|a| and‘B‘ are the ma_gn_itudés of the two vectors dandb
respectively. %
Example 2 Compute the scalar product of the vectorsa=3i + 3j.and b= 4i +0j.

Solution By picturing a diagram, the angle between the two vectors is 45°.
Then, |a|=v3" +3 =32 and‘B‘ =42 +0% =4
Thusé-B=|§|E‘B‘ cosf= 3v/2(4) cos 45° = 12.

Or
axb= (3i +3j)[4i +0j) = (3 x 4)il+ (3% 0)i[+ (3 x 4) j+ (3 x 0) j[]]
=12+0+0+0=12.

The notion of"'vectors“in-space

Just as you worked with vectors on a plane by using the coordinates of their terminal
points, you can handle vectors in a three dimensional space with the help of the
coordinates of the terminal points.

Now, let the initial point of a vector in space be the origin O of the coordinate system

and let its terminal point be at A (x, y, 2). Then the vector OA can be expressed as the
sum of its three components in the directions of the x, the y and the z-axis, in the form:
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OA=xi+yj+zk where i=(10,0),j=(010)and k=(0,0,1) are standard unit

vectors in the directions of the positive X, positive y and positive z-axis, respectively.
Look at Figure 6.15 below.

@)

Figure 6.15

Do you observe that the vector OA is the sum of the three p_erpendicn'jlar vectors

OC,0Band OD ? o i

Example 3 Ifthe initial point of a vector in space is at the origin and its terminal point or
head is at P(3, 5, 4), show the vector using a coordinate system and identify
its three perpendicular components in the directions of the three axes.

Solution The three components are the vectors with common initial point O(0, 0, 0)
and terminal points A(3; 0, 0) on the x-axis, B(0, 5, 0) on the y-axis and
C(0, 0, 4) on the z-axis as shown in Figure 6.16:

Jz
C
P (3,5, 4)

5!

4

3.

2 - 4

P\ I

/ 7

Figure 6.16

That means, OP = OA + OB + OC or in terms of the unit vectors,
(3,5,4)=3i +5/+ 4k = (3,0,0)+(0,5,0)+(0,0, 4)
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Addition and subtraction of vectors

Just as with vectors on the xy-plane, vectors in space can be added using the
coordinates of their terminal points when their initial points are at the origin. That is,
if & and b are vectors in space with their initial points at the origin and their terminal

points at (X1, Y1, z1) and (X, Y2, 2), respectively, then &+b is the vector with initial
point at the origin and terminal point at (X;+X; Y1+Y2, 21+2). -

Here, it is advantageous to note that a vector v with initial point at the origin and

terminal point at point P(x, y, 2) in space is shortly expressed asr\7=OﬁP=(x, Y, z).

Thus v = (3, 2, —4) is the vector in space with initial point at the origin and.terminal

point at (3, 2, —4). /

Example 4 Ifa=(13,2)and b=(3,-14), find the sum vector a+5b.

Solution As explained above, the sum of the two vectors is obtained by adding the
corresponding coordinates of the terminal points of the two vectors.

Thatis a+b= (1, 3, 2) + (3, -1, 4) = (4, 2, 6) which means that a+b s the vector
whose initial point is the origin and whose terminal point is at (4,2,6).

Subtraction of a vector from a vector is also done in a similar way. So if we are
given two vectors a=(x; yi, z) and b=(X, Y», ) thena-bis the vector
C=(X =%, Y1 Y2 2-2)-
Example 5 If a=(5,2,3)and b=(3,1,4) thenfind 4-6 andb -4
Solution .
i a-b=(5,2,3)-(3,1,4)=(5-3,2-1,3-4)=(2,1,-1)
That means a-b is the vector with initial point at the origin and terminal
point at (2, 1, —=1)in space.
i b-a=(3,1,4)- (5,2, 3) = (3-51-2,4-3) = (-2, -1, 1).
Do you see'thata-b#b-a?

Multiplication of a vector by a scalar
If &= (X, Y, 2 then observe that
2a=a+a=(xv,2+ (X v, =(x+x y+y,z+ 2 = (2x, 2y, 22).

Thus, it will be reasonable to accept the following: If a= (X, y, 2) is any vector and Kk is
any scalar (a number), then

ka= (kx, ky, k2) which is a vector with initial point at the origin and terminal point at

(kx, ky, k2).
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Example 6 If a=(4, 2, 3), then
a 3a=(12,6,9) b -a=(-4,-2, -3)
¢ 2= (-8,-4,-6) d % a= (2, 1,%)
Properties of addition of vectors

Since vector addition is done using the coordinates of the terminal pomts of the addend
vectors, which are real numbers, you can easily verify the following properties of vector
addition.

[ Vector addition is commutative
For any two vectorsa= (x,, y1, ) and b = (%, Y2, 2,) in space,
+b=b+4a. Tosee this, let us look at the following. .
+b= (%, Y1, 21) + (% Y2 22) = (Xa+Xe, Yitye, 21+Zz) (Xz+xl, Yoy zetzr) Why?

= (%,Y2,2)+(X,y1,z2)= b+a
ii Vector addition is associative

For any three vectors a, band Gin space; + (b+C) = (3+b)+¢
i For two vectors dand band any scalar k, you have k (a+b) =ka+ kb.
Magnitude of a vector

At the beginning of the discussion about vectors in space, it was mentioned that a vector
is usually represented by an arrow, where the arrow head indicates the direction and the
length of the arrow represents the magnitude of the vector. Thus, to find the magnitude
of a vector, it will be sufficient to_find the distance between the initial point and the
terminal point of the vector in the coordinate space.

For example, if the initial point of a vector is at the origin of the coordinate space and
the terminal point is at P(3, 2, 4) then the magnitude of the vector OP is the distance

from O to P. This is, asyou know, /3 +2° +4° = J29

Thus, in general, if the initial point of.a vector ¥ is at the origin and its terminal point is
at a point Q(x, y, 2) or if V =xi + yj+zk , then magnitude of the vector v, denoted by

|v]is given by \X* +y* + Z° That is,
[V]= X +y* + 2

If the initial point of vis at P(xa, y1, z1) and the terminal point at Q(xz, Y2, z2),then

M =\/(';<2 -x) +(v,-n) +(z-3)".
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Scalar or dot product of vectors in space

When you were studying vectors on a plane, you saw that the dot product (scalar
product) of two vectors a and b was defined by:

a-b=|a||b|cosd where & is the angle between the two vectors. In particular, for the

unit vectors iandj, you know that |i|=|j|=1 and from the definition of the dot _'
product, you easily see that 7 .7 =].j =landi.] =0=j.i. So, ifa= (x,y,),and, b=(x,,v,)
the dot product a0b= x1.x2+y1.y> can be verified very easily. -
The dot (scalar) product of two vectors in space is just an extension of the dot product
of vectors on a plane. That means if & and b are now two Vvectors in space, the dot
(scalar) product of @ and b denoted bya - bis defined as: :
a-b=|al.|b|cosd whered is once again the angle between the two vectors dand b.
Observe that &-bis a real number and in particular if :
a= (% Yo 2)= Xi + Y]+ 2Kandb = (%, Y, 1) = i + ;i + 2,k ; you see that,
the distributive property of multiplication over addition enables you to find:
ab=(xi+yj+zk).06i+ )+ 2K ) =XX+ Yy, + 22,
Here it is important to note that for the unit.vectors i, jand K ,
7.7=jj= kk=1whilei.j=7K = K= 0 the reason being that the magnitude of a
unit vector is one, cos 90° = 0 and cos.0° = 1.
Example 7 1fda=(2,3,-1)and b = (-1, 0, 2), then find the scalar (dot) product of
dandb. /
Solution  @'b= X+ %y, *+22=2(-1) +3(0) + (-1) (2) =4
Example 8 If 4=(2,0,2)and b= (0, 3, 0) find their dot product.
Solution  @b= xx+y,Y,+22=2(0)+0(3)+2(0)=0
Observe that (2, 0, 2) and (0, 3, 0) are perpendicular vectors i.e. the angle between

them is 90°. ;

1 Calculate the magnitude of each of the following vectors.

134
_1| 310 b 3, 1,_1 — =,
a (13,0 @1 o (333
2 Find the scalar (dot) product of each of the following pairs of vectors.
a (2,-3,1)and(1,0,4) b (-50,1)and (1,-3,-2)

¢ (-2,2,0)and (0, 0,-1) d  (0,0,3)and (0,0,3)
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Angle between two vectors in space
For two vectors dand bwith initial point at the origin, their dot product is defined by

a-b=|a||b|cosd where @ is the angle between the two vectors, assuming that both
vectors have the same initial point at the origin. Then solving for coséd, you can rewrite
the above equation in the form: :

cosé?::a'—t{
|allb

Hence the angled between the two vectors can be obtamed using thls last. formula
provided the vectors are non-zero.
Example 9 Find the angle between the vectorsd= (2,0, 0)and b= (0:.0,3).
ab ;
|allb

Solution cosé =

But, & b =2(0) +(0)(0) +0(3) = 0
d|=22+0%+0% =+/2 and | b|=V0? +0% +3? =3
Thereforecos 8 = 0 0=>6=90°
2(3) .

Notice that, the vector (2, 0, 0) is along the x-axis while the vector (0, 0, 3) is
along the z-axis and the two axes are perpendicular to each other.

Example10  Find the angle between the vectorsd =(1,0,1) and b=(110).
Solution cosé?—a—b
. lallb]

But, &0b= 1(1) +0(1) + 1(0) =1

|&|=VE+0% +2 =2 and [Bl= VEFE + 07 =2

1 1 o

—=== = 6=60

V2.2 2

Notice that the vector ais on the xz-plane and bis on the xy-plane, each forming a
45°angle with the x-axis.

Therefore.cos 8=
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292

If the vectors &,b,Vand G are as given below:

d=(1,3,2).b= (0-34), V= (-4,3,-2), G = (% 10, -3), then find each of the
following vectors.

a a+b b +3 c a-b d b-a

[ ey

e d+b+v f  b+v-G g d+b+V+i

If the vectors &, b,V and G are as given in Question 1 above, then find

a 3a b -4b c 2a+3pb d 36—%a+2\7
Verify that vector addition is associative. That is, for any three vectors &, b and
¢in space, show that (3 + b) + ¢= d + (b+GC)

For any two vectors aand bin space and any scalar k, show that
k(a+b)=ka+kb

Write each of the following vectors as a sum of its components using the standard
unit vectors i, j and k.

a (-4,3.-2) b (1,-3 +2)
c  (35-7) d (0,0,3)

Show each of the following vectors in the coordinate space using an arrow that
starts from the origin.

a a=@,3,3 b b=(-3,3,4) c c=(2,-3,-3)
Calculate the magnitude of each vector in Question 6 above.
Find the scalar (dot) product of each of the following pairs of vectors.

a (1,0,1)and(2,2,0) b (-2,51)and(1,-1,-2)
111 3 3 1
—,=,=)and -=,-=,-= d 1,0,1)and (-1,1,0
53 T s ( ) and ( )
e (50,0)and (0,-5,0) f (2,2,2)and (-1,-1,-1)
Find the angle between each of the following pairs of vectors.
a (20,1)and (0,-1,0) b (1,1,1) and (1,0,1)

c (-1,1,1) and (2,2,2)
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Wil KeyTerms,

angle between two vectors mutually perpendicular lines

concurrent edges of a rectangular box octants

coordinate planes ordered triples of real numbers
coordinate system reference axes

diagonal of a rectangular box unit vectors

dot product of vectors vector in space

magnitude of a vector

8l surmary

N

w

Three mutually perpendicular lines in space divide the space into eight octants.

If (X, y, ) are the coordinates of a point P in space, then

v/ xis the directed distance of the point from the yz-plane,

v/ yis the directed distance of the point from the xz-plane,

v/ zisthe directed distance of the point from the xy-plane.

There is a one to one correspondence between the set of all points of the space and
the set of all ordered triples of real numbers.

The distance between two points P(x, y, z) and Q (a, b, €) in space is given by

d= \/(x— a)’+(y-b)*+(z-c)* . Thus the distance of a point

P (X, y, 2) from the origin is \/ X*+ y*+ z°.

The midpoint of a line segment with end points A(X, y, 2) and B(a, b, ¢) in space
is the poth[X 2 Yo Z+Cj

2 2 2
The equation of a sphere with centre at C(xy, y1, z) and radius r is given by
2 2 2
(x=x) +(y-v) +(z-2) =
In particular, if the centre is at the origin and r is the radius, the equation becomes

2 + y? + Z = r? where (x, y, 2) are coordinates of any point P on the surface of
the sphere.

In space, if the initial point of a vector is at the origin O of the coordinate system
and its terminal point is at a point A(X, y, 2), then it can be expressed as the sum of
its three components in the directions of the three axes as:

OA=xi +yj + Z wherei= (1,0,0),j=(0,1,0)and k = (0, 0, 1) are the
standard unit vectors in the directions of the positive x, positive y and positive
z-axes respectively.
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In space if vectors & and b have their initial point at the origin and their terminal

points at A(xy, y1, z1) and B(xz, Y», 2,) respectively, then their sum a+b is a vector
whose initial point is at the origin and terminal point is at C(xi+ X, y1 + V2, 21 + 2).

Similarly, the difference @-b is the vector whose initial point is at the origin
and terminal point is at D(x1 — X2, Y1 — Y2, 1 — 22).

If the initial point of a vector a is at the origin and the terminal point is at P(x, y, 2),
then for any constant number k, the product ka is a vector whose initial point is at

the origin and terminal point is at Q(kx, ky, k2).
Vector addition is commutative and also associative.
Multiplication of a vector by a scalar is distributive over vector addition. That is

for vectors a and b and a scalar k, k(a+b)= ka + kb.

The magnitude of a vector a with initial point at the origin and terminal point at
P(x, Y, 2) is given by:

=iy e

The dot (scalar) product of two vectors & and b is given byab=|a|.|b|.cosd,
where @is the angle between the two vectorsa and b.
ab

If @is the angle between two vectors & and b, then cosd = m
al.

?] Review Exercises on Unit 6
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Locate the position of each of the following points and find the distance of each
point from the origin.

a 0(0,0,-3) b P(,-1,2) c Q(3-1,4)

d R(-1-2-3) e  S(-3,-2,3) f T(-3,-3,-4)
3 5

g U4 3-2 h  V(0, i

Find the distance of the point P (4, -3, 5) from the

a  origin b xy-plane c  xzplane d  yzplane

e  xaxis f y-axis g z-axis

For each of the following pairs of points, find the distance from A to B and also
find the midpoint of AB .

a A(-123)andB(0,-1,1) b A(3-1,1)and B (-1,0,1)

c A (2,0,-3)and B (2,-1,3) d A(0,0,-4)andB (4,0,0)



Unit 6 Three Dimensional Geometry and Vectors in Space

10

11

12

13

e A(2-1,-3)andB(@221)  f A(%,% —%) and B (10, 0, 11)

g A(W2,50andB(, =, v3) h A(0,0,-2)and B(0,0, 5)

2 i)
Find the midpoint of the line segment whose end points are:
a A(0,0,0)and B (4, 4, 4) b C(-2,-2,-2)and D (2,2, 2)
c P(6,0,0)and Q (0, 4, 0) d  R(242 -4,0)and S(-2+/2 , 0, -5)

Show that A (0,4,4),B (2,6,5) and C (1,4,3) are vertices of an isosceles triangle.
Determine the nature of AABC using distances, if the vertices are at:

a A(2-1,7),B(314)and C(5,4,5)

b A(0,0,3),B(28,1)and C(-9,6,18)

c A(1,0,-3),B(2,2,0)and C (4,6,6)

d A5, 6 -2),B(6 12,9)and C2, 4, 2)

Make a three dimensional sketch showing each of the following vectors with
initial point at the origin.

a a=2i+j+3k, b b=-3i+4j-k,

c  €=-3i+5j+5k, d d=4j-7k.

Using the vectors in Question 7 above, calculate each of the following.

a a+b b 2a-¢ ¢ b+c+d d 2d-3b+cC
Calculate the magnitude of each of the vectors in Question 7 above.

A sphere has centre at C(-1, 2, 4) and diameter AB, where A is at (-2, 1, 3). Find
the coordinates of B, the radius and the equation of the sphere.

Decide whether or not each of the following is an equation of a sphere. If it is an
equation of a sphere, determine its centre and radius.

a X+y+Z-2y=4 b X¥+y+Z-x+2y-3z+4=0
c X+y+Z-2x+4y-6z+13=0

Calculate the scalar (dot) product of each of the following pairs of vectors.

a a=(32-4)and b =(3-2,7) b €=(1,65)and d=(10,3,1)
c p=(506)andG=(66-7) d a=(7,8,9) and b= (5, -9, 5)

For each pair of vectors given in Question 12 above, find the cosine of &, where &
is the angle between the vectors.
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MATHEMATICAL PROOFS

Unit Outcomes:

After completing this unit, you should be able to:
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;

develop the knowledge of logic and logical statements.

under stand the use of quantifiers and use them properly.

determine the validity of arguments.

apply the principle of mathematical induction for a problem that needs to be
proved inductively.

realize the rule of inference.

Main Contents
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7.3 PRINCIPLE AND APPLICATION OF MATHEMATICAL INDUCTION
Key Terms

Summary
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Unit 7 Mathematical Proofs

INTRODUCTION

In order to fully understand Mathematics, it is important to understand what makes up a
correct mathematical argument, or proof. Inthis unit, you will be introduced to different
methods of mathematical proof and you will also see the role of mathematical logic in
proving mathematical statements. We will begin the unit by briefly revising .
mathematical logic.

OPENING PROBLEM

After completing this unit, you should be able to answer the following:
Consider the following arrangements of dots.

@ o0
o 00 000
0000000000

Number of dots
Sum of dotsin row

Numberslike 1, 3, 6, 10, etc. are called triangular numbers.

a  Canyou list the next 5 triangular numbers?

b Can you give aformula for the i"" triangular number?

c Let T; denote the i™ triangular number. Can you show that
Zn:T' _ n(n+1)(n+2) 5
= 6

1 3 6 10
1] 1+2 | 1+2+3|1+2+3+4

40
d  Canyoufind YT ?
i=1

REVISION ON LOGIC

Revision of Statements and Logical Connectives

In Unit4 of your Grade 11 mathematics, you have studied statements and logical
connectives (or operators): -

negation (=), or ( O, nd ( O, dmplication (=) and bi-implication (< ).
The following activities are designed to help you to revise these concepts.
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ACTIVITY 7.1

What is meant by a statement (proposition)?
List the propositional connectives.

What is meant by a compound (complex) statement?

A W N PR

Review the rules of assigning truth values to complex propositions by completing
the table below, where p and g are any two propositions.

F|F

5 Given statements p and ¢, each with truth value T, find the truth value of each of
the following compound statements.

a -—pLql b —(p [q) cC  —-g=-p
d -gqe<p e —(p Cg)
6 Construct atruth table for
a  —plLdl b (p=0) = —p
c (pLg=r d —(p=0) =r

Open statements and quantifiers

ACTIVITY 7.2

Decide whether or not each of the following is a statement.

If it is a statement, determine its truth value.

1 X is a composite number.
If3+2=7,then4x9=32.

x+ 2 =15, where x is an integer.

All prime numbers are odd.

There exists a prime number between 15 and 30.
All birds can fly.

As you may recall from your Grade 11 lessons, the words all and there exists in
guestions 4, 5 and 6 of Activity 7.2 are quantifiers.

oD 01 A W N
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Some of the sentences involve variables or unknowns and become statements when the
variables or the unknowns are replaced by specific numbers or individuas, such
sentences are called open statements.

Recall that open statements are denoted by P (x) where x stands for the unknown and P
stands for some property that is to be satisfied by x. For example, if we denote the open
statement 1) above by P(x), then P stands for the property of being a composite number
while x is the variable or the unknown in the open statement. : '

Quantifiers

There is a way of changing an open statement into a statement without substituting
individual(s) for the variable(s) involved by using what we call quantifiers. There are
two types of quantifiers which are used to change an open statement into a statement,
without any substitution. They are: '

The universal quantifier denoted by ["ard
The existential quantifier denoted by [1

The notation [xthay be read in any one of the following ways:

for all x for every x
for each x for any x

The notation [Xdnay be read in any one of the following ways:

there exists x, for at least one x, for some x

Example 1 Let P(X) =x>5 and Q(X) =xisan even number. Then determine the
truth value of each of the following statements.

a (XP() b~ (JIPX)
c (BJPX QK] d (DBHPX) = QX)]
Solution
a (X)P(x) isfase becauseif you takex =1, then1>5isfase.

b (XA P(x) istrue, because you canfind an x, say x = 7 such that 7 > 5 istrue.
c (X)[P(X) LQ(x)] istrue, if you take x = 6, then 6 > 5 and 6 is even.
d (IXIP(X) = Q(X)] isfalse, for x = 7, P(7) istrue but Q(7) isfalse.
Example 2  Change the following i;pen statement into a statement using quantifiers
and determine the truth value.

P(x): X* < 0, where x is a complex number.

Solutign Using the universal quantifier, (IX)1P(x) is false, because when x is a
real number suchasx =1, x* <0 isfalse.

Using the existential quantifier, ([X)] P(X) is true because when X is an imaginary
number such asx =, 2i, etc, x* = —1, —4, etc.
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1 Let P(x) = xis astudent who studied geometry.
Then, ([X)P(X) isread as:.
while (X)IP(x)isreadas. _

2 Given the open statements:

P(x) = x isaprime number. Q(x) = xisan odd number.
Determine the truth value of each of the following statements.
a (P (¥ b (BJIP (X ¢ (BJ(=P(X)

d (BIPX=QX] e (IXIP (X [IQKX)]
3 If x and y are integers, determine the truth value of each of the following.
a (B(DAxs<y) b (XI(HAC<Y)
c (BA(x=<y) d (DI Dx+y=y+X)
e (BI(x+y=0)
4 Express each of the following using quantifiers.
a  Some studentsin this class have visited Gondar.
b Every student in this class has visited either Gondar or Hawassa.

Arguments and validity of arguments

ACTIVITY 7.3

1 Discuss whether or not the following conclusion is meaningful.
a If the day is cloudy, then it rains.
Doesthismean that if it rains, there are clouds?
b If x isaprime number and y is a composite number, thenx + yisa
composite number.
2  Condtruct asingle truth table for the following statements.
p=q,mq=r,andp.
Find out the rows in which the statements p = g and — g = r are both true but p
isfalse.
An argument.is an assertion that a given set of statements called the premise
(hypothesis), yields another statement, called the conclusion (consequent).

Anargument is said to be valid, if and only if the conjunction of all the premises always
impliesthe conclusion. Inother words, if we assume that the statements in the premises
aredl true, then (for.avalid argument), the conclusion must be true. An argument
which is not valid is caled afallacy.
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The validity of an argument can easily be checked by constructing a truth table. All you
must show is that the premises altogether always imply the conclusion. In other words,

you show that "conjunction of the premises = conclusion” is always true (or a
tautology).

To show the validity of an argument, you have to show that the conclusion is true
whenever all the premises are true. /

Example 3  Isthefollowing argument valid?
If I am rich, then | am healthy.
| am healthy.
Therefore, | amrich.

Solution

Note that the first two statements are the premises while the last statement is ; the
conclusion. Thisargument is not a valid argument. To see why, we shall first

symbolize it. \ \
Let p stand for the statement "I am rich” and let g stand for the statement "l am
healthy". / / -
Then, the symbolic form of the above argument becomes:
pP=2q
B . orp=aarp

This argument would be valid, if the _i mplication [(p = q) [q] = p were always true.
When you construct the truth table for this conditional ‘statement as shown below, you
see that the conclusion could be F while both the premises are true. (See the third line in

the 5™ column). In other words, [(p = q) g} = p is not a tautology. Thus, the
argument isinvalid.

qa p=>q ((E=9ld [Pp=>0qld=p
T |T T T T
T | F F F T
F | T T T F
F | F T F T

Exam ple. 4. Isthefollowing argument valid?
If | am healthy, then | will be happy.
| am not happy.
' Therefore, Iam not healthy.
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Solution Once again, to check the validity of this argument, symbolize it. Let p
represent "1 am healthy" and let g represent "1 am happy”. The symbolic
form of the argument is:

pP=q pP=0q, " q——p.
-
-p / ;
This argument will be valid, if the implication [(p = q) [ q] = —p isaways
true (a tautology). Constructing a truth table as shown below, you notice that the
argument is valid. b '

p \p:q\(p:q)lzlq \[(p:q) [=q = —p
=

T F F | T F F T

F T T | F T F T

F F T | T T T T

Example 5  Show that the following argument iévali_d.
If you send me an emal, then | will finish writing my project."
If 1 finish writing my project, then | will get relaxed.
Therefore, if you send me an email, then | will get relaxed.
Solution
Let: p=you send me an email
g=1 finish writing my project
r =1 get relaxed. Then the symbolic form of this argument will be as follows.

pP=q
q=r
p=r
Now, the implication [(p = q) [{d = r)] = (p = r) is aways true as shown in
the truth table below. .
q r p=>q q=r p=>r (=>qLd=r) [(p=qld=r)=(p=rT)
T|T|T| T T T T T
T|T|F| T F F F T
T|F|T]| F T T F T
T|F|F| F T F F T
FITI[(T| T T T T T
FIT[F| T F T F T
FIF[T| T T T T T
FIF[F| T T T T T

Therefore, theargumentp = q,q=r — p=risvalid.
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The construction of such a big truth table may be avoided by studying and correctly
applying the following rules by which we check whether a given argument is valid or
not. They are called rules of inference and are listed as follows.

1 Tp__ql Principle of adjunction addition. It statesthat "If p istrue, then p[gis | .
p {
aso truefor any propositionq "
2 P LA pindple of detachment simplification. It states that "If p Cajis true,
p
then pistrue’.
p
3 q—lﬂl Principle of conjunction. It states that whenever p and q are true the
p
satement p [Cglisalso true.
p=4q
4 — P Modus ponens. It states that whenever the implication p = q is true
q
and the hypothesis p is true, then the consequent ¢ is also true. Recall
the rule of implication.
pP=49q
5 29 Modus Tollens. It states that whenever, p = q is true and q is false,
-p
thenpisaso false
p=4q
6 9=1T Principle of syllogism (Law of syllogism). It may be remembered as
p=>r
the transitive property of implication. This law was one of Aristotle’s
(384 — 322 B.C.) main contributions to logic.
p Ld
7 - pq Modus Tollends Ponens. This rule is aso called the Disjunctive
syllogism.

Let us now consider examples that show how the above rules of inference are applied.

Example 6 Identify the rule of inference applied for each of the following
arguments.

a. - ltisraining.
Therefore, it israining or it is cold.
The rule that applies to this argument is rule 1 (adjunction).
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Abdissaisrich and happy.

Therefore, heisrich.

The rule applied here is rule 2 (Detachment).

Itis cold today.

It is raining today.

Therefore, it israining and it is cold today.

This argument uses rule 3 (conjunction). # ?
If Hanna works hard, then she will score good grades. Hanna works hard. ' _
Therefore Hanna scores good grades. '

This argument uses rule 4 (Modus ponens). _':; g /

If it israining, then | get wet when | go outside. | do not get wet when | go
outside. e

Therefore, it is not raining. _

In this argument, the appropriate rule.is.rule 5 (Modus Tollens). '.

If I get ajob, then| will earn money. - - ; :

If I earn money, then | will buy a computer.

Therefore, if | get ajob, then | will buy acomputer. |

The inference rule 6 (Principle of syllogism) is"applied here.

Either wages are low or prices are high .Wagés are not low.
Therefore, prices are high.

The inference rule applie"d here is rule 7. (Modus Tollends Ponens)

Example 7 Usingrules of inference, check the validity of the following argument.

Solution

UL LW N P
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p
-~ p=q
gq=1r

.

r

pistrue (premise)

. p=qistrue (premise)

g istrue (Modus ponensfrom 1, 2)
g=ristrue (premise)
r istrue (Modus ponensfrom 3, 4)

Therefore, the argument isvalid.i.e,p,p=q,q= r —r isvalid.
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Thisis not the only way you can show this. Here is another set of steps.

1 p istrue (premise).

2 p = qistrue (premise).

3 g=ristrue (premise).

4 p=r istrue (syllogism from 2,3).
5 r istrue (Modus ponens from 1, 4).

Therefore, the argument is valid.

All the examples considered above are examples of valid arguments. It is now time to
see an example of an invalid argument (or afallacy).

q
Example 8 -p=-Qq
-p
Solution
1 qistrue(premise)
2 ~qisfasefrom (1)
3 —p=-q istrue(premise)
4 =pisfase (from 2 and 3).

Therefore, the argument form.is not valid.

|_Exercise7.2_|

1 Which of the following are statements? Which of them are open statements?

a  Plato wasaphilosopher. b +/3isrationa
c xX>+1=5 d (IX(x*+1=5)
e  What istoday s date?
2 Letp:5+3=9and g: Today is sunny
a  Write each of the following in symbolic form
i 5+ 3 =9 or today is not sunny
ii 5+ 3 =9only if today is sunny
il 5+ 3#9if and only if today is sunny
iv  Itissufficient that today issunny in order that 5+ 3# 9.
b Write each of the following in words.
i p L=b i —p=q i (p@)=—q
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Using truth tables, show that each pair of the following are equivalent.
a —p Ll == —p b Pe"Qq;p=(
c -p-=gq;(pLg)=(pCa)

Usng truth tables, check whether each of the following arguments given
symbolically is valid or invalid (afalacy).

p p p 4
A q b ~q . P=>aq
p=gd q=p p g

For each of the following arguments written in words determine whether the
argument isvalid or not.

a  Your troubles start when you get married.
You have no troubles.
Therefore, you are not married.
b If Legesse drinks beer, heis at least 18 years old.
Legesse does not drink beer.
Therefore, Legesse is not yet 18 years old.
Using rules of inference check the validity of each of the following arguments.
p=(q [L)
a —q
-p
b If | study, then | will not fail in mathematics.
If I do not watch TV freguently, then | will Sudy. But, | failed in mathematics.
Therefore, | must have watched TV frequently.
Using truth tables, check the validity of each of the following arguments.

p =g p L=l =
a r C=p b —( c p Cql
q=>r p q L1l

Using rules of inference check the validity of each of the following.
a p=—-q,r=q,r ——p
b Hailu’' s books are on the desk or on the shelf.
The books are not on the shelf.
Therefore, they are on the desk.
c If 5iseven, then 2isprime. 2 isprimeif and only if 4 is positive.
4 isnot positive.
Therefore, 5 is not even.
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DIFFERENT TYPES OF PROOFS

In Mathematics, a proof of a given statement is a sequence of statements that form an
argument. When a valid argument is constructed, you say that the given statement is
proved. There are different methods by which proofs are constructed. The rules of
inference discussed above, are instruments to construct proofs. In this section, you shall
consider different types of proofs of mathematical statements.

Since many mathematical statements are implications, the techhiqu& for proving
implications are important. Recall that the implication p = q istrue unless p is true and
qisfalse. Therefore, you notice that when the statement p = q is proved, the only thing
to be shown is that q istrueif p is true; it is not usualy the case that q is proved to be
true, in isolation. The following discussion will give you the most common techniques
for proving implications.

Direct proof

The implication p = g can be proved by showing that if p is true, then g must also be
true. A proof of this kind is called a direct proof.. To construct such a proof, you
assume that p is true and use rules of inference and facts already known or proved, to
show that g must also be true.

ACTIVITY 7.4

1  Complete the proof of the following statement.
If xand y are odd integers, then x + y isan even integer.
Proof:
If xand y are odd integers, then there exist integers m and n such that
Xx=2n+landy=2m+1.
= X+y=

Therefore, x + y is an even integer.

2 Given below is a proof of the following statement. Give reasons why each of the
statements in the proof istrue.

Vn,me]R,ifn>m>O,thenm+5>m
n+5 n
Proof:
nN>m = 5n>5m=5n+mn>5m+ m =n(m+5)>m(n+5)
m+5_m
= B
n+5 n
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Example 1 Giveadirect proof of the statement " If n is odd, then n? is odd".
Proof:

Assume that the hypothesis of the statement (implication) is true; i.e. suppose that
nisodd. Then n = 2k+1 for some integer k.

Then, it follows that n® = (2k + 1)> = 4k% + 4k + 1 = 2 (21 + 2k) +1=2m+1
(where m = 2k + 2k which is an integer).

Therefore, n?isodd (asit is 1 more than an even integer).
The method of cases or exhaustion

In this method, each and every possible case is considered.

Example 2 Show that n?+ 3n+ 7isodd forall n [Z
Proof:
Case 1 niseven
niseven = n =2k, for k [Z, by definition, /
= n?+3n+7= (2K)? +3(2k)+7 4k2+6k+7 2(2k2+3k+3)+1
Hence, n” + 3n + 7 is odd. V'
Case 2 nisodd
nisodd = n=2k+ 1, for some k [LZ
Accordingly n® +3n+7 = (2k+1)* + 3(2k + 1) + 7=4Kk° + 4k + 1 + 6k + 3+ 7
=2 (2K +5k+5)+1
Thus, n?+ 3n + 7 isodd
~. From cases 1 and 2, n°+3n + 7 isodd [N.TZl.
Example 3 Show that for any x, y [IR, the maximum of x and y is given by
X+y+|x -y
2
Proof: ? —~\
Two cases arise! Either x 2 yorx <y
Case 1 X2y :
X2y= x-y=0
Then the maximum of x and y is x and |x-y| = x~y by definition of absolute value.
X+y+ X2yl x+y+(x-y) |
2_ 2 2
X+y + |x— y| y

Now, =X
Hence the maximum of x and y is
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Case2 X<y
X<Yy= x-y<0=maximumof xandyisyand |x-y|= —(x-y) = -x+y.
x+y+|x—y|:x+y - (x-y) -2y _
2 2 2
X+y+ [X-
=y _,
2

Here,

y

So the maximum of x and y is

x+y+|x—y|x

[The maximum of x and y isx or y given by >

Indirect proof

Since theimplication p = q is equivalent to its contrapositive =q = —p, the implication
p = g can be proved by proving its contrapositive, -q = —.p, IS a true statement. A
proof that uses this techniqueis called an indirect proof.

Example 4 Prove the statement "If 5n + 2 isodd; then n is odd".
Proof:

Assume that the conclusion of the implication is false; .Ii.e:_ suppbse n is even.
Then, n = 2k for some integer k. It follows that

Bn+2=5(2k)+2=10k+2=2 (5k+1).

So 5n + 2 iseven (asit isamultiple of 2).

Thus, you have shown that if n'is eveh, then 5n + 2.iseven. You showed that the

negation of the conclusion implies the negation of the hypothesis. Therefore, its
contrapositive, which says "if 5n + 2 isodd, thenn isodd" istrue.

This ends the proof.

In Example 1, the statement that "if n isodd, then n“isodd" is proved. Using the
method of Example 5, we have equally proved that the statement "If n?is even, thenn is
even' isalso true, because this statement is the contragpositive of the above one.

Example 5 Show that [y [R)with x and y positive,
if xy>25thenx>50ry>5.

Proof:
Y ou can use indirect proof.
Suppose, 0<x <5and0<y < 5. Then, 0(0) < xy < 5(5). i.e, 0< xy <25.
~ Thus, the product xy is not larger than 25.
LIf xy > 25, then x >5 or y >5 by a contra positive.
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Proof by contradiction

In the previous methods of proof, you used the method of proof that assumes p is true and
finaly concludes that g is also true. Now what will happen if you start by assuming the
implication p = q isfalse? That means, if pistrue and q isfalse? If this assumption|eadsto
a conclusion which contradicts either one of the assumptions or conclusions or any
previoudy known fact, then the assumption p = q is false was not correct. Thiswill tell you .
that p = g isaways true. Thismethod of argument isknown as proof by contradiction.

Example 6  Provethefollowing statement by using the method of proof by

contradiction. " /2 isanirrational number".

Proof:

Let p be the statement "+/2 is an irrational number”. Suppose that —p'is trije.
Then,v/2 is a rational number. We shall now show that this leads to a
contradiction. The assumption that +/2 isrational implies that there exist integers

a and b such that+/2 = %, where a and b have no .common factor other than + 1

(so that % isinitslowest terms). Sincev/2 = '%, by squaring both sides you get
2
2= % — a’=2b%.
b
This meansthat & is even implying that a is even. Now, since a is even, it follows
that a = 2c for some integer c.
Thus, 2b% = a? = 4¢ = b*=2¢%

This again means that b? is even, hence b is even as well. Hence 2 is a common
factor of a and b.

Noticethat it has been shown that —p impliesthat (r [=r) istrue. Note that as shown

above, from —p, J2 =% isrational, a and b have no common factor other than +1,

and at the same time 2 divides both.a and b, i.e 2 isa common factor of a and b.

Thisisa contrédiction, since you have shown that —p implies both r and —r where
r isthe statement " a and b are integers with no common factor other than +1".

Hence — pisfalse, asaresult, p: "+/2 isanirrational number" istrue.

Example 7  Show that the sum of arationa and an irrational number is an irrational

number.

Proof;
Let abearationa and b be an irrational number.
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Then, a=§and a+b=£sforsomep,q,r, slZ,q,s#0.

Now, a+b=§+b:£ —-ph=—=-X=

S S q X
=bisrationa (qr - ps [Zlandsq [Zlsq#0)

This contradicts the assumption that b isirrational.
Thus, if aisrationa and bisirrational, then a + bisirrational.

Disproving by counter-example

ACTIVITY 7.5

Give the negation of each of the following statements in symbolic form. ; A N
1 (IXX¢> 0, where x isarea number) e
2 (XN (2x is a prime number, where x is a natural number)
3 ((YAOMI(x=y*+ 1, where x and y are red numbers)

From Activity 7.5, you have the following results:
1 =(BPK) = (BQ(=P(x))
2 ~(B9(Q(x)) = (BI=Q(X))

Suppose that you want to show that a statement of the form ( [(X)P(x) isnot true. Thisis
done by producing an element X, from the universal set that makes P(x) false when
subgtituted in place of x. Such an element X, is called a counterexample.

Note that only one counterexample needs to be found to show that ( [X) P (X) isfalse.
Example 8 Disprove the statement:

"For every natural number n,n?—11n + 121 is prime"
Proof:

It is sufficient to find one ‘natural number that does not satisfy this condition.
Thus, if you take n = 5, you see that 52 —11(5) + 121 = 91. But 91 isnot a prime
number as 7 divides91i.e. 91 + 7 = 13.

Therefore, the statement " [AIIN], n® — 11n + 121 is prime" is now disproved
using the counter example n = 5.

The different methods of . proofs discussed above are not an exhaustive list of methods
of proof. They are just the most common methods and it is hoped that they will help you
see how the ideas of mathematical logic can be applied in stating and proving theorems.
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Prove that the sum of two consecutive odd integersis a multiple of 4.

Show that, if a and b arerationa numbers with a < b, then there exists a rational
number c suchthata<c<b.

3 Provethat for any real numbersa and b,a+b =40, if and only if a = 20 or
b > 20.
Prove that the square of any integer is of the form 3k or 3k + 1, for k [Z.
If m, n CNCand nn is not a perfect square, then mis not a perfect squareor n is
not a perfect square. (x [Nisa perfect square, if [N Nisuch that x = n2)

6  Show that «/5isirrational.

7  Show that if x and y are positive, then \/x* +y* # x+ .
8  Check whether or not each of the following istrue.

a ForanysetsA andB, A(\B CAIU B

b For anyn [N, n isevenimpliesthat 2" —1 is not prime.
9 Prove or disprove each of the following statements

a If x and y are even integers, then xy is also even.

b If 3n + 2isodd, then nisodd.

c [N, n<n®

d [IN,n?<n’

PRINCIPLE'/AND APPLICATION OF
MATHEMATICAL INDUCTION

Before we state the principle of mathematical induction, et us consider some examples.
Example 1 Consider the sumof the first n odd positive integers. That is,

ifn=1, 1=1 : =1?
ifn=2, 1+3=4 =

ifn=3, 1+3+5=9 = 3
ifn=4, 1+3+5+7=16 = 4?
ifn=5 1+3+5+7+9=25 =5

ifn=6 1+3+5+7+9+11=36 =6
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From the results above, it looks as if the sum of the first n odd natural numbers is
dways given by n>. To express this idea symbolically, first observe that the n odd
natura number is given by 2n — 1, (which you may check yourself). Then what we
have derived above can be expressed as.

1+3+5+7+9+... +(2n-1)=n? *)

Y ou have seen by direct calculation that the formula (*) is true when n-has any one of
thevalues 1, 2, 3, 4, 5 and 6.

Does this mean that the formula (*) is true for any natural number n? Can we be sure of
this simply by continuing numerical calculations?

Try the case when n = 13. Direct ca culation shows that:
1+3+5+7+9+11+13+15+ 17+ 19+ 21 +23+25=169=13%

So, our formula (*) seems to hold. One might aso be tempted to say that since the
natural number n = 13 is chosen randomly, this provesthat (*) is true for every possible
choice of n. Actualy, no matter how many cases you check, you can never prove that
(*) is aways true, because there are infinitely many cases and no._amount of pure
calculation can check them all. 4 /

So, what is needed is some logica argument that will prove that formula (*) is true for
every natural number n. :

Before you consider the details of this logical argument, some examples of assertions
which can be checked by direct calculation for small values of n, but which after careful
invegtigation, turn out to be false for some other values of n.

Example 2 Consider the number P which is expressed in the form

Where n is a non-negative integer, then by direct calculation, we observe that
whenn =0, P=2'+1 =3
whenn=1, P=22+1 =5
whenn= 2, P=2*+1 =17
whenn=3, ~ P=2°+1 = 257
whenn = 4, P=2"+1= 65537

Each of these values of P is a prime number. Based on these results, can you
conclude that P is always a prime number for every whole number n? Of course
not. You might guess that this is true but we should not make a positive assertion
unless you can supply a proof that is valid for every whole number n; because
when n = 5, the number P isfound not to be prime since:

P =22+ 1= 4,294, 967, 297 = 641 x 6,700,417, which isnot prime,
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Example 3 Consder the inequality below, where n is a natural number.

2" N4 2 e i
If we calculate both sides of (ii) for the first four values of n, you observe that
whenn =1, you get 2<1+2=3
when n = 2, you get 4 <1024 + 2 = 1026
whenn = 3, you get 8 < 59,051
when n = 4, you get 16<1,048,578

It certainly appears asif the inequality is true for any natural number n. If you also_ .
try for alarger value of n, say n = 20, then thelnequalltyu shows that

1,048,576 < 10,240,000,000,002 / /

which is obvioudy true. But, even this does not prove that the inequdlity i is always
true. This assertion is actually false, because when n = 59, you find (apprommetely) that
2% =5764 x 10" while59"° + 2=5.111 x 10" |

The last two examples show that you cannot conCIude that an assertion involving an
integer n is true for all positive values of n just by checklng speuflc values of n, no
matter how many you check. {,

How then is such an assertion proved to be_true? .

An assertion involving a natural number can be proved by using a'method known as the
Principle of Mathematical Induction, stated as follows.

L HISTORICAL NOTE

Augustus Demorgan (1806 - 1871)

One of the techniques to prove mathematical statements discussed
in this unit is the Principle of Mathematical Induction. Even though
the method was used by Fermat, Pascal and others before him, the |
actual term mathematical induction was first used by Demorgan. | |
The method is used in many branches of higher mathematics. v

Principle of Mathematlcal Inductlon
For a given assertion involving anatural number n, if
i theassertionistrueforn=1

i itistrueforn=k+ 1, whenever itistruefor n=k(k=1),

then the assertion is true for every natural number n.
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Let us now illustrate the use of this principle by considering different examples. Y our
first example will be the one which you considered at the beginning of this section.

Example 4 Show that the sum of the first n odd natural numbers is given by n?. i.e.,
show that,

1+3+5+. ..+ (2N=1)=N% e, b
for every natural number n. \
Proof:
1 ltisclear that * istruewhen n = 1 because 1 = 12
2 Now assumethat * istruefor n = k; that is assumethat
14345+ .+ (2K=1) =K oo (N o

To obtain the sum of the first k + 1 odd integers, you simply add the nexi odd
integer which is 2k + 1, to both sdes of ** to get: ;

1+3+5+...+(2k—1)+(2k+1)=k2+(2k+1)=(k+152

Thisis the same as * replacing n with k + 1. Hehce, you have shown that if the
assertionistruefor k, it isalso truefor k+ 1.-

By the principle of Mathematical Induction, this complet&s the proof that * istrue
for any natural number n.

Example 5 Show that the equation
1+4+7+10+"'+(3n_2)=T_ ........................ i

istruefor any natural number n.
Proof:
13 -1 _1x2
2 2
2 Assu_me that the equationi istrue for n = k; that is you assume that,

1+4+7410+...+'(3k--2)=@ ......................... i

1 Theequationiistruefor n= 1 because 1=

Now, if you add the next addend whichis3 (k+ 1) —2 or 3k + 1 to both sides of i,
you get:

144+7+10+.. .+ (3k=2) + (3k+1) =

@ﬂsm 1)

_ K(3K=1)+2(3k+1) _3k2+5k+2 _ (k+1)(3k+2) _ (k+)(3(k+1)-1)
2 2 2 2
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But thislast equation isthe equationi itself when nisreplaced by k + 1. Hence you have
shown that if the equation is true for k, it is aso true for k + 1. By the principle of
Mathematical Induction, this completes the proof that equation i is true for any natura
number n.

Example 6 Provethat for any natural number n, n < 2",
Proof:
1 Firstforn=1, 1<2'=2istrue
2 Assumethat n<2"istruefor n> 1.
Now you need to show it istrue aso for n+ 1; thatisn + 1< 2 *Lisdso true.
Adding 1 on both sides of n < 2", you get . :
n+1<2"+1
Again because 1 < 2" for any non-negative integer n, you get:
N+1<2"+1< 2"+2"= 2(2") =21
Thus,n+1<2""*

That means whenever n < 2" istrug, n + 1< 2" * is also true. In other words,
whenever your assertion istrue for anatural number n, itis also true for n + 1.

Therefore, by the principle of mathematical induction, the assertion n < 2" is true
for any natural number n.

Example 7 Use Mathematical Induction to provethat n® —n isdivisible by 3.
Proof:
1 Theassertionistruewhenn = 1 because 1°—1 = 0 and O is divisible by 3.

2 Forn=k=1, assumethat k¥ —kisdivisible by 3 istrue for anatural number

k and you must show that this is also true for n = k + 1. That means you

have to show that (k + 1)° — (k + 1) isdivisible by 3.

Now, obsérvethat _

(k+1)*—(k+1)= (K+3K +3k+1)—(k+ 1) (expanding (k + 1))

: = (KR-K+@BK+3K = K-k +3(IC+K

Since by the assumption k* = k isdivisible by 3 and 3 (I + K) is clearly divisible by 3,
(asit is 3 times some integer), you notice that the sum (kX — k) + 3 (kK% + k) is divisible
by 3. Thus, it follows that (k + 1)® — (k + 1) is divisible by 3. Therefore, by the
principle of mathematical induction, k* — k is divisible by 3 for any natural number k.
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1 Showthat1+2+3+...+n=w,foreachnatural number n.

2 Showthat 2+4+6+...+2n=n(n+ 1) for each natura number n.
Find2+4+6+... +100.

4 You may now answer Questions c and d of the opening problem of this unit.
Please try them.

5 A set of boxes are put on top of each other. The upper most row has 6 boxes, the
one below it has 8 boxes, and the next lower rows has 10 boxes and so on. If there
are n rows and 4n + 110 boxes all in al, find the value of n.

6  Provethat the " even natural number is given by 2n.

7 Provetha the n"™ odd natural number is given by 2n — 1.

8  Show that 6" —1 isamultiple of 5.

9  Showthat 2"'< n!

10 Showtha foraln [N, P+2°+...+n° :M, n
Bl Key Terms

argument mathematical induction
bi-implication method of cases (exhaustion)
conclusion negation

conjunction open statement
connective premise

counter example proof by contradiction
direct proof rules of inference
disjunction statement (proposition)
existential quantifier universal quantifier
implication validity

indirect proof (contra positive)
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B summery

1 Rules of connectives: For propositions p and g,

P g -p PAG pvg |p=q peq

T|T| F T T T T
T|F| F F T F F
FlT| T F T T F
FIF| T F F T T

2 Universal quantifier:
[X means for each x, for any x, for every x or for al x.
3  Existential quantifier:

[Xmeans for some x or there exists x.
4 (IX)(P(X):Q(X)):Every P(x) is Q(X)
()(P(x) CQ(X)) : Some P(x) is Q(x) and some Q() is P(x)
~( BJP(x) = (BJ-P(X)
(P (x) = (DHP(X)

An argument is an assertion that a given set of statements caled premises yield
another statement called a conclusion.

0 N o o

9  Anargumentisvalid, if whenever all the premises are true, the conclusionisaso
true. Otherwiseit iscalled afallacy.

10 Anargument isvalid, if and only if the conjunction of all premises always implies
the conclusion.

11  Rules of Inference:

a L(Addition) b E(Simplification)
p Lgl p
P pP=q
d (conjunction) d P (Modus ponens)
q
pP=4q pP=4q
—-q q=r .
e (Modus Tollens) f (syllogism)
—p p=r
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p Lgl
g -P (disjunctive syllogism)
Direct proof:
Given a gatement of the form p=> g, proving it using steps
p
P:
P

BPn
q

where py, p2... pnarepreviously established theorems, definitions, postulates
etc, iscaled adirect proof.

Method of cases:

When one proves an assertion by considering all possible cases, the proof is done
by method of cases (exhaustion).

Indirect (contra positive) proof
To prove Pp=>(Q you can prove its contrapositive —q= —p.

Proof by contradiction
To show that p istrue, you seek for an assertion r such that —p = (r C=F)istrue.

Disproving by counter example
To show that ( XJIP(x)isfalse, you seek an object xo from the universe of P(xo)
such that P(xo) isfase (called acounter example).
Principle of mathematical induction
If for agiven assertion involving a natural number n, you can show that
i the assertion istruefor n = 1.
ii if itistrueforn =Kk, thenitisaso trueforn=Kk+ 1,

then the assertion istrue for every natural number n.
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J Review Exercises on Unit 7

Using truth tables, show that each of the following pairs of compound statements

are equivalent.

a p=q;-plLd b p-q;(p=0) L@=p)

c - (pLg);-p =k d p L@ Co; (p Cg) Cp CO)
2 Using truth tables, show that each of the following is a tautology.

a (PLg=p b p=(pLaq)

c [-pLpLgl=q d [pLh=0]l=q

3 Use quantifiers to express each of the following statements.
a  Thereisastudent in this class who can speak French.
b Every student in this class knows how to drive a car.
c  Thereisastudent in this class who has a bicycle.

4 Let Q(X, y) be the open proposition "x + y = x—Yy". If the universal set for xand y
isthe set of integers, what are the truth values of the following?

a Q@2 b Q@0 c  (IXRA(x0)

d (X 4) e (BI(IQ(XY) o (BIYR (X Y)
5 If, the universal set isthe set of integers, determine the truth value of each of the

following.

a  ([MXn*20) b (MI(n*=2)

c  (mKn°zn) d (MK (n<nr)
e (XM (n+m=0) f (M) (ol (hm=m)

g (mi(m (n*+n’=9) h  ()([m) (h+m=6 La-m=2)
6 If, the universal set isthe set of al real numbers, determine the truth value of each
of the following propositions.

a (XI(¢=3) b (BQ¢=-2)
¢ (BAMIE=y) d (XA OAx=y)
e (I(LyIxy=0) F (DA (xy # yx)

g (X0 (M(xy=1)
7 Check the validity of each of the following arguments given symbolically.

q=7p p = —q pP=4q
a 9=2P p PLO . p=2r
p -q = T q=r
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P=q p=q p g
~p e =>4 ¢ P
~q p=r ~q

Check the validity of each of the following arguments given verbally.

a

If you send me an email message, then | will finish my homework.

If you do not send me an email message, then | will go to Sleep early.
If 1 go to deep early, then | will wake up early.

Therefore, if | do not finish my homework, then | will wake up early.

If Alemu has an electric car and he drives a long distance, then his car will
need to be recharged. If his car needs to be recharged, then he will visit an
electric station.

Alemu drives along distance. However, he will not visit an electric station.
Therefore, Alemu does not have an electric car.

Prove or disprove each of the following statements.

- ® O O T 2

h

If xand y are odd integers, then xy is an odd integer.

The product of two rationa numbersis always arational number.
The product of two irrational numbersis always an irrational number.
The sum of two rational numbersis always arational number.

If nisaninteger and n° + 5 is odd, then n is even.

For every prime number k, k + 2 is prime.

For real numbersp and q , if \/pq # pTJrq,thenp¢q.

[nT [(Zlandn=r =2, (?j=(: _ rj

Prove each of the following statements by the method of Mathematical Induction,
for al natura numbersn.

a

1+42+2%+,. . +2" = anzkzzf”l—l
k=0

n(n+1) (2n+1)
6

1x2)+(2x3)+(3x4)+...+n(n+1) =

1°+22+F+42+... +n°=

nin+1)(n+2
3

n(2n-1) (2n +1)
3
1 1 1 1 n
+ + PR © =
1x2 2x3  3x4 n(n+1) n+1

12+32+5%+ ... +(2n-1)>°=
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FURTHER ON STATISTICS

Unit Outcomes:

After completing this unit, you should be able to:

»  know bas c concepts about sampling techniques.
» construct and interpret statistical graphs.
»  know specific facts about measurement in statistical data.

O Taxi
B Bus
O Private car

Main Contents

8.1
8.2

SAMPLING TECHNIQUES
REPRESENTATION OF DATA
CONSTRUCTION OF GRAPHS AND INTERPRETATION

MEASURES OF CENTRAL TENDENCY AND MEASURES OF VARIABILITY

ANALYSIS OF FREQUENCY DISTRIBUTIONS
USE OF CUMULATIVE FREQUENCY CURVES

Key terms
Summary
Review Exercises




Unit 8 Further on Statistics

INTRODUCTION

In Grade 9 and Grade 11, you did some work in statistics, including collection and
tabulation of datistical data, frequency distributions and histograms, measures of
location (mean, median and mode(s), quartiles, deciles and percentiles), measures of
dispersion for both ungrouped and grouped data, and some ideas of probablllty In this
unit, you will study descriptive statistics.

SAMPLING TECHNIQUES

ACTIVITY 8.1

The Ministry of Agriculture and Natural Resources wants to study the -

M‘ i
productivity benefits of using irrigation farming. ié
If you were asked to study this, obviously you would start by collecting data. Discuss
the following questions.

1  Why do you need to collect data? 2 How would you collect the data?

3 From where would you collect the data?

Statistics as a science deals with the proper collection, organization, presentation,
analysis and interpretation of numerical data. Since datistics is useful for making
decisions or forecasting future events it is applicable in.almost al sciences. It is useful

in social, economic and political activities. It is also useful in scientific investigations.
Some examples of applications of statistics are given below.

1 Statistics in business

Statistics is widdly used in business to make business forecasts. A successful
business must keep a proper record of information in order to predict the future
course of the business, and should be accurae in statistical and business
forecasting. Statistics can also be used to help in formulating economic policies
and evaluating their effect.

2 Statistics in meteorology [
Meteorologists forecast weather for future days based on information they obtain

from-different sources. Hence their forecasts are based on statistics that have been
collected. '

3 Statistics in schools

In schools, teachers fank their students at the end of a semester based on
~ information collected through different methods (exams, tests, quizzes, etc.)
which gives anindication of the students performance.
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1 Collection of datais the basis for any statistical analysis. Great care must be taken
a this stage to get accurate data. Inaccurate and inadequate data may lead to
wrong or misleading conclusions and cause poor decisions to be made.

2 Recall that a population in statistics means the complete collection of items !
(individuas) under consideration.

It is often impractical and too costly to collect data from the whole population or make

census survey. Consequently, it is frequently necessary to use the process of sampling,
from which conclusions are drawn about a whole population. This leads you into an
essential statistical concept called sampling which |S|mportant for practlcal purpos&s

A sample isalimited number of items taken from a populatlon which is being studled/
investigated.

A sample needs to be taken in such a way that it is' a true representation of the
population. It should not be biased so as to cause a wrong conclusion. Avoiding bias
requires the use of proper sampling techniques. Before examini ng samplmg techniques,
you need to note the following. £/

During sampling, the following points must be COHSl dered

1 Size of a sample: Thereis no singlerule for determining the size of a sample of
agiven population. However, the size should be adequate in order to represent the
population. -

To get an adequate size, you check

[ Homogeneity or heterogeneity of the population: If the population has
a homogeneous nature, a smaller size sample is sufficient. (For example, a
drop of blood is sufficient to take ablood test from someone) .

ii Availability of resources: If sufficient resources are available, it is
advisable to increase the size of the sample.

2 Independence: Each item or _indi\/idual in the population should have an equa
chance of being selected as.amember of the sample.

Techniques of sampli"ng'f_

ACTIVITY 8.2

some part of Ethiopia. For this purpose, it needs to study the potential
source of athletes so asto decide where to build the facility.

1 Isit possible to study the whole population of the country? Why?
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2 How would the Federation collect a sample from the entire population?

3 What characteristics must be fulfilled by the sample?

There are various techniques of sampling, but they can be broadly grouped into two:
a  Random or probability sampling.
b Non Random or Non Probability sampling.

Y ou will consider only random (probability) sampling.

Random Sampling

In this method, every member of the population has an equal chance of being selected
for the sample. Only chance determines which item is to be selected. Three of the most
commonly used methods which will be discussed are: srmple random sampllng,
systematic sampling and stratified sampling.

[ Simple random sampling (SRS)

Simple random sampling is characterized by random selection of data. To apply this
method, you may either use the lottery method or atable of random numbers (attached
at the end of the textbook).

The Lottery method

In this method an investigator .
v prepares dips of paper which aré identical in size and colour.
v" writes names or code numbers for each member 6f the population;
v" folds the dips and puts them in a container and mixes them;

v A blindfold selection is then made until a sample of the required sze is
obtained.

Example 1 A mathematics teacher in aschool wants to determine the average weight
of grade 12 students.. There are 6 sections of grade 12 in the school. Assuming
that there are 45 students in each class and requiring a sample size of 30 (5 from
each section), how can she Use the lottery method to select her sample?

Solution a  Prepare 45 cards of same size and colour, with number O written on
40 of them and the number 1 written on 5 of them.

b ' ' Put the cardson atable with the numbers faci ng down.
Invite the studén_ts (one a atime) to come and pick a card.

Those who pick cards with the number one on them will be members of the
sample.

e Repest the same process for each section.
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Maximum care has to be taken at this stage to get accurate data. Inaccurate and
inadeguate data may lead to wrong conclusions. Thus,

a Care should be taken so that each student picks just one card.
b The cards should be well shuffled before being placed on the table.
c The same set of cards should be used for all the sections.

Using a table of random numbers

For this method, you need to use a table of random numbers, and
you need to take the following steps.

v' Each member of the population is given a unique consecutive number.

v' Select arbitrarily one random number from the table of random numbers.

v’ Starting with the selected random number, read the consecutive list of random
numbers and match these with the members of the population in their consecutive
number order.

<

Sort the selected random numbers into either ascending or descending order.

v' If you need a sample of size “n”, then select the sample that corresponds with the
first “n” random numbers.

Example 2 For the problem in Example 1 above, use the random numberstable
attached at the end of the textbook to select a sample of 30 students (5
from each section). '

Solution
a  Giveeach student arole number from 1 to 45 in alphabetical order.
b Select arbitrarily one random number from the table of random numbers.

c From the selected random number, read 45 consecutive random
numbersand attach each to the consecutive numbers given to each
member of the population.
d Sort the selected rand'om‘_n_umbers (together with the numbers from 1 — 45)
into ascending or descending order.
e  Takethe first 5 random numbers and the corresponding role numbers. The
| . students whose role numbers are selected will be part of the sample.
ii . Systematic samrjli_ng
Systematic sampling is another random sampling technique used for selecting a sample
from apopulation. In order to apply this method, you take the following steps:
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If N = size of the population and n = size of the sample, then we use k N for a
n

sampling interval. After this, you arbitrarily select one number between | and k, and
then every next sample member is selected by considering the K" member after the
selected one. _
Example 3 Inaclass, there are 80 students with class list numbers written from1-80.
Y ou need to select a sample of 10 students. How can you apply the
systematic sampling technique?
Solution Y ou apply the systematic sampling technique as follows
N=80 n=10 k= 80 =8
10 ) i
First, sort the list in ascending order and choose one humber at random from the
first 8 numbers. If the selected number is 5, then the sample numbers that you
obtain by taking every eighth number until you get the tenth sample number are

5,13, 21, 29, 37, 45, 53, 61, 69, 77. .
What do you think will the sample be, if the first randomly selected number is 3’7 List them.

In systematic sampling, you use S, = S + (n — 1)k where S, is the first randomly
selected sample, S, stands for N member of a sample and k is the sampling interval.

iii Stratified sampling )

Stratified sampling is useful whenever the population under consideration has some
identifiable stratum or categorica difference where, in each stratum, the data values or
items are supposed to be homogeneous. In this method, the population is divided into
homogeneous groups or classes called strata and a sample is drawn from each stratum.
Once you identify the strata, you select a sample from each stratum either by simple
random sampling or systematic sampling.

Consider the following example.

Example 4 If you consider students in!a section, you may consider intervals of age as
strata. In.such a case, you could take the age groups 12 — 14, 15— 17 and
18— 20 as gtratification of the students.

Samples are taken from each
stratum proportionally. In this
case, strata are age groups from
12-14,15-17 and 18-20.

Figure 8.1
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So far, the three different sampling techniques are discussed. However, no one
technique is better than the others.  Each hasits own advantages and limitations. Some
advantages and limitations of random sampling are mentioned below.

Advantages of random sampling

v' ltisfreefrom any personal bias of the investigator.
v’ Thesampleis abetter representative.

Limitations of random sampling

v' It needs skill and experience.
v' Itrequirestimeto plan and carry out.

|_Exercise8.1 |

Define the term statistics.

Describe the difference between the statistical terms population and sample.
Explain and describe three sampling techniques.

By using further reading, explain other sampling technigues (probability and non-
probability sampling).

From a population of size 100 listed 1-100, if you need to select a sample of size
20 and the first randomly selected number is 4, determine:

a  thesampling interval;

b al membersof the sample.

6 Discuss the advantages and limitations of the three sampling techniques.

REPRESENTATION OF DATA

A WN PR

ol

ACTIVITY 8.3

The following data of students’ weights (in kg) is collected

65 48 52 55 62 58 47 53 65 71 54

50 62 51 49 54 60 68 53 57 62 59
Prepare a grouped frequency table for the data using a class width of 5.
As you well know, raw data which has been collected and edited, will not immediately
give required information. It usually needs to be put into a form that makes it easier to
understand and interprét, ‘auch as tables, graphs or diagrams. You studied how to
represent data in tables and charts in Grade 9. Here, you will consider some practical
data representations discussing their importance, with their strengths and weaknesses in:

'\ a compUtationaI analysis and decision making,
b providing information for public awareness and other purposes.
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Tabular methods of data presentation

One of the common ways of representing data is the use of tables. Often, you use
frequency distribution tables. A frequency distribution table is a table which shows the
list of all data values obtained, with their respective frequencies.

Example 1 The following represents the ages of 20 women taken at the time when
they gave birth to their first child.

24, 25, 27, 26, 22, 28, 24, 25, 23, 24, 27, 26, 25, 24, 25 25, 24, 25, 24, 26
Represent the data using a discrete frequency distri butlon teble.

Solution Y ou can represent the above datausing a discrete frequency distribution
asfollows: )} :
Age (inyears) (X) Tally marks Number of women (f)
22 | 1
23 |
24 HH |
25 HH |
26 |1
27 |
28 |

From this frequency distribution table, you can draw some conclusions about the
women. You can identify that the majority of the women first gave birth a the
ages of 24 and 25. The above data can be further summarlzed using a grouped
frequency distribution as follows: -

RIN(Ww|oO|O|F—

Age (in years) | Tally Number of women
22-24 HH ||| 8
25— 27 HH b | 11
28-30 I 1

This provides more concise information. From this, you can, for example, say that
the majority of the women first gave birth before the age of 28.

Graphical methods of data presentation

The other way in which you represent data is to use graphs. Graphical representations
that you are going to discuss in the following section include Bar charts, Pie charts and
frequency graphs.

Example 2 Thefollowing bar chart represents students' enrolmentsin the preparatory
programs in Ethiopia from 1996 E.C to 2000 E.C. Can you use the Bar
chart to answer the following?

- a Istheenrolment increasing or decreasing in success ve years?
b Between which two years does female enrolment increase significantly?
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ENROLLMENT IN PREPARATORY PROGRAM (11-12)

BY GENDER
. 200000
g
2 150000
E
w
< 100000 = Boys
é 50000 - = Girls
g 0 - W Total « -

1996 1997 1998 1999 2000
Year
Figure 8.2 ¥ N
Solution AN  AX U

),
d

a  Theenrolment isincreasing starting from 1998.

b There seemsto be no change in the number of enrol mentsin theflrst two years.
But from 1999 onwards, there is a considerable increase in efirol ment of girls.

From the above examples, you see that data reprwentatlon can be a useful way to
present information, from which conclusion could bedrawn. ./ /

Example 3 Thefollowing bar chart represents pélf'centageS of'_WOmen who oppose
female genital mutilation, by educational level.

a  Determine the four countries that have a larger dlfferepce in prevaence
between older women (ages 35 tQ 39) and younger women (ages 15 to 19).

b What significance does this have for policy makers who are working to stop
female genital mutilation? \

120

8997 96

2 100 T 8080 &I

S 80 - 5

5 07 35

E 40 - o HAge35-39
& 23 i W Age 15 - 19

Somalia Egypt GambiaEthiopia Cdte Kenya
d'lvoire
Country
Figure 8.3:Source*.Population Reference Bureau, Female Genital Mutilation/Cutting: Data and Trends
. % - update 2010 [
Solution '\, A
a ' The four countries in the survey that have larger difference in prevalence
between older women (ages 35 to 39) and younger women (ages 15 to 19)
are Kenya, Ethiopia, Coted' Ivoire, and Egypt.
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b For policy makers, it might suggest that the countries with larger difference
in prevalence between older women (ages 35 to 39) and younger women
(ages 15 to 19) are doing better. This may be a sign that the practice is being
abandoned.

Example 4 An agricultural firm, which plants coffee, tea, and other herbs, has
conducted a survey on the use of coffee, tea and other herbal drinks by a
community, inorder to assess the market potential for its products. How | |
can the chart below help it in making decisions?

Solution  Coffee seemsto have more of a market than the other products. The flrm 7
might need to launch an awareness raising program about the health
benefits of drinking herbal drinks. )

£ P
Drinking habits of a community

HBTea MCoftee W Otherherbal drirks
*, Figure 8.4

Advantages of Graphical Presentation of Data

1  They are dtractive to the eye. Since graphs have eye catching power, they can
convey messages easily.

e.g. While reading books or newspapers, you first go to the pictures.

2  They are helpful for memorizing facts, because the impressions created by
diagrams and graphs can be retained in your mind for along period of time.

3  They facilitate comparison. They help one in making quick and accurate
comparisons of data. They bring out hidden facts and relationships. The
information presented can be easily understood at a glance.

Inthe following sub-unit, youwill look at the congtruction and interpretation of graphs.

§ Exercise8.2 |

The following is the weight in kilograms of 30 students in a class.

52, 48, 55, 56, 57, 59, 60, 60, 52, 58, 55, 49, 50, 51, 52, 51, 57, 51, 54, 53, 55, 51,
53, 50, 60, 34, 50, 52, 48, 57
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1 Construct both discrete and continuous frequency distributions for the above data.
2 Answer the following questions:
i What is the number of students whose weight is
a  between 50 and 55 kg b less than 53 kg
c more than 54 kg d between 55 and 60 kg
ii In which weight group do the weights of the majority of the studentslie?

CONSTRUCTION AND INTERPRETATION
OF GRAPHS

In the above sub unit, you discussed the advantages of representing data using different
forms such as tables, graphs or diagrams. Here, you will see ways to organize and
present data such as histograms, frequency polygons and frequency curves, bar charts,
line graphs and pie charts of frequency dlstrlbutlons

ACTIVITY 8.4

e — ET e b

class (in kilograms)
52, 48, 55, 56, 57, 59, 60, 60, 52, 58, 55, 49, 50, 51, 51
52, 57, 51, 54, 53, 55, 51, 53, 50, 60, 54, 50, 52, 48, 57

Draw a histogram.

Graphical Representatlon of Grouped
Data-

A frequency dlstrlbutl,on can be graphlcally presented in any one of the following ways:
[ Hlstog rams W
ii Frequency polygons /
i __'Frequency curves

ACTIVITY 8.5

the weekly wages of 100 workers.

N



Unit 8 Further on Statistics

Weekly wagesin Class Class mid
Birr (classlimits) boundaries point

140 - 159 139.50 - 159.50 149.50 7

160 - 179 159.50 - 179.50 169.50 20

180 - 199 179.50 - 199.50 189.50 33

200 - 219 199.50 - 219.50 209.50 25

220 - 239 219.50 - 239.50 229.50 11 _

240 - 259 239.50 - 259.50 249.50 4 o

Total 100 :

1 Locate the class boundaries along the x-axis (horizontal axis).

2  Assign a rectangular bar for each class between its lower class boundary and
upper class boundary.

3 Fix the height of each bar as the frequency of its class.

i Histograms

Histograms are used to illustrate grouped or continuous deta Asyou may ‘recall, thereisan
important difference between a bar chart and a histogram. A bar chart shows qualitative or
discrete data and hence the variable axis is just lelded into spaces. ‘On the other hand, a
histogram illustrates grouped or continuous data-and therefore the varisble axis is a
continuous number line. To draw ahistogram, you need to take note of the following.

i Construct a grouped frequency distribution.
i Locate class boundaries along the x-axis (horizonta axis).
iii  Thewidth of the bar indicates the class interval.

iv. The height of the barsindicate the frequency of each class.

Example 1 The histogrém of the data givenin Activity 8.5 above will look like the
following:

Figure 8.5
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Example 2 The Soil Laboratory section of an agricultural institute has collected the
following data about the length of akind of earthworm, which plagues
the surrounding farms.

Length 0515 | 1525 | 2535 | 3545 | 4555 5565 | 6575 | 7.5-85 | 8595

(cm)
Frequency 4 7 14 20 19 17 10 7 2
Solution The histogram is given below. Y ou use a histogram because the datais
continuous. £

Length of Worms
25 - v N )

= = N}
S} 5} [}
. . .

Frequency

o
L

o

05 15 25 35 45 55 65 7.5 85 g5
Length (cm) AV

Figu_re 8.6 5 : .._;'.'
it Frequency polygons ? .' ,
This is another type of graph used to represent grouped data In drawi ng a frequency
polygon, you plot the mid points (class-marks) of the class intervals on the horizontal
axis and the corresponding frequencies on the vertical axis. After plotting the points,
you join them by consecutlve line segments The resulting graph is a frequency
polygon. \ )
Example 3 Thefollowing table represents marks of studentsin Mathematics.

Construct afrequency polygon
Marks Mid point Number of
students
15-20 175 3
; 20-25 225 17
' 25-30 275 10

30-35 325 5

R 334 N



Unit 8 Further on Statistics

Figure 8.7 P BN

1  The dotted lines at both ends show that they are not part of the data. They are
needed in order for the polygon to be closed.

2 A freguency polygon will be more meaningful if other similar datais superimposed
on the same graph. That is, if the above marks are of section A students, we can plot
the marks of section B students and hence compare their performance.

3 It is possible to draw afrequency polygon from a histogram simply by joining the
mid points of each bar. For example, the frequency polygon of the grouped data
of wages of workers is shown below.

Example 4 Inthefigure bel'(jw, the frequency polrygqh'in red is drawn from the
histogram in Example 1 above.

\ N

Figure 8.8
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iii Cumulative frequency curve (Ogive)

To draw a cumulative frequency curve (Ogive), you have to use a cumulative frequency
table. An example is given below:

Example 5 Draw a cumulative frequency curve (Ogive) for the data in Example 3

above.
Solution
Mid point Number of Cumulative d
students (f) Frequency
15-20 175 3 3
20-25 225 17 20
25-30 275 10 30 ),
30-35 32.5 5 35

The cumulative frequency above shows the number of students who scored less than or
equal to the upper class boundary of the corresponding class. For mstance 20 represents
the number of students whose score is less than or equal to 25.

To draw the Ogive, you plot each cumulatlve frequency agajnst |ts upper class
boundary.

OGIVE CURVE
40
< 30
;;J- 25 //
o 20
2 /
£ 10
3 . /
T /I T T
10 15 20 25 30 35

Marks of students

s il
£ _.'

Flgure 8.9

Histograms of grouped frequency dlstrl butions often display alow frequency on the left,

rise steadily up to a peak and then drop down to alow frequency again on the right. If
the peak is in the centre and the slopes on either side are virtually equal to each other,
then the distribution is said to be symmetrical; otherwise, the distribution is skewed.
Skewness is lack of symmetry in the data.

For a skewed distributio'ﬁ; if the peak liesto the left of the centre, then the distributionis
positively - skewed, and if the peak of the distribution is to the right of the centre, the
distribution is said to be negatively - skewed.

N
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e =1

Positively skewed distribution Negatively skewed dlstrlbutlen.

111115

Symmetrical distribution vl 7 A

Figure 8.10 N/ N
iv. Frequency curves : ; | F 7
Frequency curves are smply smoothed curves of frequency polygons, '
Example 6 Construct afrequency curvefor the frequency dlstrlbunon of the wages

of workersgivenin Activity 8.5. -~ » AS 5
Solution : (/)
FREQUENCY CURVE
35
g 25 / \
% / N\
5 / N\
£ 1 / N\
2 / N
NI : : : >

129.5 1495 1695 1895 2095 2295 2495 2695

Wee kly wage

/57 A/ Rgué8.11

.I' .I'

Frequency curves. can aso be ueed to show skewness. For the grouped frequency
distributionsin Figure 8.10, the corresponding frequency curves are given below.

i

LR, . /—\
- N e
F. 3 .
o >

Symmetrical distribution

A Figure 8.12
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> Negatively skewed distribution
Positively skewed distribution fratr il

Figure 8.13

Example 7 Draw the frequency curve for the datain Example 2 above,

Solution The frequency curve is given below: ) N
Length of worms

25 /
20 —

- /TN

i, / N\
S ~
0 — .\.

0 0.5 1.5 2.5 3.5 4.5 55 6.5 7.5 8.5 9.5
Length {cm}
Figure 8.14

Representation o__f data using diagrams (Charts)

So far, we discussed reprée,ntation of data using histograms, frequency polygons and
frequency curves. There are also other forms of data representation. Here, we will see
representation of data usng Bar charts, "i.inefgraphs and pie charts. First of all, do the
following Activity. g L4

v  Bar charis__ W

A&IVITY 36

1 What is Bar chart?

2 Considering the following chart, explain the similarity and difference between this
chart and the histogram in Activity 8.5.

A
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Weekly wages of workers

35
30 A

33
25
25 - 20
20 -
15 - 11
10 - 7
4
;-
o ‘ ‘ ‘ ‘ B

140-159 160-179 180-199 200-219 220-239 240-259

Number of workers

Wages(in Birr)
Figure 8.15

Bar charts are like histograms in that frequencies are rep_res_zented with r'ectahgular bars
but, with a space between each bar. Bar charts are one of the most commonly used data
representations found in newspapers, magazines and report papers.

There are different types of bar charts NNV
v simple bar charts v '
v component (subdivided) bar charts
v' grouped (multiple) bar charts
a  Simple bar charts '

A simple bar chart is atype of bar chart that simply represents the frequencies of single
items without considering the component items. '

Example 8 The following table depicts typesand amount of pairs of shoes produced
by a certain factory for four consecutive years (in thousands)

‘ Y ear Boots Normal ‘ Total
1990 3 7 10
1991 5 10 15
1992 4 6 10
1993 10 15 25

If you con_éider the total number of pairs of shoes produced, its smple bar chart will
look like the following, which relates only year and total pairs of shoes produced in that
year. Notice that you are considering a single item without considering the components.
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Simple Bar chart showing number of pairs of shoes
produced in a factory each year

30

25

20

15

10
5 . .
0 ; T T

1990 1991 1992 1993

Number of pairs of shoes
produced

Year

Figure 8.16 Py T
In order to draw a bar chart, take the followi steps.
1  Sethorizontal and vertical axes.
2 Locate data values/ categories on the horizontal axis and frequency on the vertical

axis.

3 Draw rectangular bars.
4 Notice that the space between each bar must be the same.

You can also use Microsoft Excel or any other statistical softwére._;tfo' draw such charts.
b Component bar charts :

In addition to the features of a :si[n'p:le bar chart, a component bar chart takes into
account the relative contribution of,leach part or compong_ént to the total.

See the component bar chart for__the data given in the previous example.

Component Bar chart showing number of pairs of
shoesproduced in a factory each year

30

25

20

m Normal
10
M Boots
5
L 0 T T

1590 1991 1592 1993

Number of pairs of shoe
produced
=
u

Year

e Figure 8.17
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v' This component bar chart describes not only the total production of pairs of shoes
but aso the types of shoes produced, one on top of the other so that each bar
sums up the total.

c Multiple bar charts

These are bar charts that show the various components of an item Slde by S|de They :, {
help to facilitate comparison. The multiple bar chart for the above datais given below

Multiple Bar chart showing pairs of shoes producedin
afactory each year

25

20

[ury
i

W Boots

=
<

mNormal

m Totzl

o

Number of pairs of shoes
praduced

jan ]
I

1990 1991 1952 1393
Year
Figure-8.18
vi Line graphs

A line graph is another useful way- to repr@ent data, &speually when the categories

represent time. Such graphs portray.changes in amount with respect to time by a series

of line segments. These graphsare useful for comparing series of data

Example 9 The following data represents daily sales of a certain shop for six days.
Days F Sa

Salesin hundredsof Birr 2 5

10

Birrin hundreds

\
/|
\

Days
Figure 8.19
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In order to draw a line graph, first plot each quantity and then connect each plot with a
line segment.

vii  Pie charts

A pie chart is a pictorial representation of data with severa subdivisions in a circular
region. The various components are converted into degrees by taking proportions of
360°. { \

In order to draw pie chart

i Draw acircle with convenient radius.
ii Find the relative frequency of each item.

il Convert each relative frequency into an angle.

iv Divide the circle according to these angles.

% Different components appear as adjacent sectors of the circle.

Example 10 The following data depicts preferred means of transport for 100 people.

Type of transport WEX Bus Private \ v

Peoplewhoused K& 50 15 A
To draw apie chart that represents the given data, first you néed to determine the
relative frequency (from 360°) of the users of each type of transport to calculate

the angles: :
Type of Reative
transport NI PEIE

. 35 o o

Taxi 35 100 x 360° = 126

Bus 50 % x 360° = 180°
. 15 o

Private car 15 100 360" = 540

Transport Preference

o Taxi
B Bus

O Private car

Figure 8.20
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1

2
3

In the Pie chart, notice that the area of the sector is proportional to the relative
frequency.

Components representing equa percentages will have equal areasin the circle.

Pie charts may not be effective if there are too many categories.

| Exercise8.3 |

The following table depicts ages of a sample of people living in a certain city.
Construct a histogram.

Age(in years) 10-15| 15-20 | 20-25 | 25-30 [30-35
Number of people 17 23 15 14 12
Draw afrequency polygon and frequency curve for the following data.
Age(in years) 20-26 | 26-32 | 32-38 | 38-44 | 44-50
Number of people 8 3 11 7 12

The following table represents the costs in thousands of Birr of building a house
in three months.

Month ‘ ltems
‘Cement ‘Steel Labour | Total

Tikimt 80 100 70 250
Hidar 50 45 45 155

Represent the above data using the three types of bar charts.
Represent the following using any of the three types of bar charts.

Production in tonnes
Total

T eff Wheat Maize

1996 80 60 70 210
1997 100 150 180 430
1998 150 200 250 600

The age distribution of people in a village is given as follows. Fill in the
“Degree” column and construct a pie chart.

‘ Age Number of people ‘ Degree
Under 20 15
20-40 60
40-60 20
Over 60 5
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6 Draw apie chart for each of the following sets of data.

a
Teff 500
Wheat 700
Maize 800
Barley 500
b
‘ Expenditure Amount (in birr)
Rent 500
Transport 200
Electricity 1500
Education 100

MEASURES OF CENTRAL TENDENCY AND
MEASURES OF VARIABILITY </ "

X Measures of Central Tendehcy

In previous grades, you studied the different measures of central tendency (mean, mode
and median) for ungrouped and grouped data and measures of variation that included
range, variance and standard deviation. In this sub-unit, you will briefly revise these
concepts with the help of examples and proceed to see other measures of variation such
as inter-quartile range and mean deviation. '

ACTIVITY 8.7

Considering the following ungrouped data: 50, 70, 45, 48, 60, 68, 57, -5
63, 62, 75, 54, 50, 55, 49, 53 of the weights in kg of 15 sample
students, find:

a the mean b the median c the range

d thefirst and third quartiles e the mode and
f the standard deviation.
From this Activity, it is hoped that you have revised the measures of central tendency
and measures of dispersion for ungrouped data The same approach holds true for
grouped data as well. Some examples are given below.
Exémple 1 Co'hsidering the following grouped frequency distribution of weight of
' students:

——
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Weight (ink.g)x  Classmid point (m) | Number of students (f)

48 - 49 485 5
50- 51 50.5 23
52 - 53 525 15
54 - 55 54.5 25
56 - 57 56.5 8
58 - 59 58.5 7
z f =83
Cdculate a  themean b the median &
c  therange d the standard deviation
Solution a Themeanis X = % fm = 44;5'5 =5320kg o A
b The medianis
)
m, =L+ ; w

8 _2s

somedian = 51.5+ w x2= 515+M o=515+ 139
15 15

(13 5.,
15
=51.5+1.8=53.3kg _
c The range is the difference between upper class boundary of the highest
class By (H) and the lower class boundary of the lowest class B (L). Thus,

therangeisR=59.5-475=12
d The standard deviation:

eight (ink.g) Classmid  Number of
point (m) | students(f)

X —53.20 | (xi—53.69)% | fi(x; —53.69)

48 - 49 485 5 -4.70 22.09 110.45
50- 51 50.5 23 -2.70 7.29 167.67
52-53 52.5 15 -0.70 0.49 7.35
54-55 54.5 25 1.30 1.69 42.25
56 - 57 56.5 8 3.30 10.89 87.12
58 - 59 58.5 7 5.30 28.09 196.63

2.1=83 S 1, (% - %)’ = 61147

i=1
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(- y)2
= [SLLA7 737 = 2.71Kg

3 83

i=1

10-19

3
20-29 5
30-39 14| 22
40 - 49 7

Solution

th o _,
i Quisthe [%?j item = (7.25)" item, inthe 2™ class

7.25-3

Q1:19.5+[ j10:19.5+8.5:28_! B PP A

2 x 20\". L AN '
n item = (14.5)" item, inthe 3 dlass

ii Q: isthe [
le = 205+4.64=34.14

145-8

Q,= 29.5+[
!

th A
3 29) item = (21.75)" item , in the 3" class

iii Qgisthe[
21.75-8

Q,=295+ ( )1’0 =295+9.82=39.32

Example 3 Thefollowing is the age distribution of a sample of students. Estimate the

modal age.
age Number of students
10- 14 2
_ 15-19 7
S 120-24 9
\ &/ |25-29 4
' 30-34 3

Solution Themodal classisthe 3" class because its frequency is the highest. The
lower class boundary of this classis 19.5

b

NN (L3195
W=245-195=5071=9-7=2, [,=9-4=5
mode= L+| 1 w=19.5+(ij5 =195+20 =195+ 143=2093
LA +4, 2+5 7
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Cdculate the arithmetic mean of each of the following data sets:

a 76, 78, 69, 75, 84, 92, 11, 81, 10, 95 b 22,22, 22,22, 22,22, 22
If themean of 4,7, 8, 6,5 is6, then, find themeanof 4+8,7+8,8+8,
6+8,5+8.

If the mean of 5, 6, 10, 15, 19 is 11 then, find the mean of 2 x 5, 2 x 6, 2 x 10, 4

2x 15,2 x19.
If the mean of a, b, ¢, d is5 then, find the mean of 3a+ 3,3b+ 3, 3c+ 3, 3d + 3.
Find the mean of each of the following data.

X

f
Marks 201301 40| 50| 60| 70
N[gle=deii=iifel=qiis 8 | 121 20| 10| 6 4
WERESY 0-9 [10-19]20-29(30-39|40-49
f 5 10 8 13 4

Find the median and mode of each of the following data sets.

a 2,7,6,8,10,1
b
X 10|12 | 15| 16
4 (6| 8|3
A 1-3(4-6(7-9(10-12| 13-15
2 1 8 17 11

Find Q;, Q. and Qs of each of the following.
a 18,11, 26, 20, 16, 8, 22, 23, 8, 12, 15, 13

b
X 5-9110-14115-19|20-24 [ 25-29
f 3 4 6 7 3

a

7 (10]11)15| 19
3(2|4|8]|6
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CEW| Further on Measures of Variation

In previous grades, you studied the definition of variation and measures of variation
such asrange, variance and standard deviation. In this sub unit, you are going to discuss
additional measures of variation, namely, mean deviation and some relative measures of
variation such as the coefficient of variation.

Recall that a measure of variation can be defined in either of thefollowi ng_ways [ { 7
a  Thedegreeto which numerical datatends to spread about an average; ;
b The scatter or variation of variables about a centrd value, -

Variation can be measured either absolutely or relatively. N

Measures of variation

I
Absolute Relative

Range / coefﬂaenf of range

Quartile deviation ' /coefficient, of ‘quartile deviation
Mean deviation coefficient of'mean deviation
Standard deviation’ /) - coefficient of variation

o 0O T 9
o 0O o 9

v' Absolute measures are expressed in concrete units, i.e. the units in which the data
valueis expressed, e.g. Birr, kg, m, etc.

v A reaive measure of variation is the ratio of measure of the absolute variation to
its corresponding average. It is a pure number that is independent of the unit of
measurement.

Mean deviation (MD)

When we calculated standard deviation, you may have noticed that it is the square root
of the sum of the squer"es of the deviations of each observation from the mean, divided
by n-1, where n stands for sample size. Another measure of deviation that also considers
al members of adata set is the mean deviation, which you are going to see now.

ACTIVITY 8.8

The following data represents mathematics examination scores out of
10 of ten students.
2,6,4,9 5 7, 3,6, 8 6
1 Find the mean of the data
2 Find the deviation of each value from the mean.
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3 Determine the mean of these deviations.
4 Observe that this mean is 0. What will the mean of the deviation be if you
consider the absolute values of each deviation?

Definition 8.1

Mean deviation is the sum of deviations (in absolute value) of each item from the
average divided by the number of items. It can be considered as the mean of the
deviations of each value from acentra value.

A deviation may be taken from the mean, median or mode.

Y ou will now see how to calculate mean deviation about the mean, the median and the
mode for ungrouped data, for discrete frequency distribut_ibr'\s_and for grouped data:

1  Mean deviation for ungrouped data

[ Mean deviation from the mean MD()?)

To calculate the mean deviation from the mean, tqke'the followi 'ﬁg-s_teps ;

Step 1:
Step 2:

Step 3:
Step 4:

Find the mean of the data set. X
Find the deviation of each item from the mean regardless of sign (since

mean deviation assumes absolute valug).

Find the sum of the deviations. )

Divide the sum by the total number of itemsin the data set.
% = X|+[%, = %]+ % = X[ +...+|x, - %] _ 2% -]

i=1
n n

MD(X) =

ii Mean deviation about the median MD(mg)

To calculate the mean deviation from the median, simply use the median in place of the
mean and proceed in'the same way asfollows.

Step 1: - Find the median of the data set.

Step2: *Find the absolute deviation of each item from the median.

Step3:. Find the sum of the deviations.

Step 4:  Divide the sum by the total number of items in the data set.
MD(m) _ D my [ e = my [+ - my [ ) - my| L -m

n n
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iii Mean deviation about the mode MD(m,)
Again proceed in asimilar way:
Step 1:  Find the mode of the data set.
Step 2:  Find the absolute deviation of each item from the mode.
Step 3:  Find the sum of the deviations.

Step 4: Divide the sum by the total number of itemsin the data Sehy

:|x1—mo|+|x2—m)|+|x3—mo|+...+|xn—ma|_?‘_.”‘0|
n 4on

MD(m,)
Example 4 Find the mean deviation about the mean, medlan and mode of the"_ :
following data. _ ; P |

58,8, 11,11, 11, 14, 16 (VY PR

a Mean deviation about the mean, MD(i)':

i, i /
Step 1: Calculate the mean of the dataset.. (/)
< = 5+8+8+11+;1+11+14+16_%_105
= I

Step 2: Find the absolute devidti 6h of each dataitem from the mean

5 55

8 25

8 25

11 0.5

( 11 05
/5 1 0.5
14 35
16 55

y D x=%|=21

Step 3 Find thesum of the deviations, which is 21.
Step 4: Divide the sum by the total number of itemsin the data set.

e
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b Mean deviation about the median, M D(md)
Step 1:  Calculate the median of the data set.

8 th 8 th
— | item+| ~ +1]| item . .
(2) (2 j 4"item + 5"item _11+11
Md= = = :]_]_
2 2 2 }..
Step2:  Find the absolute deviation of each data item from the median.
|
5
8
8
11
11
11

14
16

3
2

CTWOOOWWoO

D [x=my|=20
Step 3:  Find the sum of the deviations, whlffh is 20.
Step 4: Divide the sum by the totd number of itemsin thedataset

g
4

MD(m,) === === 25 A\ %

¢ Mean deviation about mode, MD(md) J
Step 1: Calculate (ident_ify)_ the mode of the-datzla_"set-mode= 11
Step 2:  Find the absolute deviation of each dataitem from the mode.
|
5
8
8
DN 11
o LA 11
11

14
16

W o > |x-m|=20
"Step:  Find the sim of the deviations, whichis 20,
Step 4:  Divide the sum by the total number of itemsin the data set
x-my| _ 20
n 8

3
E}

CTWOOOoOWWOo

MD(m,) = Z =25
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2 Mean deviation for discrete frequency distributions

To calculate the mean deviation for a discrete frequency distribution about the mean, the
median and the mode you take similar steps asin the process for discrete data.

If X1, X2, X, ..., Xn are values with corresponding frequencies f, f2, ..., fn, then the mean
deviation is given asfollows.

i Mean deviation about the mean MD(x) : (0.,
Step 1:  Find the mean of the data set. i

Step 2:  Find the absolute deviation of each item from the mean. | _

Step 3:  Multiply each deviation by its correepondmg frequency N/

Step4: Find the sum of these deviations multiplied by the|r frequenues

Step 5:  Divide the sum by the sum of the frequenmes in the data set.

Following the steps outlined above, you will get the mean deviation about the mean to
be as follows. ) N

f|x =X+ f,[%, =X+ f,|x,~ x]+ £ %, = x|_2f|)g y

MD(x) = f+f+f+ A S .
_ 2

ii Mean deviation about t_he median MD(mg)

Here, we smply need to replace the role of the mean by the median and follow each
step asabove. Thiswill give usthe mean deviation about the median to be:

" : n f .
£ - myl* fub -yl fxmmyle ot x -my| 2T
fitfotfgt. + 1 Zn:f'

MD(m,) =

i Mean deviation aﬂpu} the mode MD(m,)
The steps that we need to follow hege are also the same, but we shall use the mode
ingtead of the mean or the median. Following the steps, we will get the mean deviation

about the mode to be:

flxl mJ|+f|X2 my|+ £ =my 4.t £ fx, = my| Z P —m
fi+f,+f+.+f Zn:fi

MD(m,) =

_r'

N
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Example 5 Find the MD of the following data about the mean, the median and the

mode.

15 5 8

21 10 18
27 12 30
33 7 37
39 3 40

1 Calculating the mean, the median and the mode first, weget. . ~
_ 5 3X9+5x15+10%21+12x 27+ 7x33+3x39 984
a  Themean= = 24 6
3+5+10+12+7+3. 40
th th, ™ A :
[420] +[[420]+1J Voghe o Bragy
b Themedian=m, = —= = —=27and
2 PR 2 R
¢  Themodem, =27 /S N
2 Y ou calculate the deviations from the mean the median and the mode:
Deviation about the Deviation about the Deviation about the
mean ‘ median mode
ko] | fpex | xeml fxem) em] fxem
9 3| 156 46.8 18 54 18 54
15 5 9.6 48 12 60 12 60
21| 10 36 36 6 60 6 60
27 12 2.4 28.8 0 0 0 0
33 7 8.4 58.8 6 42 6 42
39 3| 144 43.2 12 36 12 36
40 261.6 252 252
3 Find the sum of the deviations and divide by the sum of the frequenciesto get the

mean deviationé which will be;

2 fx=% _ 261.6

i MD(X)= = 6.54
RN >t 40
f |x 252
i MD(nld)-Zzlfmd| =63
iii MD(mO)'zzgé(f_nu—%foz—GS
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3 Mean deviation for grouped frequency distributions

For continuous grouped frequency distributions, mean deviation is caculated in the same
way as above except that each x; is substituted by the midpoint of each class(m) and

> fm - > fim-m, > tjm-m
[CMD(x)=2————, MD(m,)="*———— ,MD(m,) = v
2.1 2 2.1
i=1 i=1 i=1
Example 6  Find the mean deviation about the mean, the medianand the mode for
the following. ' \

| 0-5| 6-11 |12-17) 18-23 | 24-29
f 5 8 7 10 3

Solution £ NN ;
1 First, you have to find the mean, mode and median of the distribution.

(-—cfbj [
, 16.5-13
b Median=L+ Zf— w=11.5+(%]6=11.5+3=14.5

¢ Mode= L+| 2 w_=17ﬁ5+(ij6:17.5+1.8:19.3
1 F _.-'- 1 + Az__:’ f y 3+ 7

2 Determine the deviations and calculate the means of these deviations.

i m |m-% | fim-%| |m-my| fjm-my| |m-m| f[m-m)

0-5 5| 25| 11.64 58.20 12 60 16.8 84
6-11 8 | 85 5.64 45.12 6 48 10.8 86.4
12 -17 7 |145| 0.36 2.52 0 0 4.8 33.6

18-23 10 | 205 6.36 63.6 6 60 1.2 12
24-29 3 |265| 12.36 37.08 12 36 7.2 21.6
S =33 3 jm-x/= 206.52 3t Im-m| = 204 i ‘m_mo‘=237.6
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The mean deviation will then be:
a mean deviation about the mean
_ 2 fIm-x]_ 20652
> 33

b mean deviation about median

MD(m,) = 2 fm-m|_204_ g

S f 33

C mean deviation about the mode

f|m- 237.6
MD(mb):Z %f M| _ 70

MD(X) = 6.26

7.2 N 0%

Mean deviation can be useful for applications. If our ave'r.ag_e'ié “ Arithmetic mean” you
take the deviation about the mean, if our average is “Median’ then you take the
deviation about the median, and if our average is the “Mode’, you take mean deviation

about the mode. 5 y,

To decide which one of the mean deviations to use in a given situation, consider the
following points: If the degree of variability in a set of data is not very high, use of the
mean deviation about the mean is comparatively the best for interpretation. Whenever
there is an extreme value that can affect the mean, mean deviation about the median is
preferable. — ' I

Mean deviation, though it has some advantages, is. not commonly used for
interpretation. Rather, it is the standard deviation that is commonly used and which
tends to be the best measure of variation.
Advantages of mean deviation

Compared to range and quartile deviations, mean deviation has the following
advantages. Range and inter-quartile ranges (discussed below) consider only two
values; Mean deviation takes each value into consideration.

£

Limitation
By taking absolute value of deviation, it ignores signs of deviation, which violates the

rules of algebra. 7
j_Exercise85 |

1 Calculate the mean dévietion about the mean, median and mode of each of the
following data sets:

a 19,1512, 20, 15, 6, 10 b 56,7910 10,11, 12,13, 17
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2 Cad culate the mean deviation about the mean, median and mode for these data sets:
a b

1123 1213 14 ] 15]16]17
i 3142 1|3 |8 |54
©
‘x 0-4] 5-9 [10-14]15-19]20-24
E 3 5 7 4 3
d

‘x 10-14 | 15-19 | 20-24 | 25-29
‘f 5 25 10 4

Range and inter-quartile range (IQR)

ACTIVITY 8.9

The following are the average daily temperatures (in °C) one week for "= =

two cities, A and B. e

City A: 15, 16, 16, 10, 17, 20, 14 City B: 13, 16, 15, 15, 14, 16, 17
1 Find the first and the third quartiles for each city.

2 Determine Qs — Q1 for each city.
3 Compare which city hasahigher variation in temperature.

In the previous sub-unit, we mentioned range as the difference between the highest and
the lowest values in a data set. Sometimes, it may not be possible to get the range,
especially in open ended data, where highest or lowest value may be unknown. It may
sometimes also be true that the range is highly affected by extreme values. Under such
circumstances, it may be of interest to measure the difference between the third quartile
and the first quartile, fv()hich is called the Inter-quartile range. Inter-quartile range is a
measure of variation which overcomes the limitations of range. It is defined as follows:

IQR=Qs—Q: (difference between upper and lower quartiles)

Example 7 . Consider the followi ng two sets of data:
Al 2,7,7,7,7,7,7,10 B: 2358910
Therangeof Aand B areRa=10-2=8and Rg =10-2=8

. from which you see that they have the same range. However, if you observe the
two sets of data, you can see that data B is more variable than data A.

N 356



Unit 8 Further on Statistics

Example 8 Calculate the IQR of A and B.
Solution
For data A:

th
Q,= KSTHJ item = (2.25)" item, which is 7, and

th
Q,= [3(8: Dj item = 6.75"item, whichis?7.

[Inigr-quartile range (IQRa) =7-7=0
For Data B:

th :
Q.= [61 1) item = (1.75)" item which is 2.75, and.

th L
Q3= {@} item = (5.25)th itemwhich is 9.25.

[Infer - Quartile range (IQRs) = Qs— Q1= 9.25 —2.75=65/ /
from which you see clearly that data B possesses higher variability than data A. The
greater the measure of variation, the grester the variability (dispersion) of the data set.

[Sihce IQRg > IQRa data B is more variable.

Limitation of Inter-Quartile Range

1 It only depends on two values Qs and Q;. It doesn't consider the variability of
each item in the data set.

2 It ignores 50% of the data (the top 25% above Qs and the bottom 25% below Q).
It only considers the middle 50% of values between Q; and Qs.

Standard deviation

You have already seen how to calculate the standard deviation of ungrouped and
grouped frequency dist’[jbutions Y ou have also seen other measures of dispersion.

ACTIVITY 8.10

A certain shop has registered the following data on daily sales
(in 100 Birr) for ten consecutive days.
30 45 54 60 25 35 42 8 70 40

1 Cdlculate the different measures of disperson (range, inter-quartile range, mean
deviation and standard deviation).

2 Discuss similarities and differences between the different measures of dispersion.
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From the previous discussion, you know that mean deviation and standard deviation
consider al the data values. However, mean deviation assumes only the absolute
deviations of each data value from the central value (mean, median or mode). Hence it
misses algebraic considerations. To overcome the limitation of mean deviation, you
have a better measure of variation which is known as standard deviation. Y ou may
recall that standard deviation is given by:

>(x-%)°

1 for sample ungrouped data and ..

2
o= w for population data

When considering standard deviation we notice that, unllke the mean dewatlons you
aways take the deviations from the arithmetic meanin standard deviation. ;

Since the deviation is squared, the sign becomes non-negative W|th_out violating the
rules of algebra. Thus, standard deviation is the one that is mostly used for statistical
analysis and interpretation. It is also used in conjunction with the mean tor comparing
degrees of variability and consistency of two or more different data Sets.

Example 9  Find the standard deviation of the following data. .
a 6666666 X=6

X

OO OO OO
O O O OO oo
o O OO o oo

e
X
|
x|
~—
N
1
o

X /
Y(x-x) [0 g
_ n-1 n-1

Since§= O, it indicates that there is no variability in the data set.

The greater the standard deviation, the higher the variability.

SF b

R 358



Unit 8 Further on Statistics

ANALYSIS OF FREQUENCY DISTRIBUTIONS

ACTIVITY 8.11

Consider these two groups of similar data:
DataA: 1,2,3,4,5,6,7,8,9and
DataB:5,4,5,5,5,5,6,5,5

Compare the two data sets. Which of these two data sets is more consistent? Why?

The two data sets given above both have an average of 5. How isit possible to compare

these data sets? Can you conclude that they are the same? »_;I'*t is obvious that th@é two

data sets are not the same in consistency. /

Example 1 Thedaily income of three small shops is recorded for flvg days. WhICh

shop has consistent income (in Birr)?

Shops

\ For shop B . For Shop C

)2 X X=X (x-x) X X=X (x-x)
28 -4 16 35 3 9 29 -3 9
36 4 16 32 0 0 39 7 49
42 10 100 41 9 81 23 -9 81
25 -7 49 27 -5 25 33 1 1
29 -3 9 25 -7 49 36 4 16
> (x-x)* =190 > (x-x)* =164 > (x-X)* =156
Based on the'valuesin the aQove tabléi we see that
V - n-1 -1
— 2
X
S = Z(‘ ) - 6.40, and
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The comparison shows that Sc < Sg < Sa. Since S¢ < Sg < S,, then shop C has the most
consistent income. The income of shop A is highly variable.

In the discussion given above, you used standard deviations to compare consnstency,
where the data sets considered have the same mean and the same unit.. But, you may -

face data sets that do not have the same mean. Y ou may aso face qlata sets that do not

have the same unit. If the units are different, it will be difficult to compare them. For
example, for two setsof data A and B, if Sp = 1.6 k.gand Sg = 1.7 cm WhICh of the data
sets A or B ismore variable?

You cannot compare kg to cm. Hence, you need to see a rélative measure of variati on
which is a pure number. Such a pure number, which is used as a relamlve measure of
variation, is the coefficient of variation given by:

s

CV = §><100.
X

Example 2 Consider the following data on the mean and standar_d deviation of the
gross incomes of two schools A and B.

School \ Mean income (in Birr)  Standard deviatin (in Birr)

A 8000 120
B 8000 140

From this table, you see that both schools have the same mean of 8000 Birr. Does
equality of the means indicate that these two schools have the same variability and
consistency?

Obvioudly, the answer is no, because the two data sets do not have the same standard
deviation. For such a case, when you need to compare the consistency of two or more
data sets, you can use-another measure called the coefficient of variation (CV).

The Coefficient of Vafiation isa unit-less relative measure that we use to measure the
degree of consistency given asaratio of the standard deviation to the mean.

CV = standard deviation %100 = gxmo
mean X

120 140

For the above example, C.V, = ——x100=1.5 and CV, = ——x100=1.75.
\ 00 8000
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When you compare these two data sets, you can see that CVg > CV from which you
can conclude that data set A is more consistent than data set B because data set B has a
higher degree of variability.

Y ou can aso see the ratio of the coefficients of variation, given as

CV,_15_120_o '
=15 120 =—L from which you can conclude that the data set with lesser

standard deviation is more consistent than the data set with larger standard deviation.

Example 3 Thefollowing are the mean and the standard deviati on of height and
weight of a sample of students.

C.V(height) = Sx100 = 25°M
X 168cm

x100=1.369% ./

CVweght) = Sx100= 29100 = 2.963%
X 54kg

Since C.V (weight) > C.V (height), the students ha\_/e greater variability in weight.

|_Exercise 8.6 |

1 Two basketball teams scored the followi ng pointsin ten different games as
follows:

Team A: 42 17 83 59 72 76 64 45 40 32
TeamB: 28 70 31 0 59 108 82 14 3 95
a  Caculate the standard deviation of each team.
b Which team scored more consistent points?

2 Themean and standard deviation of gross incomes of two companies are given

below:
‘ Company ‘ Mean Standard deviation
A 6000 120
B 10000 220

a  Cdculatethe C.V of each company.
b Which company has the more variable income?
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X USE OF CUMULATIVE FREQUENCY
CURVES

In section 8.3 of this unit, you saw three types of frequency curves whose shepescanbe

symmetrical, skewed to the left or skewed to the right. The shape of a frequency curve _

describes the distribution of a data set. Such a description was made possible after you =

drew the frequency curve of afrequency distribution.

In this sub-unit, you will see how the measures of central tendency (mean, mode and_ ]
median) determine the skewness of a distribution. - i

Skewness Based on the Relatlonshlps WV
Between Mean, Medlan and Mode :

ACTIVITY 8.12

Consider the following data y -
DataA:2,3,4,5/5,6,5,7,8 DataB: 2,3,1,4,8,5,8,6,8" :

1 Cdlculate and compare the mean, median and mode for each data set.

2 Construct frequency curves for each data set and discuss your observations.

Relative measures of variation help to study the consistency or variation of the itemsin
adistribution. How do measures of central tendency help in studying the skewness of a
distribution? What happens to the skewness if mean= median= mode?

A measure of central tendency or a measure of variation alone does not tell us whether
the distribution is symmetrical or not. It is the relationship between the mean, median
and mode that tells us whether the distribution is symmetrical or skewed.

Example 1 Consider the following frequency distribution of age of studentsin aclass:
a Draw the hisogram and frequ'enc;/ curve.
b Calculate miean, median and mode
c Describe relationshi ps. between the mean, median and mode, and the
skewness of the distribution.

Age ' Number of students

13-14 5
15-16 15
17-18 30
19-20 15
21-22 5

70
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Solution
a  The hisgogram and frequency curve of this frequency didribution are as
follows.
Histogram and frequency curve of age of students

40

30

20

10
0

125 14.5 16.5 18.5 20.5 22.5
Age j
Figure 8.21 I\ i )
This appears to be symmetrical. £\ P T

b Mean = median = mode=17.5
c From a and b, you see that whenever mean medlan mode, the dlstrlbutlon
issymmetrical.
Investigate what happens to the skewness of adlstrlbutlon if mean > medlan > mode?
From the discussions outlined above, you can make thefollowmg generdizations.
[ For a unimoda distribution in , /' / Mean = Medlan Mode
which the values of mean, -
median and mode coincide (i.e.,
Mean = Median = Mode), the "~
distribution is said to be

f

v

' Symmetrical distribution

symmetrical. . a
ii If the mean is the largest in
value, and the median is larger - Mode, . dian
than the mode but smaller than h Mean
the mean, then the ditribution is . ‘\ \
positively skewed. That is, if — >
Mean > Median > Mode, then 4 Positively skewed distribution
the distribution is positively b
skewed (skewedto theright). ©
i If the mean is smallest in value,
and the median is larger than the Median_Mode
mean but smaller than the mode, Mean g |
then. ' the distribution s |
negatively skewed. That is, if l >
"Mean < Median < Mode then Negatively skewed distribution
the . digribution is negatively c
skewed (skewed to the left).
{ Figure 8.22
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Skewness Based on Relationships
Between Measures of Central Tendency
and Measures of Variation

In the above discussion, we used the relationships between the measur&s of central
tendency only to determine the skewness of a distribution. With the help of central

tendencies and standard deviation, it is also possible to determine skewness of a @

distribution. This is sometimes called a mathematical measure of skewness.
Mathematically, skewness can be measured in one of the following ways by calculatl ng -
a coefficient of skewness. /

1 Karl Pearson's coefficient of skewness

2 Bowley's coefficient of skewness

1 Karl Pearson's coefficient of skewness

Karl Pearson's coefficient of skewness (usualy- called Pearson's coeff|C|ent of
skewness) is obtained by expressing the difference | b_etW%n the mean and the median
relative to the standard deviation. It isusually denoted bya.

o 3(mean-median)
Coefficient of skewness= o =

standard deviation

The interpretation of skewness by this approach follows our prior knowledge. From the

previous discussion, if mean = median, we can see that the distribution is symmetrical.

Looking at Pearson’s coefficient of skewness, if a = 0 then mean = median, so the

distribution is symmetrical. Following the same approach, we can state the following

interpretation on skewness Using Pearson’ s coefficient of skewness.

1  If Pearson’s coefficient of skewness a = 0, the distribution is symmetrical.

2 If Pearson’s coefficient of skewness a > 0 (positive), the distribution is skewed
positively (skewed to the right).

3 If Pearson's coefficient of skewness a < O (negative), the distribution is
negatively skewed (skewed to the left).

Exam pié"2 Calculate Karl Pearson’s coefficient of skewness from the data given
" below and determine the skewness of the distribution.

B 11 12]13]14[ 15
‘f 3|96 4]3
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Solution Mean = 12.8, median=13, and s=1.2
3(mean - median) _ 3(12.8- 13)

Coefficient of skewness = =
S 12

=-05

Coefficient of skewness=-0.5<0
[The distribution is negatively skewed.

2 Bowley's coefficient of skewness

Previously, you saw how to determine skewness by using relationships between mean,
median and standard deviation. It is also possible to determine skewness by using
positional measures of central tendency, the quartiles. Such a coefficient of skewness,
that uses quartiles, is called Bowley's coefficient of skewness. / ’

Bowley's coefficient of skewness, which is usually denoted by 3, is given by

Qs + Ql -2 (medi m)
Q3 _Ql

Bowley's coefficient of skewness= =

The interpretation for skewness based on Bwley's coefficient of

skewness is also the same as that of Pearson’s that

1 If Bowley’s coefficient of skewness 3 = 0, the distribution is symmetrical.

2 If Bowley's coefficient of skewness B > 0 (positive), the distribution is skewed
positively (skewed to the right).

3 If Bowley' s coefficient of skewness 3 < 0 (negative), the distribution is negatively
skewed (skewed to the left).

Example 3 Find Bowley's coeffieierlt of skewnessfor the following dataand
determine the skewness of the distribution.

15,18,19,3,2,7,10,6,9,8
Solution Arranging the data in ascending order, you get:
23678910151819
From this arranged data, you can determine the quartiles as
Q1—45 Qz—medlan 8.5 Q:=125
Q, +Q, - 2 (median)
Q-Q
_125+45 - 2(85) _ 17 - 17
125 - 45 8

Bowley's coefficient of skewness= =

=0

distribution is symmetrical.
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Gl Key Terms

bar chart mean deviation

coefficient of variation non random sampling technique
frequency curve population

frequency polygon sample random sampling technique
histogram skewness

inter - quartile range standard deviation

line graph symmetrical distribution

[l summary ,

1 Statistics refersto methods that are used for collecti ng, organiii ng analyzing and
presenting numerical data.

2  Statigtics is helpful in business research, proper understanding of economic
problems and the formulation of economic policy.

3 A population isthe complete set of items which are of interest in any particular
situation.

4 1t is not possble to collect information from the whole population because it is
costly in terms of time, energy and resources. To overcome these problems, we
take only a certain part of the population called a sample.

5 A sample serves as representative of the population, so that we can draw
conclusions about the entire population based on the results obtained from the
sample.

6  Thereare two methods of sampling
v" TheRandom (probability) sampling method.
v" TheNon-Random (non-probability) sampling method.

7 In random sampling, every member of the population has an equa chance of
being selected.

8  Raw data, which has been collected, can be presented in frequency distributions
and pictoria methods.

9  The purpose of presenting data in frequency distributionsis to
v" condense and summarize large amount of data.
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Unit 8 Further on Statistics

The purpose of presenting data using pictoriad methodsisto

v facilitate comparisons between two or more sets of data;
v/ convey messages about the nature of data at a glance.
Measures of variation help to decide the degree of variability.
There are two types of measures of variation

i absolute and

ii relative.
Range = X, = Xsin
Inter quartile range = Q3 —Q

2.[x-]

Mean deviation about the mean = MD(X) =
n

X_
Mean deviation about the median =MD(m,) = M

MD(m,) = —Z|Xn_ i

Mean deviation about the mode =

For a given distribution:

v if X >my> methedistributionispositively skewed
v if X <my<mythedigtribution isnegatively skewed
v if X=my=m thedistribution is symmetrical
3(mean — median)
standard deviation

Pearson’s coefficient of skewness =

v a=0meansthedigribution is symmetrical.
v a>0meansthedigribution is positively skewed.
v a<0meansthedistributionisnegatively skewed.

" ,
Bowley’s coefficient of skewness = B= Qs +Q, =2 (median)

Q:-Q
v' B =0 meansthe distribution is symmetrical.
v B >0 meansthedistributionis positively skewed.
v p<0meansthedigtributionisnegatively skewed.

A
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?] Review Exercises on Unit 8
1

Define population and sample.

Write down advantages of smple random sampling, systematic sampling and
stratified sampling techniques.

Explain the difference between a frequency polygon and a frequency curve.
What benefits do statistical graphs have in helping understand and interpret data?
What does skewness mean about adistribution?

Explain similarities and differences between simple, component and multiple bar
charts.

Discuss mean deviation from the mean, median and mode, and explain the
advantages of each.

What limitations do range and inter-quartile range have?
Why isit useful to use standard deviation over other measures of dispersion?
The ages of 50 people are given below

21 |75 |15 |60 |72 |40 |46 |65 | 70 |45
22 [34 |35 |53 (64 |66 |63 {80 |34 |36
21 |45 |72 |38 |23 |45 |40 (69 |24 |39
40 |30 |50 |60 (24 |38 |35 |45 | 27 | 66
45 |34 |54 |24 (38 |66 |46 |32 |45 |40

What type of datais this? (discrete or continuous)
Select suitable classes and prepare a frequency distribution.
Draw a histogram to present the data.

o O T 9

Draw a freguency polygon.
Consider the following table

Average production in tonnes

Wheat Maize Total
1960 440 250 690
1961 170 362 532
1962 620 657 1277
Present the above data using
a  asmplebar chart b acomponent bar chart
c  amultiple bar chart d apiechart



Unit 8 Further on Statistics

12 a  Find the mean, median and mode, 1% quartile and 3" quartile of the
following data:

Class 0-9 |10-19| 20-29 | 30-39
b Usng the above data calculate
[ the mean deviation about the mean, mode and median;

ii the range and inter-quartile range;
il the standard deviation;
iv  the coefficient of variation;

v Pearson’'s coefficient of skewness and describe the skewness of the
distribution.

13  Thefollowing data reports the performance of workers in two companies.

Company A B

Average hours worked 30 28
in a week

Standard deviation in 5 8
per formance

Workers of which company are more consistent in their performance?

14 The following data represents hours in a day 30 individuals worked in soil and
water conservation.

4 |6 |5 |3 (8 |9 |4 |6 |7

2 |3 |5 |5
4 |5 (7 |8 (2 |4 (3 |6 (4
Usng the above data calculate

[ the mean deviation about the mean, mode and median.
ii the range and inter-quartile range.

il the standard deviation.

iv  the coefficient of variation.
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Unit Outcomes:

After completing this unit, you should be able to:
»  find unit cost, the most economical purchase price and the total cost.
»  apply percent decrease to business discounts.
» calculate theinitial expense of buying a house and the ongoing expenses of
owning it.
»  calculate commissions, total hourly wages and salaries.

Main Contents

9.1 Applications to purchasing
9.2 Percent increase and percent decrease
9.3 Real estate expenses
9.4 Wages
Key terms
Summary

Review Exercises



Unit 9 Mathematical Applications for Business and Consumers

INTRODUCTION

The main goal of this unit is to help you start thinking about how to apply classroom
calculations to your everyday life. For example, before making purchases, you need to
know how much you can spend, how much you can buy, and which are the most
economical purchases available to you. On a bigger scale, you need to determine the

kind of lifestyle you want or expect, before you can identify the type of job you would |

need in order to support it. Along the same lines, when multiple job opportunities
present themselves to you, you need to be able to calculate relative incomes based on
the salaries, wages and commissions that you could earn. /

In short, you need to know your net income and your net worth for many reasons. One
of the most important times for knowing this is when you want to buy a house,
especially if you are contemplating taking out on a mortgage for it.

OPENING PROBLEM

Ato Gemechu wants to purchase a house for Birr 795,000 from Sunshine Real Estate.
Because he can't afford this price all at once, he has chosen an alternative: paying 20%
of the purchase-price now and then paying the remainder over 30 years at 9% annual
interest, compounded monthly. According to this schedule, can you calculate his
expected monthly payments?

APPLICATIONS TO PURCHASING

One of the most difficult tasks in calculating the financial consequences of alternatives
is estimating exactly how costs differ. In this section, you will learn how to use unit cost
to determine the most economical purchase.

ACTIVITY 9 1

1 Shiferaw buys 6 notebooks at Birr 6.25 each.

a  How much must he pay?
b How much change will he get, if he pays with a Birr 50 note?
2 Five pens cost Birr 4.75.
a  Find the cost of each pen. b How much do 11 pens cost?

Note that unit cost is the cost of one unit, and total cost is obtained by multiplying the
unit cost by the number of units. Now look at the following examples.
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Example 1 If 20 litres of kerosene cost Birr 170, what is the cost of kerosene per litre?

Solution unit cost = total cost __ Birr 170 _ Birr 8.50 per litre

number of units 20litre

Example 2 How much would you pay for 120 textbooks at Birr 25.30 each, 50 pens
at Birr 1.50 each and 30 dozen erasers at Birr 0.75 each? 1)

Solution Total cost = unit cost x number of units.

Total price for textbooks: 120 x Birr 25.30 = Birr 3,036
Total price for pens: 50 x Birr 1.50 = Birr 75
Total price for erasers: 30 x 12 x Birr 0.75 = Birr 270

Thus, the total cost is Birr 3036 + Birr 75 + Birr 270 = Birr 3.381.

Example 3 One store sells 6 cans of cola for Birr 20.4_0; and another store sells 24
cans of the same brand for Birr 79.20. Find the better buy.

Solution To determine the most economical pljrchase, you need to know the unit
cost. d A
Birr 20.40 + 6 = Birr 3.40
Birr 79.20 + 24 = Birr 3.30

Hence, buying 24 cans for Birr 79.20 better value.

1 Find the total cost of 15 rolls of wallpaper at Birr 26.80 per roll, 3 litres of paint at
Birr 18.40 per litre and 5 brushes at Birr 6.30 each.

2 Find the more economical purchase: 5kg of nails for Birr 32.50 or 4 kg of nails for
Birr 25.80.

3 A family buys 3 children's meals that cost Birr 32.15 each and 2 value meals that
cost Birr 52.00 each. How much does the family spend altogether?

4 Iman wants to buy 12 bottles of lemonade for her birthday party. At Bambis
Supermarket, lemonade is on a "buy one, get one at half price" special offer. The
bottles cost Birr 7.25 each.

a How much does Iman pay for the 12 bottles of lemonade?
b How much does she save because of the special offer?
5 Megeressa is paid Birr 35.40 per hour. He can work for up to 30 hours per week.
a  What is the maximum amount of money he can earn in a week?
b How many hours per week should he work if he wants to earn Birr 991.20?
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PERCENT INCREASE AND PERCENT
DECREASE

Review of Percentage

The word "cent" comes from the Latin word “centum”, meaning one hundred. The word |
“percent” means "for every hundred". Percent is denoted by the symbol %. You use the
term “percent” frequently. For example, test grades are usually expressed/ in.
percentages: “l got 85% on my mathematics test". Interest on loans is also expressed
using percentages: "l just bought a new house - the cost of the house is Birr 250,000,

and the interest rate is 8.5%.” “The rate of inflation is slowmg For the last quarter the
average cost of living rose only 1% per month.” :

ACTIVITY 9_2

1  Find 28% of 850.
What percentage of 1500 is 75?

3 Mohammed got 17 out of 20 in his Geography test, 84% in his Mathematics test
and 45 out of 50 in his English test. In which subject did he score best?

4 Bezasold 24 oranges. If this was 12% of her oranges, how many oranges are unsold?

Working out percentages
‘ Recall that Rate (R) x Base (B) = Percentage (P). |
Example 1 Find 15% of 420.
Solution Here, 15% = 0.15 is called the rate (expressed in percent);
420 is the base (entire amount), and P =R x B.

So P =0.15 % 420,= 63 P
Example 2 What is the number whose 30% is 600?

Solution -
Given: 'R =30% = 0.30. P = 600. Required: B
CASP=RxB,. B=E - 500 _ 5000
R 030

Example 3 % of the Surface of the earth is water. Express this as a percentage.

F

Solution 1% x 100% = 70%
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¥ Percentage Increases and Decreases

Example 4 MOENCO increases the price of a Toyota car by 20%. If the original
price was Birr 170,000, calculate its new price.

Solution
Method 1
20% of Birr 170,000 = 0.20 x Birr 170,000 = Birr 34,000.
Now add this to the original price:
New price = Birr 170,000 + Birr 34,000 = Birr 204,000.
Method 2

The original price represents 100%, and therefore the mcreased prlce can be
represented as 120%: ;

120% of Birr 170,000 = 1.20 x Birr 170, 000 'Birr 204 OOO

Example 5 A shop is offering a 15% discount onits goods for Chrlstmas If the price
of a shirt in the shop was Birr 150 before the dlscgunt what is the current
(sale) price of the shirt? 4

Solution : N
Method 1 _ Yok
Step 1 Find the discount, 15% of Birr 150
0.15 x Birr 150 = Br 22.50
Step2  Deduct the discount: ' " /A
Birr 150 - Birr 22.50 = Birr 127.50
Method 2 | _
Since the original price represents 100%, the shirt is now being sold at 85%.
Therefore, 85% of Birr 150 = 0.85 Birr x 150 = Birr 127.50

S| Percentage Rrofitand Loss

When people sell gbods for a Iiving, ﬁ_iey try to make some money from their sales. The
amount of money made on the sale of an article is called the profit. If the goods are sold
for less than the trader paid for them, he/she makes a loss.

The price a trader pays for an article is called the cost price (c. p.).
The price at which articles are sold to the public is known as the selling price (s.p.).

If the selling price is greater than the cost price, the trader makes a profit. If the cost
price is greater than the selling price, the trader suffers a loss. Both profit and loss are
calculated as percentages of the cost price, as shown below:
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actual profit
original (cost) price
actual loss

Percentage loss = —— — x 100%
original (cost) price

Percentage profit = x 100%

Example 6 A mobile phone is bought for Birr 1200 and sold for Birr 1600 What is
the percentage profit?

Solution Actual profit = selling price — cost price: Birr 1600 - Birr 1200 = Birr 400

[Pekcentage profit = profit x 100% = Birr 400 -, 100% =33£%
cost Birr 1200 3

Example 7 A person buys a car for Birr 150,000 and seIIs |t for Blrr 130,000.
Calculate the percentage loss. W
Solution Loss = c.p. — s.p = Birr 150, 000 — Birr 130 OOO Birr 20,000
loss Birr 20,000 :

Percentage loss = — x 100% = ———— X 100% = 13#%
cost Birr 150,000 3

ml ’ ;

1 If 25% of a number is 70, what is the number?

2 A salesman earned Birr 600 in commissions. If his commission was 10% of his
sales, what was the amount of his sales?

3 A football team played 30 matches last season. If they won 70% of the games and

drew 20% of the games, how many games did they lose?
4 8 students out of 20 failed an examination. What percentage of students passed?
5 In an examination, 10% of the candidates were absent. 62% of those who

appeared passed. If 513 candidates failed, how many were enrolled for the
examination?

6 A car dealer buys a car for Birr 1,200 and then sells it for Birr 1,500. What is the
percentage profit?

7 A damaged sofa which cost Birr 4,200 when new, is sold for Birr 3,000. What is
the percentage loss?

8 A woman buys 200 apples for Birr 400. She sells them for Birr 1.75 each.
Calculate the percentage profit or loss made.

9 In order to increase sales, the price of a pair of shoes is reduced from Birr 450 to
birr 360. What percentage reduction is this?

10 The price of sugar increased from Birr 5.50 to Birr 13.75 per kg. What is the
percentage increase?

375




Mathematics Grade 12

11 A rectangle has dimensions 15cm by 25cm. Calculate the percentage increase in
the area of the rectangle after both the length and the width are increased by 20%.

12 The price of teff has increased by 10%. By what percentage must consumption be
reduced so as to keep the expenditure constant?

13 1 am 10% older than my wife. My wife is x% younger than me. Find x.

14 Find the compound interest on Birr 200 invested for 3 years at 4% interest per
annum.

15 A man with a monthly salary of Birr 3,000 has allowances of Birr 250. If the
income tax rate is 35%, what is his net income?

16  Atelevision is priced at Birr 2,800.00, including VAT. If the added VAT is 15%,
find:
a  the price of the TV before VAT was added;
b the amount of VAT paid.

17  Atasale, prices are reduced by 20%. Find the original price of an article that has a
sale price of Birr 90.

18 Anarticle costing Birr 250 is sold at a profit of 25%. Find the selling price.

19 A broker sold a second-hand car for Birr 80,000, thereby making a profit of 18%
on his cost price. Find his cost price.

20 The population of Addis Ababa increases by 5% each year. At this rate, after how
many years will the current population be doubled?

21 A woman with an income of Birr 2400 and allowances of Birr 150 paid Birr
337.50 in tax. What is the rate of taxation?

¥ Merchandising: Markup; Based on Cost
and Selling,Price

Definition 9.1

Merchandising Business: A business whose main activity is that of buying and
selling a product.

Cost Price (c.p.) is either the price at which a dealer buys the goods or the cost
incurred by a company in producing it.

Selling Price (s.p.) is the price at which a dealer sells the goods.
Mark-up (Mu) is the difference between the selling price and the cost price. i.e.,

Mu =s.p. - c.p.

Do .you see the différence between mark-up and profit?
The following example should make it clear:
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Assume that W/rt Sara owns a cosmetic shop where she sells cosmetics. Before she can
sell the cosmetics, she must buy them from a wholesaler. W/rt Sara must add a certain
amount of money (called the mark-up) to the cost of each cosmetic to arrive at the
desired selling price. The mark-up must cover both the expenses related to the sale (like
transport, rent, wages, utilities) and the amount of profit desired on each cosmetic.

Hence,

mark-up = profit.

Also note that mark-up is usually expressed in terms of a percent:

percentage

percent =
base

x 100,

where percent = mark-up percent
percentage = mark-up
base = selling price or cost price

Definition 9.2
Discount (D) is a reduction in the original selling price.

Regular (Marked) price is the price at which an article is offered for sale.

Sale Price is the price that the customer pays in the case of a discounted article, the
sales price is obtained by deducting the discount from the marked price.

The terms discount and markdown can be used interchangeably.
The percent of markdown is always based on the original selling price.

Hence, you have the following relationship:

Discount (d) = Marked price (m.p.) — selling price (s.p.)

Amount ofd|§coun-_t % 100%
* »'marked price

s

Discussion: Why do merchants offer discounts?

Example 8 ' Find the mark-up, if cost price and selling price are Birr 20.40 and Birr
« . 28.90, respectively.

Solution ! Mark-up = selling price — cost price = Birr 28.90 — Birr 20.40 = Birr 8.50

Example 9 What is the mark-up on an automobile that sells for Birr 145,000 and
costs the dealer Birr 129,000?

Sajution Mark-up = selling price — cost price
1] = Birr 145,000 - Birr 129,000 = Birr 16,000

Discount rate =
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Example 10 A used-car dealer acquired a 2003 Opel for Birr 80,000 and sold it for
Birr 100,000. What was the rate of mark-up, based on the cost?

Solution

Required: mark-up rate

M x 100% = w x 100% =25% i

cost price Birr 80,000 Fex:y

Example 11 A shirt selling for Birr 180 cost the seller Birr 150. What is the percent '
markup based on selling price? ;

Solution markup = s.p. - c.p. = Birr 180 - Birr 150 = Birr30 =~ -

markup Birr 30 A NV

- — x 100%:= x 100% = 16 Z9%
selling price Birr 180 3

markup rate (%) =

markup % =

Example 12 A pair of shoes has a mark-up of Birr 80 whlch is 15% of the selllng
price. What is the selling price? : B
markup 100% / AN

Solution markup %= ————
selling price

15%= —2"80 o 1000
selling price

. s '_f.
Birr 80 _ gy 533.33 :

Selling price =
Example 13 Calculate the discount and selling prlce (net prlce) for a Birr 600 radio
offered at 18% dlscount - -
Solution Amount of discount ; discount rate x regular price (marked or list price):
= 18% x Birr 600 = 0.18 x Birr 600 = Birr 108
The discount is Birr 108;.and hence the seIIinr; price for the radio is
Birr 600 - Birr 108 = Birr 492 {

Example 14 Calculai;e the regular price. of a television set, assuming that a 20%
discount would have been worth Birr 400.

Solution _
Discount rate = dlsc—ounr x 100%
X AN regular price
20%'= 2400 100%
\ regular price
: Birr 400

Regular prlce = = Birr 2,000
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Complete the following table.
1  Calculate the sales discount and the sale price of the items pictured.

Purchase Price ‘ % Discount Discount Saleprice
a Birr 220 10% Birr Birr '
b Birr 450 20% Birr Birr
c Birr 4,200 Birr Birr 3,600
d Birr 600 Birr 150 Birr
e 25% Birr Birr 8,000

2 Fill in the missing information, assuming the rate of markup is based on the cost

price. ~
Cost price Mark-up Rate of markup

a Birr 240 Birr 220 . -

b Birr 160 Birr 40 -

® Birr 1000 Birr 300

d - Birr 300 - 10%

e Birr 720 . 25%

f . . Birr 100 15%
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3 A furniture company determines that a mark-up of 30% on its furniture must be
made in order to cover reasonable expenses, while still remaining competitive. If
the furniture cost the company Birr 950, what should it sell for?

4 A sofa was priced to sell at Birr 8,000. It was finally marked down by 15%. What
is the net (selling) price?

5 A Dbook that costs Birr 20, and that was priced to sell at Birr 35, was marked down
by 12%. What is the amount of the discount?

6 Haimanot spent Birr 12,000 on a laptop, on sale for 10% off the marked price.
What was the initial marked price of the laptop?

7 Which is the best deal?

a  al15% discount followed by a 45% discount?
b a20% discount followed by a 40% discount?
c

a 10% discount followed by a 50% discount?

I
W

rd

REAL ESTATE EXPENSES

SNl Initial Expenses of Buying a Ho_Use

A house is usually the most expensive item that someone will purchase in his/her
lifetime. Since a house is expensive, the way that many people are able to afford a home
is by taking out a long-term loan, also known as a mortgage. -

Mortgage

A mortgage is an amount that is borrowed, often from a bank, to buy real estate. A
person will not be able to get a loan for the full purchase price of the house, because the
lender expects him/her to pay a percentage of the purchase price immediately.

The money that is paid at the time of purchase is called the down payment (usually
20%) and the remaining money still to be paid is known as the mortgage or balance
due. Thus, e L ok T

mortgage = purchase price - down payment

Instalm_ent plan

An instalment plan is a system in which an item is bought by paying a certain amount of
money now, ‘as the cash price of the item, and then paying the remainder later, in
periodic payments (typically monthly).

Instalment charge

The instalment charge is the interest paid on the unpaid balance.
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Monthly payment
The monthly payment is the amount of money to be paid every month.

Example 1 WI/o Teresa bought a house from Sunshine Real estate by paying 20% of
the purchase (cash) price, which is Birr 450,000.

a Find the down payment.
b Find the mortgage amount.
Solution

a  Down payment = 20% of 450,000 = %x Birr 450,000 = Blrr 90, OOO

b Mortgage = purchase price - down payment 74 / \/
= Birr 450,000 - Birr 90,000 = Birr 360,000

You have seen that one of the major initial expenses in buylng a house is the down
payment. In addition, there are other costs (like loan-origination fee, appraisal fee,
home-inspection fee, title insurance, etc.) that you must pay to your lender. -

These expenses are called closing costs. Of all these closing costs, the biggest expense,
and an expense that must be paid at the beginning, is the loan-origination fee. Most states
have laws governing the maximum amount of interest that can be charged to a buyer of a
private home. o

Since the rate of interest that lending agenmes can charge is restricted by law, they have
found a way to “get around the law" by charging the borrower "points”. Points is a term
used by banks to mean percent. For example, "8 points™ means "8%".

This loan-origination fee is usually a percent of the mortgage:

points x mortgage = loan — origination fee.

For example, a lender may agree to loan Birr 300,000 at 10%, but the loan is contingent on
the borrower's paying, say, 6 points. That'means, specifically, that the borrower must pay
6% of Birr 300, 000 (Birr 18,000) just to obtain the loan. In addition, the borrower must
pay back not only the Birr 300,000 purchase price but also interest at 10% accumulated
over the time period specified.

Example 2 ' A home is purchased WJth a mortgage of Birr 600,000. The buyer pays a

loan origination fee of 2E points. How much is the loan origination fee?

SolutiGn | loan originaﬁon fee = mortgage x points

= Birr 600,000 x 2 5 % = Birr 15,000
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ACTIVITY 9 _3

Tigist would like to purchase an apartment that is selling for Birr =S
795,615 from Access real-estate. A mortgage on this dwelling would ”_'"'3
require a 20% down payment plus closing costs.

Fill in the missing items in the following table (round to the nearest Birr).

House price Birr 795,615
Down payment

Total amount to be financed

the cash price of the item, and then

paying the remainder later, in periodic

payments (typically monthly).

origination fee (3pts)

Appraisal fee Birr 1,200
Home inspection fee Birr 2,400
Title insurance Birr 6,700
Other fees Birr 3,400

Total closing costs

Total amount of mortgage loan
(= Amount to be financed + Total closing costs)

An important part of your decision of whether or not to purchase a house through a
mortgage is the total cost over the life of the mortgage loan. You need to calculate the
total interest that you would pay and add that to the principal, which is the actual
purchase price of the house itself.

You might be surprised at the large amount of interest you would pay over the life of
the loan. For example, consider buying the house that is described at the end of the last
section (in which we were discussing loan-origination fees).

¥ Ongoing Expehses of Owning a House

As you can recall from the previous discussion, you have seen that the major initial
expenses  in the process of buying a home are the down payment and the loan-
origination fee. In this section, you will look at the continuing monthly expenses
involved in owning a house. The monthly mortgage payment, utilities, insurance, home-
inspection fee, and taxes are some of these ongoing expenses. Of these expenses, the
largest one is normally the monthly mortgage payment.
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Definition 9.3
Amortization is a process in which a debt is “retired” in a given length of time of
equal payments. The payments include compound interest. At retirement, the
borrower has paid the entire amount of the principal and the interest.

A loan is amortized, if both the principal and interest are paid off with a single periodic
payment whose amount is fixed for the life of the loan. The percentages of the payment

that go toward paying the principal and the interest, respectlvely, Kare not necessarlly L

fixed within the fixed payment.

The most common example of an amortized loan is a home mortgage, WhICh is typlcally
paid off in monthly instalments over a period of 10 to 30 years. )

The amount of the monthly mortgage payment depends on three factors: the amount of the
loan, the interest rate on the loan and the number of years required to pay back the loan:

Note that the monthly mortgage payment includes the payment of both the principal and
the interest on the mortgage. The interest charged during any one month is charged
against the unpald balance of the loan.

The amortization formula is given by:
N
1-(1+i)"

p-p=p.

where p.p = periodic payment
p = principal
i = interest rate per payment interval

n = number of payments made

Example 3 Calculate the monthly payment on Birr 200,000 at a 6% annual interest
rate that is amortized over 10 years.
Solution Principal (p) = Birr 200,00b
6% _ 0.06

Interest rate, per payment interval (i) = STI F =0.005

Number of payments made (n) = 10 x 12 = 120

i / . .
p-=p ————, where p = Birr 200,000, and i = .005.
.pp pl—(1+i)‘n P
= Birr 200,000 x — %00
. 1- (1.005)
Thus, the monthly payment is Birr 2,220.41.

Note that calculating the monthly payment using the above method is fairly difficult.
S0, tables given at the end of this book are used to simplify the calculations.

= Birr 2,220.41

-120
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Suppose you borrow Birr 95,000 from a bank to buy a car and agree to repay the
loan in 48 equal monthly payments, including all interest due. If the bank charges
2% per month on the unpaid balance, compounded monthly, how much is each
payment required to retire the total debt including the interest?

A mortgage of Birr 300,000, at interest of 3% per annum, is to be repaid in five
years by making equal payments of principal and interest at the end of each year.
Calculate the amount of each payment.

Example 4 To calculate the monthly payment on the loan in Example 3 above, using the
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monthly payment table, we obtain 0.01110205, corresponding to 10 years .
and 6.0%. \

Then, Birr 200,000 x 0.01110205 = Birr 2,220.41, (as already calculated abofve).

Using the monthly payment table, calculate these nﬁonthly mortgage payments.

a  Ona30-year Birr 80,000 mortgage, at an interest rate of 7%;

b OnaBirr 150,000 loan, at a rate of 8.5%, to be paid back monthly over a
period of 5 years.

Complete the table, rounding your answers to the nearest cent.

Interest Number of Monthly

Amount of loan

rate years payment
a Birr 20,000 6% 15
b Birr 160,000 7%% 25
c Birr 450,000 12% 10
d Birr 1,000,000 9% 30

Find the monthly payment on an auto loan of Birr 450,000 to be amortized over a
15 year period at a rate of 10%.

Ato Toga purchased a condominium for Birr 140,000 and made a down payment
of 15%. The-savings-and-loan association from which he purchased his mortgage
charges an annual interest rate of 9.5% on Toga's 20-year mortgage. Find the
monthly mortgage payment.

W/o Yeshi financed a Birr 2,500 TV. If she will be making 36 monthly payments
of Birr 82.44, what rate of financing did she receive?
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WAGES

Why do people do work?

The American psychologist Abraham Maslow developed a model of human needs to
show how people are motivated to work. This model is called a hierarchy of needs,
because it starts with basic needs at the bottom (food, clothes and shelter) and climbs to

higher needs at the top. In short, most of us work for one or more of the following five '

reasons. Typically, according to Maslow, the reasons have this order of importance:
v" We want to earn money. |

We want security - to know that we will have money in the flture.”

We want to have friends and a sense of being part of a team. :

We want to feel good about what we do, what we have achieved and who we are.

v" We want to be encouraged and allowed to do better. ;

i

AN NN

There are two major types of employment: full time and part time.

Both full time and part-time jobs are available. A job can last many years or only 2 - 3
weeks, depending on the type of employment:

v/ permanent — the job can last as long as the company is in business.

v/ temporary — the job lasts for a limited time.

As explained above, the main reason why everybody works is to get money. There are
three ways to receive payment for doing work: commissions, wages and salaries.

Commission

At times, it becomes impractical for a business owner to assume all the functions of
buying and selling. To relieve their work loads, business owners hire salespeople. The
means of paying such salespeople varies.  Some receive a salary, others receive a
commission on the sales they make, and still others are paid through a combination of
both salary and comm;ssmn

A commission is a fee given to such an employee that represents a certain percentage of
the total sales made by the employee. As you are probably aware, many salespeople are
rewarded by commission. The commission is often expressed as a percentage of sales,
and it may either be the sole means of wage payment or a supplement to a salary. For

Mo, . 1
example, a real estate salesperson may earn a commission of 25% on all sales (called a

straight.commission based on a single percentage). In contrast, a salesperson working
for a manufacturer may earn a monthly salary of Birr 600 and a commission of 5% on
all sales (called a salary-plus commission).
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Example 1 Areal estate broker, Kedir, receives a commission of 1%% of the selling

price of a house. Find the commission he earned for selling a home for
Birr 350,000.

Solution 1%% of Birr 350,000 = 0.015 x 350,000 = Birr 5,250

Example 2 A salesperson earns a monthly salary of Birr 750 and a 6% commission
on sales over Birr 30,000. If the total monthly sales are Birr 80 000,
calculate his/her total income.

Solution :
Step 1 Calculate the amount of sales over Birr 30,000. W
Birr 80,000 - Birr 30,000 = Birr 50,000

Step 2 Multiply this result (i.e Birr 50 OOO) by 6% to determlne the amount
of the commission:

Birr 50,000 x 6% = Birr 3,000
Step3  Calculate his/her total income:
Birr 750 + Birr 3,000 = Birr 3,750

|_Exercise 9.6 |

1 Gossaye, a car dealer, receives a 6% commission from car sales. What is his
commission on Birr 140,000 of sales?

2 ETHOF pays a 15% commission on sales up to Birr 2,000 and 5% on the amount
of sales above Birr 2,000. How much does a salesperson earn on a sale of Birr
4,600?

3 A salesperson is paid 10% of the first Birr 150,000 in sales, 15% of the next Birr
50,000 in sales, and 20% of all sales over Birr 200,000. What are the employee’s
annual earnings if sales are Birr 340,000?

4 A salesperson sells Birr 80,000 worth of goods in a week. What is the week's
salary if the basic salary is Birr 400 a week plus a 5% commission on all sales up
to Birr 50,000 and a 10% commission on all sales over Birr 50,0007

5  Arreal estate company pays its salespeople the following commissions on all sales:
3% on the first Birr 600,000
5% on the next Birr 400,000
7.5% on any sales over Birr 1,000,000
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Commissions are paid monthly. Determine the commissions earned by the
following employees:

‘ Employee Monthly Sales
Abdulaziz Birr 521,780.00
Yohannes Birr 814,110.90
Sherif Birr 1.5 million
Elias Birr 986,352.20

Wages and salaries

Definition 9.4

Wages A wage is a payment for services rendered. Usually unskilled (manual)
workers are paid weekly wages. These are calculated according to the number of
hours worked.

Example 3 Regular time for an employee is 40 hrs per week. If more hours are
worked, the worker is paid overtime. Overtime refers to the hours worked
in excess of regular time or normal working hours, which are usually 8

hours in a day or 40 hours in a week. Overtime pay..is usually 1%times

the regular hourly rate. This overtime rate is called time-and-a-half.
For instance, if your hourly rate is Birr 40, then your overtime rate is
1.5 x Birr 40 = Birr 60 per hour.

Work performed on Sundays or public holidays is usually paid at 2 times the
regular hourly rate. This rate is called double time.

Also workers may get fringe benefits (which are not included in their pay packet), like
use of a company car, a company pension, private health care, use of a subsidised
cafeteria and discounts on products/goods and services.

Salaries

If, instead of being paid on an hourly basis, an employee is paid by the week, the month,
or the year, he or she is said to be "on a salary". Most skilled workers (professionals) are
paid a salary. A salary is a fixed amount of money that may be paid monthly, weekly, or
biweekly, regardless of ‘the number of hours worked. For instance, if someone is
contracted for 40 hours per week and he/she works 60 hours, then he/she will not be
paid for the extra 20 hours he/she has worked. In short, the job of a salaried person is
designed to take about 8 hours a day, 5 days a week, and if more time is required, the
salaried employee is expected to put in that time without extra compensation.
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Examples 4 W/o Serkalem, an administrative assistant at Addis Ababa University,
earns Birr 28,800 a year and works 40 hours each week. Find her
monthly salary and hourly rate of pay.

Solution Birr 28,800 +~ 12 = Birr 2,400

She gets Birr 2,400 per month, and to get her hourly rate of pay, you proceed as
follows:

Birr 28,800 + 52 = Birr 553.85 (Why isit divided by 52’?)
Birr 553.85 is her weekly salary, and hence,
Birr 553.85 + 40 = Birr 13.85 is the amount she is paid per hour

The above figures are rounded sensibly.

Example 5 A plumber receives an hourly wage of Birr 15 50 Find the plumbers
total wages for working 36 hours.

Solution Hours worked x hourly rate = gross pay
36 x Birr 15.50 = Birr 558

Example 6 Teklay worked 50 hours last week at an _hohrly rate of Birr 25.00 plus time
-and-a-half for working over 40 hours per week. What is his gross pay?

Solution Regular hours x hourly rate = regular pay = 40 x Birr.25 = birr 1,000
Overtime hours x overtime rate = overtime pay = 10 x (1.5 x 25) = Birr 375

(Overtime rate usually =1% times the fegular rate) |

Gross pay = regular pay + overtime pay = Birr 1,000 + Birr 375 = Birr 1,375.

| Exercise9.7 |

1  Find the gross pay of an employee who worked 30% hours at an hourly rate of

Birr 20.75. (Round the answer sensibly)
2 Seneshaw received Birr 604.50 gross pay for the 32% hours he worked. What is

his hourly rate?
3 Complete the following table:

Hourly rate  Gross pay

Naomi 6 1 8 8 4 1 Birr 30.00
Genet 7 8 7 6 Birr 40.00 Birr 1,320
‘ Ayantu 5 8 8 4 4 hours 45 min Birr 743.75
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4 Ato Lemma worked the following hours:

Thurs Fri Sat

Find his gross pay if he is paid Birr 20.00 per hour, plus time-and-a-half for hours
in excess of 40, and double-time for any hours worked on Sunday.

5 Determine the annual salary of an employee who is paid Birr 450 biweekly.

ol NONRY
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Y.

amortization marked price percentage profit

commissions mark-up periodic payment
cost price merchandising business principal
discount monthly payment purchasing
discount rate mortgage salaries

down payment percentage sale price

initial expenses percentage decrease selling price
instalment charge  percentage increase wages

instalment plan percentage loss

W summer}

1 The word “cent” comes from the Latin word “centum” meaning one hundred.
The word “percent” means for every hundred and is denoted by the symbol %.

The amount of money made on the sale of an article is called the profit.

3 A merchandising business is a business whose main activity is that of buying
and selling a product.

4 The Cost price is the price at which a dealer buys an item of goods or is the
amount spent by a company to produce it.

The Selling price is a price at which a dealer sells the goods.
The Markup is the difference between the selling price and the cost price.
A Discount is a reduction in the original selling price.

o ~N o o

The Regular price (marked price) is the price at which an article is offered for
sale.
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10

11

12

13

14
15

A mortgage is a loan for a specific amount of money that is borrowed to buy real
estate. The loan is issued by a bank or by another lending agency that operates on
behalf of a bank.

An Instalment plan is a system in which an item can be bought by paying an
initial amount of money as a partial cash price for the item, and in which the
unpaid balance is paid later, in regular payments (usually monthly).

An Instalment charge is the interest paid on the unpaid balance of an @

instalment-plan purchase.

Amortization is a process in which a debt is retired in a given length of time of =
equal payments that includes the compound interest. The debt has been
completely paid off at the end of that period.

The amortization formula is given by:

p.p= p-m

Where; p.p = periodic payment; p = principal

i = interest rate per payment interval

n = number of payments made
There are two major types of work: Full time and part time.
A Wage is a payment for services rendered.
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ﬂ Review Exercises on Unit 9

Pencils cost 80 cents each.
a How much would 15 pencils cost?
b How many pencils can you buy for Birr 19.20?

Ali works as an assistant teacher, and his income is Birr 1, 800 a month. Last year
he spent 20% of his incomes on house rent. What was the total amount he spent
per week on renting the house?

Bethel works 40 hours per week, for which she is paid Birr 1000.
a  How much is she paid per hour?

Her earnings increased to Birr 1,200 per week.

b How much is she now paid per hour?

c Calculate the percentage increase in her earnings.
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4 Senay buys 6 packs of biscuits a week, and each pack costs Birr 5.50. He works
20 hours a week at a wage of Birr 22.00 per hour. What percent of his weekly
income does Senay spend on biscuits?

5  One day, Zekarias works from 8:30 until 11:00. He is paid Birr 15.50 per hour.
How much does he earn for his day's work?

6  Alemitu’s salary is Birr 2400, which is 25% more than the salary of her husband,
Wassihun. How much is Wassihun's salary?

7 Because of the construction of the new road (including the Renaissance Bridge
over the Nile river) from Addis to Gondar, the driving time between the two cities
is reduced from 14 hours to 9 hours. What percentage decrease does this
represent?

8  The Vestel TV company labels a TV with a regular price of Birr 4,000. A
wholesaler gets a 40% discount, an electrician gets a 30% discount and a
consumer gets a 15% discount. How much will each pay for the TV?

9 Moges wants to buy a house that costs Birr 250,000. He has saved Birr 50,000
which he will use as a deposit, and will finance the rest of the cost by taking out a
loan. The loan is to be paid back in equal monthly instalments, amortized over 30
years, at an annual interest rate of 7%. What will his monthly payment be?

10 A beauty salon has 4 employees pays them each Birr 8 per hour. Each employee
receives time-and-a-half for hours worked over 40. Complete the following table;
calculate the number of hours each employee worked, for regular wages and for
overtime wages during the week. Also calculate the number of hours on which
each employee’s gross wage is based.

Total Regular Overtime | Regular Overtime | Gross

Employee Mon Tue hrs s i oy pay pay

Abdissa 7 9 8 11 10 3

Tekeste 8 8 6 10 4 -

Gui | 51 3 1|1
4 = 4 9 2 2

Gizachew 9 8 8 11 | 10 4

11 Abraham dialled 200 telephone calls in a month. Each call costs 40 cents. The
monthly telephone rental charge is Birr 8.00. If VAT was charged at 15%, find the
total amount of Abraham's telephone bill.

12 Which is the better buy?

a A 600 g block of chocolate for Birr 25.00, or a 500 g block, plus 20% extra
free, for Birr 28.00.

b 200 g pasta, plus 20% extra, for Birr 18.70, or 250 g pasta, plus 25% extra,
for Birr 30.00.
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TABLE OF MONTHLY PAYMENT

Annual Interest Rate

Yrs 6.0% 6.5% 7.0% 7.5% 8.0% 8.5% 9.0% 9.5% 10.0% 10.5% 11.0% 11.5% 12.0% 12.5% 13.0% 13.5%

0.0860664 0.0862964 0.0865268 0.0867574 0.0869884 0.0872198 0.0874515 0.0876835 0.0879159 0.0881486 0.0883817 0.0886151 0.0888488 0.0890829 0.0893173 0.0895520
0.0443206 0.0445463 0.0447726 0.0449959 0.0452273 0.0454557 0.0456847 0.0459145 0.0461449 0.0463760 0.0466078 0.0468403 0.0470735 0.0473073 0.0475418 0.0477770
0.0304219 0.0306490 0.0308771 0.0311062 0.0313364 0.0315675 0.0317997 0.0320330 0.0322672 0.0325024 0.0327387 0.0329760 0.0332143 0.0334536 0.0336940 0.0339353
0.0234850 0.0237150 0.0239462 0.0241789 0.0244129 0.0246483 0.0248850 0.0251231 0.0253626 0.0256034 0.0258455 0.0260890 0.0263338 0.0265800 0.0268275 0.0270763
0.0193328 0.0195662 ' 0.0198001 0.0200380 0.0202769 0.0205165 0.0207584 0.0210019 0.0212470 0.0214939 0.0217424 0.0219926 0.0222445 0.0224979 0.0227531 0.0230099
0.0165729 0.0168099 0.0170490 0.0172901 0.0175332 0.0177784 0.0180255 0.0182747 0.0185258 0.0187790 0.0190341 0.0192912 0.0195502 0.0198112 0.0200741 0.0203390
0.0146086 0.0148494 0.0150927 0.0153383 0.0155862 0.0158365 0.0160891 0.0163440 0.0166012 0.0168607 0.0171224 0.0173865 0.0176527 0.0179212 0.0181920 0.0184649
0.0131414 0.0133862 0.0136337 0.0138839 0.0141367 0.0143921 0.0146502 0.0149109 0.0151742 0.0154400 0.0157084 0.0159794 0.0162528 0.0165288 0.0168073 0.0170882
0.0120058 0.0122545 0.0125063 0.0127610 0.0130187 0.0132794 0.0135429 0.0138094 0.0140787 0.0143509 0.0146259 0.0149037 0.0151842 0.0154676 0.0157536 0.0160423
0.0111021 0.0113548 0.0116109 0.0118702 0.0121328 0.0123986 0.0126676 0.0129398 0.0132151 0.0134935 0.0137750 0.0140595 0.0143471 0.0146376 0.0149311 0.0152274
0.0103670 0.0106238 0.0108841 0.0111480 0.0114155 0.0116864 0.0119608 0.0122387 0.0125199 0.0128045 0.0130924 0.0133835 0.0136779 0.0139754 0.0142761 0.0145799
0.0097585 0.0100192 0.0102838 0.0105523 0.0108245 0.0111006 0.0113803 0.0116637 0.0119508 0.0122414 0.0125356 0.0128332 0.0131342 0.0134386 0.0137463 0.0140572
0.0092472 0.0095119 0.0097807 0.0100537 0.0103307 0.0106118 0.0108968 0.0111857 0.0114785 0.0117750 0.0120753 0.0123792 0.0126867 0.0129977 0.0133121 0.0136299
0.0088124 0.0090810 0.0093540 0.0096314 0.0099132 0.0101992 0.0104894 0.0107837 0.0110820 0.0113843 0.0116905 0.0120006 0.0123143 0.0126317 0.0129526 0.0132771
0.0084386 0.0087111 0.0089883 0.0092701 0.0095565 0.0098474 0.0101427 0.0104423 0.0107461 0.0110540 0.0113660 0.0116819 0.0120017 0.0123252 0.0126524 0.0129832
0.0081144 0.0083908 0.0086721 0.0089583 0.0092493 0.0095449 0.0098452 0.0101499 0.0104590 0.0107724 0.0110900 0.0114117 0.0117373 0.0120667 0.0123999 0.0127367
0.0078310 0.0081112 0.0083966 0.0086871 0.0089826 0.0092829 0.0095880 0.0098978 0.0102121 0.0105308 0.0108538 0.0111810 0.0115122 0.0118473 0.0121862 0.0125287
0.0075816 0.0078656 0.0081550 0.0084497 0.0087496 0.0090546 0.0093645 0.0096791 0.0099984 0.0103223 0.0106505 0.0109830 0.0113195 0.0116600 0.0120043 0.0123523
0.0073608 0.0076486 0.0079419 0.0082408 0.0085450 0.0088545 0.0091690 0.0094884 0.0098126 0.0101414 0.0104746 0.0108122 0.0111539 0.0114995 0.0118490 0.0122021
0.0071643 0.0074557 0.0077530 0.0080559 0.0083644 0.0086782 0.0089973 0.0093213 0.0096502 0.0099838 0.0103219 0.0106643 0.0110109 0.0113614 0.0117158 0.0120738
0.0069886 0.0072836 0.0075847 0.0078917 0.0082043 0.0085224 0.0088458 0.0091743 0.0095078 0.0098460 ' 0.0101887 0.0105358 0.0108870 0.0112422 0.0116011 0.0119637
0.0068307 0.0071294 0.0074342 0.0077451 0.0080618 0.0083841 0.0087117 0.0090446 0.0093825 0.0097251 0.0100722 0.0104237 0.0107794 0.0111390 0.0115023 0.0118691
0.0066885 0.0069907 0.0072992 0.0076139 0.0079345 0.0082609 0.0085927 0.0089297 0.0092718 0.0096187 0.0099701 0.0103258 0.0106857 0.0110494 0.0114168 0.0117876
0.0065598 0.0068654 0.0071776 0.0074961 0.0078205 0.0081508 0.0084866 0.0088278 0.0091739 0.0095248 0.0098803 0.0102400 0.0106038 0.0109715 0.0113427 0.0117173
0.0064430 0.0067521 0.0070678 0.0073899 0.0077182 0.0080523 0.0083920 0.0087370 0.0090870 0.0094418 0.0098011 0.0101647 0.0105322 0.0109035 0.0112784 0.0116565
0.0063368 0.0066492 0.0069684 0.0072941 0.0076260 0.0079638 0.0083072 0.0086560 0.0090098 0.0093683 0.0097313 0.0100984 0.0104695 0.0108443 0.0112224 0.0116038
0.0062399 0.0065556 0.0068772 0.0072073 0.0075428 0.0078842 0.0082313 0.0085836 0.0089410 0.0093030 0.0096695 0.0100401 0.0104145 0.0107925 0.0111738 0.0115581
0.0061512 0.0064702 0.0067961 0.0071287 0.0074676 0.0078125 0.0081630 0.0085188 0.0088796 0.0092450 0.0096148 0.0099886 0.0103661 0.0107471 0.0111313 0.0115185
0.0060701 0.0063921 0.0062130 0.0070572 0.0073995 0.0077477 0.0081016 0.0084607 0.0088248 0.0091934 0.0095663 0.0099431 0.0103236 0.0107074 0.0110943 0.0114841
0.0059955 0.0063207 0.0066530 0.0069922 0.0073377 0.0076891 0.0080462 0.0084085 0.0087757 0.0091474 0.0095232 0.0099029 0.0102861 0.0106726 0.0110620 0.0114541
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13962
43905
00504
61274
43753

83503
36807
19110
82615
05621

06936
84981
66354
49602
78430

33331
62843
19528
16737
99389

36160
05505
85962
28763
42222

43626
97761
49275
15797
04497

95468
01420
74633
46662
10853

68583
75818
16395
53892
66009

45292
34033
13364
03343
46145

37703
12622
56043
43401
18053

70992
46941
48658
57238
21159

51662
71420
55680
86984
26584

37293
60458
88441
94109
72391

51803
84445
15445
01887
06685

38196
45420
19758
04900
40446

40039
43444
44270
75134
24853

87411
74218
40171
99688
10393

01032
78982
16837
15105
26869

93427
45008
09937
62593
24476

51658
98083
00251
35924
53460

TABLE OF RANDOM NUMBERS

65172
72300
38051
47267
16239

21636
35804
18792
93290
36493

55875
16194
96191
36460
96973

15934
56652
77764
50934
45945

77705
44016
92795
54460
82240

51492
95895
52512
39856
43879

30647
71047
97092
59576
03013

67938
24258
00538
40963
91829

92326
41621
00535
93332
62507

17420
17689
70085
28308
32125

28053
11641
59408
35303
50595

68192
44862
41487
87971
63013

71213
92403
04794
62353
70437

75807
91797
33446
43306
62000

28891
79662
00458
22083
79159

36488
24102
03951
73527
07613

88711
14401
79137
04887
90372

29733
93051
57133
69267
65078

70206
79437
88122
09921
19530

30593
59677
28067
55140
81357

02190
43548
16508
29066
62509

84294
23577
16614
60022
68181

83025
80951
14714
00721
97803

46561
45284
41204
75190
76228

12106
92069
71289
89279
44168

70280
07006
21651
78417
26400

01765
74537
30698
02310
89639

71176
02081
89398
85534
89616

15847
98745
47278
25306
41257

39637
56603
78135
07515
26935

83634
30455
82979
02140
61207

38754
79551
83053
35415
57702

46063
80068
64749
66980
78683

80188
25842
70067
86997
60645

56281
27628
05884
43492
38213

24218
71923
53867
36208
17180

57688
14820
97915
35508
65800

35699
83890
78205
00533
49016

14302
84455
90758
57483
97919

64220
93316
53000
53854
67234

66012
07686
92002
60867
86816

84755
42003
00812
20852
49510

74665
47076
43097
82554
04670

78984
96246
33354
56561
87750

86222
50002
37963
00066
46839

14596
04800
73531
59510
18880

60665
45248
36305
69481
88532

10551
66944
72122
27130
14200

60043
66769
23542
98115
02290

45486
79858
18138
23023
78460

70305
31840
63606
39847
29902

34053
58684
16749
02909
75304

12178
23310
83976
90270
70667

29317
73504
70680
79018
46329

66116
32540
23322
40857
26598

04744
32062
70073
76913
66083

57636
78007
42613
30300
71789

15091
99856
99655
90420
97469

30530
94729
35273
33460
40357

03698
52548
40564
70268
47833

66761
03261
41078
50968
23395

94582
09271
45347
99476
38724

10741
74899
83281
12312
58912

27971
21631
66664
34273
46544

39626
19848
73243
86568
29983

89336
41425
45542
22499
02196

36070
65911
87251
94047
59964

52947
87950
25294
72584
88307

57149
17975
67912
55304
38408

80220
67367
77086
80435
20496

88344
89139
86326
96719
72640

29215
68396
88199
45568
15712

58362
87929
72038
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