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Introduction

» External flows past objects encompass an extremely wide
variety of fluid mechanics phenomena. Clearly the character
of the flow field Is a function of the shape of the body:.

» For a given shaped object, the characteristics of the flow
depend very strongly on various parameters such as size,
orientation, speed, and fluid properties.

e According to dimensional analysis arguments, the character
of the flow should depend on the various dimensionless
parameters involved.

» For typical external flows the most important of these
parameters are the Reynolds number, Re =UL/v , where L—Is
characteristic dimension of the body.
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Introduction

* For many high-Reynolds-number flows the flow field may be
divided into two region

I.  Aviscous boundary layer adjacent to the surface
ii. The essentially inviscid flow outside the boundary layer

* W know that fluids adhere the solid walls and they take the
solid wall velocity. When the wall does not move also the
velocity of fluid on the wall is zero.

 In region near the wall the velocity of fluid particles
Increases from a value of zero at the wall to the value that
corresponds to the external frictionless” flow outside the
boundary layer
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Introduction

e Figure 6.1: Visualization of the flow around the car. It is visible the thin
layer along the body cause by viscosity of the fluid. The flow outside
the narrow region near the solid boundary can be considered as ideal
(inviscid).
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Introduction

» The concept of boundary layer was first introduced by a
German engineer, Prandtl in 1904.

» According to Prandtl theory, when a real fluid flows past a
stationary solid boundary at large values of the Reynolds
number, the flow will be divided into two regions.

A thin layer adjoining the solid boundary, called the
boundary layer, where the viscous effects and rotation
cannot be neglected.

An outer region away from the surface of the object
where the viscous effects are very small and can be
neglected. The flow behavior is similar to the upstream
flow. In this case a potential flow can be assumed.




Introduction

 Since the fluid at the boundaries has zero velocity, there is a
steep velocity gradient from the boundary into the flow. This
velocity gradient in a real fluid sets up shear forces near the
boundary that reduce the flow speed to that of the boundary.

o That fluid layer which has had its velocity affected by the
boundary shear Is called the boundary layer.

e For smooth upstream boundaries the boundary layer starts out as
a laminar boundary layer in which the fluid particles move in
smooth layers.

» As the laminar boundary layer increases in thickness, it becomes
unstable and finally transforms into a turbulent boundary layer
In which the fluid particles move in haphazard paths.

* When the boundary layer has become turbulent, there is still a
very thon layer next to the boundary layer that has laminar
motion. It is called the laminar sublayer.
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e Fig. 6.2 The development of the boundary layer for flow over a
flat plate, and the different flow regimes. The vertical scale has
been greatly exaggerated and horizontal scale has been shortened.




Introduction

The turbulent boundary layer can be considered to consist
of four regions, characterized by the distance from the wall.

The very thin layer next to the wall where viscous effects
are dominant is the viscous sublayer. The velocity profile
In this layer is very nearly linear, and the flow is nearly
parallel.

Next to the viscous sublayer is the buffer layer, in which
turbulent effects are becoming significant, but the flow is
still dominated by viscous effects.

Above the buffer layer is the overlap layer, in which the
turbulent effects are much more significant, but still not
dominant.

Above that is the turbulent (or outer) layer in which
turbulent effects dominate over viscous effects.




Boundary layer thickness, 6

» The boundary layer thickness is defined as the vertical
distance from a flat plate to a point where the flow velocity
reaches 99 per cent of the velocity of the free stream.

» Another definition of boundary layer are the

>Boundary layer displacement thickness, ¢~
»Boundary layer momentum thickness, ¢

Boundary layer displacement thickness, 6*

» Consider two types of fluid flow past a stationary horizontal
plate with velocity U as shown in Fig. 6.3. Since there is no
viscosity for the case of ideal fluid (Fig. 6.3a), a uniform
velocity profile is developed above the solid wall.

» However, the velocity gradient is developed in the boundary
layer region for the case of real fluid with the presence of

viscosity and no-slip at the wall (Fig. 6.3b).
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Boundary layer displacement thickness, &*

U 4 v v,
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Figure 6.3 Flow over a horizontal solid surface for the case of (a)
Ideal fluid (b) Real fluid

» The velocity deficits through the element strip of cross
section b-b is U - u . Then the reduction of mass flow rate is

obtained as p(U — u)bdy where b is the plate width.

e The total mass reduction due to the presence of viscosity
compared to the case of ideal fluid

o
Ip(U —u )bdy (6.1)
0

o
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Boundary layer displacement thickness, 6*

» However, if we displace the plate upward by a distance s* at
section a-a to give mass reduction of pUbs” , then the deficit
of flow rates for the both cases will be identical if

']

Ip(U—u)bdv = pUbS”
0

and
5
5t !}' (1—%}41; (6.2)
» Here, §° is known as the boundary layer displacement
thickness.
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Boundary layer displacement thickness, &*

Y u=0.99 U

(a) (D)

» Figure 6.4: Definition of boundary layer thickness:(a)
standard boundary layer(u = 99%U),(b) boundary layer
displacement thickness .




Boundary layer displacement thickness, &*

» The displacement thickness represents the vertical distance
that the solid boundary must be displaced upward so that the
Ideal fluid has the same mass flow rate as the real fluid.

Figure 6.5 boundary layer displacement thickness
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Boundary layer momentum thickness, 6

» Another definition of boundary layer thickness, the boundary
layer momentum thickness 0, is often used to predict the drag
force on the object surface.

» By referring to Fig. 6.3, again the velocity deficit through the
element strip of cross section b-b contributes to deficit In
momentum flux as

pul(U —u )by (6.3)
e Thus, the total momentum reductions

g
Iﬂf(U —u )bdy
0

» However, if we displace the plate upward by a distance 6 at
section a-a to give momentum reduction of pU°46 , then the
momentum deficit for the both cases will be identical if

o




Boundary layer momentum thickness, 0

5
Ipu(U —r.i)bdy = pU?b8
0

and
o
6 = E[%(l—%]dy (6.4)
» Here, 6 1s known as the boundary layer momentum
thickness.

» The momentum thickness represents the vertical distance
that the solid boundary must be displaced upward so that
the ideal fluid has the same mass momentum as the real

fluid




Reynolds Number and Geometry Effects

» The technigue of boundary layer (BL) analysis can be used to
compute viscous effects near solid walls and to “patch” these onto
the outer inviscid motion.

» This patching is more successful as the body Reynolds number
becomes larger, as shown in Fig. 6.6.

* In Fig. 6.6 a uniform stream U moves parallel to a sharp flat plate of
length L. If the Reynolds number UL/ v is low (Fig. 6.6a), the
VIScous region is very broad and extends far ahead and to the sides
of the plate. The plate retards the oncoming stream greatly, and
small changes in flow parameters cause large changes in the
pressure distribution along the plate.

» There is no existing simple theory for external flow analysis at
Reynolds numbers from 1 to about 1000. Such thick-shear-layer
flows are typically studied by experiment or by numerical modeling
of the flow field on a computer




e

Reynolds Number and Geometry Effects
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Reynolds Number and Geometry Effects

* A high-Reynolds-number flow (Fig. 6.6b) is much more
amenable to boundary layer patching, as first pointed out by
Prandtl in 1904.

» The viscous layers, either laminar or turbulent, are very thin,
thinner even than the drawing shows.

e \We define the boundary layer thickness ¢ as the locus of points
where the velocity u parallel to the plate reaches 99 percent of
the external velocity U.

» The accepted formulas for flat-plate flow, and their approximate
ranges, are

(5.0
5 Rl laminar 10° < Re, < 10°
e
0

1
) 6.5
16 6 (6:9)
Rel turbulent 10" < Re,




Reynolds Number and Geometry Effects

e where Re, = Ux/v is called the local Reynolds number of the flow
along the plate surface. The turbulent flow formula applies for Re,
greater than approximately 10° .

* Some computed values are shown below

Re, 10* 10° 108 107 108
(8/7) 101 0.050 0.016 0.005
6ty 0.022 0.016 0.011

» The blanks indicate that the formula is not applicable. In all
cases these boundary layers are so thin that their displacement
effect on the outer inviscid layer is negligible.

» Thus the pressure distribution along the plate can be
computed from inviscid theory as if the boundary layer were
not even there.
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Example 1

* Along, thin flat plate is placed parallel to a 20-ft/s stream of
water at 68F. At what distance x from the leading edge will the
boundary layer thickness be 1 in?

Solution

» Approach: Guess laminar flow first. If contradictory, try turbulent
flow.

* Property values: From Table for water at 68F, v =1.082E-5 ft?/s.
e Solution step 1: With 6 =1 in = 1/12 ft, try laminar flow

o 5 /12 ft 5

_llam —

X (Ux/v)'"? X [(20 ft/s)x/(1.082E-5 ft*/s)]""”
Solve for x = 513 ft

Pretty long plate! This does not sound right. Check the local Reynolds number:

Ux (20 ft/s)(513 ft)

Re. — — —
& T T, T T1.082E-5 s

=95E8 ()
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Example 1

o This is impossible, since laminar boundary layer flow only persists
up to about 10° (or, with special care to avoid disturbances, up to
3 x 109).

 Solution step 2: Try turbulent flow

8 0.16 1/12 ft 0.16
= = or =
x  (Uxiv)'’ X [(20 ft/s)x/(1.082E-5 ft*/s)]"’

Solve for x = 5.17 ft

Check Re, = (20 ft/s)(5.17 ft)/(1.082E-5 ft%/s) = 9.6E6 > 10°. OK, turbulent flow.




Boundary Layer: Momentum Integral Estimates

» Ashear layer of unknown thickness grows along the sharp flat plate
In Fig. 6.7. The no-slip wall condition retards the flow, making it

Into a rounded profile u(x,y), which merges into the external
velocity U = constant at a “thickness” y = &(X).

U
P=p
“ 8(x) B
O
- - - |
-
-
-
-~
Ty, (X) u(x, y)
i i i i
IS O E LS LIS e - X

x=0 xiL

e Fig. 6.7 Growth of a boundary layer on a flat plate.
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Boundary Layer: Momentum Integral Estimates

e The drag force on the plate is given by the following momentum
Integral across the exit plane:

o(x)
D(x) = pbf u(U — u) dy (6.6)
0

» where b is the plate width into the paper and the integration
IS carried out along a vertical plane x = constant.

» Equation (6.6) was derived in 1921 by Karman, who wrote it
In the convenient form of the momentum thickness as:

u

o
_ 2 _ ulf,_ 4 6.7
DG) = pblUP0 6 f U(l U)dy (6.7)

* Momentum thickness is a measure of total plate drag which
also equals the integrated wall shear stress along the plate:
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Boundary Layer: Momentum Integral Estimates

D(x) = bf T(Xx) dx
0

or

a _ b 6.8
lix — UTy ( . )
* Meanwhile, the derivative of Eq. (6.7), with U = constant, Is
dD do
&P

e By comparing this with eq. (6.8), the momentum integral
relation for flat-plate boundary layer flow is given by

do
T = pU” (6.9)

e |t is valid for either laminar or turbulent flat-plate flow.

(-
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Boundary Layer: Momentum Integral Estimates

* To get a numerical result for laminar flow, assuming that the
velocity profiles have an approximately parabolic shape

2
ux,y) = U(%y - %) 0=y=o (6.10)

e which makes It possible to estimate both momentum
thickness and wall shear:

o 2 2
2y |y 2y y) 2
— - = —__I__ —
6 L(S 3?)(1 5 )P =150

_ ou 2pU
Tw = ﬂay —o ~ s (6.11)
» By substituting these values into the momentum integral

relation (eq. (6.9) and rearranging we obtain

V
8§ dd ~ 15— dx (6.12)
(- U




Boundary Layer: Momentum Integral Estimates

e where v =u /p. We can integrate from 0 to x, assuming that
0 =0 at x =0, the leading edge
| , 15vx

2 U

ﬁ N 5 5 i 1/2 B 5.5
x T\ Ux ~ Rel”? (6.13)
e This is the desired thickness estimate. It is only 10 percent

higher than the known accepted solution for laminar flat-plate
flow (eq. (6.5)).

» We can also obtain a shear stress estimate along the plate from
the above relations

27, s 7?2 073
= E = Re, B Rel”? (6.14)

or
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Boundary Layer: Momentum Integral Estimates

This is only 10 percent higher than the known exact laminar-
plate-flow solution ¢; = 0.664/Re /2

The dimensionless quantity c,, called the skin friction coefficient,
IS analogous to the friction factor f in ducts.

A boundary layer can be judged as “thin” if, say, the ratio o/x Is
less than about 0.1. This occurs at 8/x = 0.1 = 5.0/Re,'? or at Re,
= 2500.

For Re, less than 2500 we can estimate that boundary layer
theory fails because the thick layer has a significant effect on the
outer inviscid flow.

The upper limit on Re, for laminar flow is about 3 x10°, where
measurements on a smooth flat plate show that the flow
undergoes transition to a turbulent boundary layer.

From 3 x10° upward the turbulent Reynolds number may be
arbitrarily large, and a practical limit at present is 5 x 101 for oil
supertankers




Boundary Layer: Momentum Integral Estimates

» For parallel flow over a flat plate, the pressure drag is zero,
and thus the drag coefficient is equal to the friction drag
coefficient, or simply the friction coefficient).

e Once the average friction coefficient C; is available, the
drag (or friction) force over the surface Is determined from

F, = F, = 3CApV?

» where A is the surface area of the plate exposed to fluid
flow. When both sides of a thin plate are subjected to flow,
A becomes the total area of the top and bottom surfaces.




Example 2

» Are low-speed, small-scale air and water boundary layers really
thin? Consider flow at U =1 ft/s past a flat plate 1 ft long.
Compute the boundary layer thickness at the trailing edge for (a)
alr and (b) water at 68F.

Solution

* From Table v,;, = 1.61 E-4 ft?/s. The trailing-edge Reynolds
number thus IS

UL (1fus)(1ft)

v 161 E-4ftYls 6200

REL —

* Since this is less than 10°, the flow is presumed laminar, and
since it Is greater than 2500, the boundary layer is reasonably
thin. The predicted laminar thickness is

(-




Example 2

] 5.0
— = = 0.0634
x V6200

or, at x = 1 ft, 0 = 0.0634 ft =~ 0.76 in

* From Table v, = 1.08 E-5 ft?/s. The trailing-edge Reynolds
number is

(1 fus)(1 ft)

~ 1.08 E-5 ft¥/s

 This again satisfies the laminar and thinness conditions.
The boundary layer thickness is

Re, ~ 92,600

0 5.0
— 5 = 0.0164
x V92,600

or, at x = 1 ft, o = 0.0164 ft = 0.20 in

(-
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LLaminar and Turbulent Pipe Flow
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Introduction

e Fluid flow in circular and noncircular pipes is commonly
encountered In practice.

e The hot and cold water that we use in our homes is pumped
through pipes. Water in a city is distributed by extensive
piping networks. Oil and natural gas are transported
hundreds of miles by large pipelines. Blood is carried
throughout our bodies by arteries and veins. The cooling
water in an engine is transported by hoses to the pipes In
the radiator where it is cooled as it flows.

» The fluid in such applications is usually forced to flow by a
fan or pump through a flow section.

* We pay particular attention to friction, which is directly
related to the pressure drop and head loss during flow
through pipes and ducts.
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Introduction

» The pressure drop is then used to determine the pumping
power requirement.

» Atypical piping system involves pipes of different diameters
connected to each other by various fittings or elbows to
route the fluid, valves to control the flow rate, and pumps to
pressurize the fluid.

e The terms pipe, duct, and conduit are usually used
Interchangeably for flow sections.

e In general, flow sections of circular cross section are
referred to as pipes (especially when the fluid is a liquid),
and flow sections of noncircular cross section as ducts
(especially when the fluid is a gas) Small diameter pipes are
usually referred to as tubes.

(-




Introduction

» Most fluids, especially liquids, are
transported in circular pipes. This is

because pipes with a circular cross Circular pipe
section can withstand large pressure

differences between the inside and the

outside without undergoing significant Water
distortion. 50 atm

» Noncircular pipes are usually used In
applications such as the heating and Rectangular

cooling systems of buildings where the dut‘/

pressure difference is relatively small,

the manufacturing and installation
costs are lower, and the available space Al
IS limited for ductwork. 1.2 atm




Introduction
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» The fluid velocity in a pipe -
|

changes from zero at the surface !

because of the no-slip condition ,

to a maximum at the pipe center. ___ -
e In fluid flow, it is convenient to

work with an average velocity

V,vgr Which remains constant in

iIncompressible flow when the Average velocity V,,, is defined as the

cross-sectional area of the pipe is average speed through a cross section.
constant For fully developed laminar pipe flow,

Vayg is half of maximum velocity.
e The change in average velocity
due to change in density and
temperature and due to friction is
usually small and is thus
@ disregarded in calculations.
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Introduction

The value of the average velocity V,,, at some streamwise cross-section is
determined from the requirement that the conservation of mass principle be
satisfied . That Is,

M = pVagAc = J' pu(r) dA.
A,
where m is the mass flow rate, p is the density, A, Is the cross-sectional area,
and u(r) is the velocity profile. Then the average velocity for incompressible
flow in a circular pipe of radius R can be expressed as

R
J pu(r) dA, J pu(r)2arr dr
A 0

2 R
Vavg = oA, = pgr R L u(r)rdr

Therefore, when we know the flow rate or the velocity profile, the average
velocity can be determined easily.

(- y
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LAMINAR AND TURBULENT FLOWS

* Fluid flow in a pipe is streamlined at low
velocities but turns chaotic as the velocity is U yace
Increased above a critical value. T

e Alaminar flow is characterized by smooth
streamlines and highly ordered motion, and m
turbulent flow is characterized by velocity } oyeijcin
fluctuations and highly disordered motion.

e The transition from laminar to turbulent flow

does not occur suddenly; rather, it occurs over ——
some region in which the flow fluctuates between ™
laminar and turbulent flows before it becomes

fU”y turbUIent. D]I'EII'IJEI:IIDI‘I

» Most flows encountered in practice are turbulent. 5 Trkistom Sow
Laminar flow is encountered when highly viscous
fluids such as oils flow in small pipes or narrow

passages.
(- y

(a) Laminar flow




Reynolds Number

» The transition from laminar to turbulent flow depends on the
geometry, surface roughness, flow velocity, surface temperature,
and type of fluid, among other things.

o After exhaustive experiments in the 1880s, Osborne Reynolds
discovered that the flow regime depends mainly on the ratio of
Inertial forces to viscous forces in the fluid. This ratio is called
the Reynolds number and is expressed for internal flow in a

circular pipe as

Inertial forces VaugD ~ pVaygD scous forces
Viscous forces v L

Re =

=

avg

@ -y




Reynolds Number

where V,,, = average flow velocity (m/s), D = characteristic
length of the geometry (diameter in this case, iInm), and v =
w/p = kinematic viscosity of the fluid (m?/s).

Note that the Reynolds number is a dimensionless quantity.

At large Reynolds numbers, the inertial forces, which are
proportional to the fluid density and the square of the fluid
velocity, are large relative to the viscous forces, and thus
the viscous forces cannot prevent the random and rapid
fluctuations of the fluid.

At small or moderate Reynolds numbers, however, the
viscous forces are large enough to suppress these
fluctuations and to keep the fluid “in line.”

Thus the flow Is turbulent in the first case and laminar In
the second.
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Reynolds Number

* The Reynolds number at which the flow becomes turbulent
Is called the critical Reynolds number, Re,, .

e The value of the critical Reynolds number is different for
different geometries and flow conditions. For internal flow
In a circular pipe, the generally accepted value of the

critical Reynolds number is Re,, = 2300.
 For flow through noncircular pipes, the Reynolds number is
based on the hydraulic diameter D,, defined as
4A.
Dy, = —
P

e where A, is the cross-sectional area of the pipe and p Is its
wetted perimeter. The hydraulic diameter is defined such
that it reduces to ordinary diameter D for circular pipes,

o
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Reynolds Number

e For circular pipes Circular tube:

2 4(7D2/4)
Dh:ﬂ:fl{wDM]:D Dp=——5—=D
p 7D
» For flow in circular pipes Squareduct: 118
D a2 a
™ 43
Re = 2300 laminar flow
2300 = Re = 4000  transitional flow Rectangular duct: ||a 3
Re = 4000 turbulent flow o aab _ 2
h~2(a+b) a+b

(-




The Entrance Region

» Consider a fluid entering a circular pipe at a uniform velocity.
Because of the no-slip condition, the fluid particles In the
layer In contact with the surface of the pipe come to a
complete stop.

» This layer also causes the fluid particles in the adjacent layers
to slow down gradually as a result of friction.

* The region of the flow in which the effects of the viscous
shearing forces caused by fluid viscosity are felt is called the
velocity boundary layer or just the boundary layer.

* The hypothetical boundary surface divides the flow in a
pipe into two regions: the boundary layer region, in which
the viscous effects and the velocity changes are significant,
and the irrotational (core) flow region, in which the
frictional effects are negligible and the velocity remains
essentially constant in the radial direction.

™~




The Entrance Region

» The thickness of this boundary layer increases in the flow
direction until the boundary layer reaches the pipe center and thus
fills the entire pipe.

» The region from the pipe inlet to the point at which the boundary
layer merges at the centerline is called the hydrodynamic
entrance region, and the length of this region is called the
hydrodynamic entry length L.

Irrotational (core) Velocity boundary Developing velocity Fully developed
flow region layer profile velocity profile
“-"ravg ) Uaug / 1l"'l:'m.l'lg Uaug “-"'avg /
\—I-l | —t — —
/ ] ]
/ I ; I
[ - I R SO S i . N

B Hydrodynamic entrance region 7 -
@ Hydrodynamically fully developed region




The Entrance Region

e Flow in the entrance region is called hydrodynamically
developing flow since this Is the region where the velocity

profile develops.

» The region beyond the entrance region in which the
velocity profile is fully developed and remains unchanged
IS called the hydrodynamically fully developed region.

Irrotational (core) Velocity boundary Developing velocity Fully developed
flow region layer profile velocity profile
Vavg > Vavg / Vavg Vavg Vavg /
| | — — —
/
1 —
r I—
[ B I— o [ T > _
—————»
< Hydrodynamic entrance region > 7 >

Hydrodynamically fully developed region




The Entrance Region

» The velocity profile in the fully developed region is
parabolic in laminar flow and somewhat flatter (or fuller) in
turbulent flow due to eddy motion and more vigorous
mixing in the radial direction.

Entry Lengths

e The hydrodynamic entry length is usually taken to be the
distance from the pipe entrance to where the wall shear
stress (and thus the friction factor) reaches within about 2
percent of the fully developed value.

 In laminar flow, the hydrodynamic entry length is given
approximately as

L h, laminar = 0.05ReD

(-
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Fig. The variation of wall shear stress in the flow direction for
flow in a pipe from the entrance region into the fully developed

@ region.
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The Entrance Region

* In turbulent flow, the intense mixing during random
fluctuations usually overshadows the effects of molecular
diffusion.

e The hydrodynamic entry length for turbulent flow can be
approximated as [see Bhatti and Shah (1987) and Zhi-ging

(1982)]
I—h turbulent — =1 359DR91M

e The entry length is much shorter in turbulent flow, as
expected, and its dependence on the Reynolds number is
weaker.

* In many pipe flows of practical engineering interest, the
entrance effects become insignificant beyond a pipe length
of 10 diameters, and the hydrodynamic entry length is

approximated as
(-
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The Entrance Region
I—h, turbulent = 10D

» The pipes used in practice are usually several times the
length of the entrance region, and thus the flow through the
pipes is often assumed to be fully developed for the entire
length of the pipe. This simplistic approach gives
reasonable results for long pipes but sometimes poor results
for short ones since it under predicts the wall shear stress
and thus the friction factor.




Laminar Flow in Pipes

* Flow In pipes is laminar for Re < 2300, and that the flow is
fully developed if the pipe is sufficiently long (relative to
the entry length) so that the entrance effects are negligible.

e In this section we consider the steady laminar flow of an
Incompressible fluid with constant properties in the fully
developed region of a straight circular pipe.

 In fully developed laminar flow, each fluid particle moves
at a constant axial velocity along a streamline and the
velocity profile u(r) remains unchanged in the flow
direction. There i1s no motion in the radial direction, and
thus the velocity component in the direction normal to flow
IS everywhere zero. There Is no acceleration since the flow
Is steady and fully developed.
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Laminar Flow Iin Pipes

e Consider a ring-shaped
differential volume element of
radius r, thickness dr, and length
dx oriented coaxially with the
pipe, as shown in the Fig.

e The volume element involves
only pressure and viscous effects
and thus the pressure and shear
forces must balance each other.

* The pressure force acting on a
submerged plane surface Is the
product of the pressure at the
centroid of the surface and the
surface area.

i —
PI PI +dx
— . ——
—-
Tr




Laminar Flow in Pipes

o A force balance on the volume element in the flow
direction gives

(2arr dr P), — 2@rdrP), . g4, + 2mrdx7), — (27rdx7),.q =0

e which indicates that in fully developed flow in a horizontal
pipe, the viscous and pressure forces balance each other.
Dividing by 2ndrdx and rearranging,

- px+dx B px + (r'r}r+dr - (rT}r ~0
dx dr

Taking the limit as dr, dx — 0 gives

dP d(r7)
r + =0
dx dr
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Laminar Flow in Pipes

Substituting + = —p(du/dr) and taking n = constant gives the desired

equation,
gg(,_ d_u) _dp
rdr\ dr/ dx

e The quantity du/dr is negative in pipe flow, and the negative
sign iIs included to obtain positive values for .
(Or, du/dr = -du/dy sincey =R - 1)

» Rearranging and integrating twice gives

1 (dP
=—|—]+ +
u(r) ™ (dx) CiInr+0C,

(-




Laminar Flow in Pipes

» Writing a force balance on a
volume element of radius R
and thickness dx (a slice of
the pipe), gives

dP _ 27y,

dx R

» Here t,, IS constant since the
viscosity and the velocity
profile are constants in the
fully developed region.

e Therefore, dP/dx = constant.

2R dx 1,
~ailf—

| |
|
|

-—
mR2(P + dP)

Force balance:
7R2P - wR2(P + dP) - 2wR dx 7, = 0

Simplifying:
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Laminar Flow in Pipes

» The velocity profile u(r) is obtained by applying the
boundary conditions gu/or = 0 atr = 0 (because of
symmetry about the centerline) and u =0 at r = R (the
no-slip condition at the pipe surface). We get

R (dP r
0--2(2)0-5

» Therefore, the velocity profile in fully developed laminar
flow In a pipe is parabolic with a maximum at the
centerline and minimum (zero) at the pipe wall.

» Also, the axial velocity u is positive for any r, and thus the
axial pressure gradient dP/dx must be negative (i.e.,
pressure must decrease in the flow direction because of
viscous effects).

(-
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Laminar Flow Iin Pipes

e The average velocity is determined from its definition by
substituting u(r) and performing the integration. It gives

2 (® —2 (RR2/dP r R2 /dP
Vaug = E L LI(F]F dr = —RE L a(a) (1 — EZ)F dr = —a(a)

» Combining the last two equations, the velocity profile is

rewritten as r2
u(r) = Z‘ufavg(‘l - E)
» This Is a convenient form for the velocity profile since V,,,
can be determined easily from the flow rate information.

e The maximum velocity occurs at the centerline and is
determined by substituting r = 0,

Umax = 2Vaug
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Pressure Drop and Head Loss

» A quantity of interest in the analysis of pipe flow is the
pressure drop AP since it is directly related to the power
requirements of the fan or pump to maintain flow.

» We note that dP/dx = constant, and integrating from x = x,
where the pressure is P, to X = X, + L where the pressure is
P, gives

P P,— P,
dx L

* Substituting this into the V,,
can be expressed as

expression, the pressure drop

8ulVy,  32ulV,,

L aminar flow: AP =P, — P, = R”Z D2




e

@

Pressure Drop and Head Loss

» Pressure drop due to viscous effects represents an
Irreversible pressure loss, and it is called pressure loss AP,
to emphasize that it is a loss.

 Pressure drop is proportional to the viscosity u of the fluid,
and AP would be zero if there were no friction. Therefore,
the drop of pressure from P, to P, in this case Is due
entirely to viscous effects.

* In practice, it is found convenient to express the pressure
loss for all types of fully developed internal flows (laminar
or turbulent flows, circular or noncircular pipes, smooth or
rough surfaces, horizontal or inclined pipes) as

L V3
Pressure loss: AP, = fa ;‘-’ﬂ




Pressure Drop and Head Loss

* where pV?,,/2 is the dynamic pressure and f is the Darcy
friction factor also called the Darcy—\Weisbach friction

factor
8Ty

pV 2

 For fully developed laminar flow in a circular pipe solving
for f gives

f

64 64

Circular pipe, laminar: f=
PP oDV,  Re

» This equation shows that in laminar flow, the friction factor
Is a function of the Reynolds number only and is
Independent of the roughness of the pipe surface.
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Pressure Drop and Head Loss

* In the analysis of piping systems, pressure losses are
commonly expressed in terms of the equivalent fluid
column height, called the head loss h, .

* Noting from fluid statics that AP = pgh and thus a pressure
difference of AP corresponds to a fluid height of h = AP/pqg,
the pipe head loss is obtained by dividing AP, by pg to give

Head loss: h =——=1—

» The head loss h, represents the additional height that the
fluid needs to be raised by a pump in order to overcome the
frictional losses in the pipe. The head loss is caused by
viscosity, and it is directly related to the wall shear stress.

o
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Pressure Drop and Head Loss

* Once the pressure loss (or
head loss) Is known, the
required pumping power
to overcome the pressure
loss is determined from

wpump,L — I‘:""jh‘l::'L - I"-"PghL = mgh,

where V is the volume flow rate

| . L PVivg
and mis the mass flow rate. Pressure loss: AP =1 D zav
|
| . *’—"PL L Vazvg
Head loss: h, = 79 - f D29
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Pressure Drop and Head Loss

» The average velocity for laminar flow in a horizontal
pipe Is

(P, — PR’ _ (P, — P)D* APD?

Horizontal pipe: Vavg = i 32ul 32ul

» Then the volume flow rate for laminar flow through a
horizontal pipe of diameter D and length L becomes

(P, — P)R? R? (P, — P)wD* AP #D*
-'n' p— —

8l 128uL 128ulL

V= VygA; =
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Inclined Pipes

o Relations for inclined
pipes can be obtained in
a similar manner from a
force balance in the
direction of flow. The
only additional force In
this case Is the
component of the fluid
weight in the flow
direction, whose
magnitude is

W, = Wsin 8 = pgV,ument SIN @ = pg(27rT dr dx) sin 8

where 0 is the angle between the horizontal and the flow

direction
(- y




Inclined Pipes
e The force balance now becomes

(277 dr P), — (2rr dr P), 4, + (277 dX 7),
— (27T dX 7)o gr — pQ(27r dr dx)sind =0

which results in the differential equation
s d ( du) dP + pgsin 6
rdr\ dr dx pY

» Following the same solution procedure, the velocity profile
can be shown to be

F&2 dP r
u(r) = (dx + pg sin 9)(1 — EZ)




Inclined Pipes

* |t can also be shown that the average velocity and the volume
flow rate relations for laminar flow through inclined pipes
are, respectively,

AP — pgL sin 8)D? . (AP — pgL sin 8)wD*
,U,wg:( pgL sin 0) and L3,2( pgL sin G)ar
32ul 128l

e which are identical to the corresponding relations for

horizontal pipes, except that AP is replaced by AP — pgLsin 0.

» Therefore, the results already obtained for horizontal pipes
can also be used for inclined pipes provided that AP is
replaced by AP — pgL sin 0.

* Note that 6 > 0 and thus sin 6 > 0 for uphill flow, and 6 <0
and thus sin 6 < 0 for downhill flow.

o
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Inclined Pipes

* Ininclined pipes, the C
cc_)mblned effect of Pressure | \yoizontal pipe: U= AP 7D
difference and gravity H
. - _ : 4
drives the flqw. Gravity inclined pipe o (4P P1g2LB SIEH]WD
helps downhill flow but H

opposes uphill flow.
Therefore, much greater
pressure differences need to
be applied to maintain a
specified flow rate in uphill
flow although this becomes
Important only for liquids,
because the density of
gases is generally low.

Uphill flow: 6 > 0 and sin 8 > 0
C Downhill flow: @ < 0andsin@ <0




EXAMPLE 1.

Flow Rates in Horizontal and Inclined Pipes

e Qil at 20-C (p = 888 kg/m? and
= 0.800 kg/m - s) is flowing
steadily through a 5-cm-diameter
40-m-long pipe . The pressure at
the pipe inlet and outlet are
measured to be 745 and 97 kPa,
respectively. Determine the flow
rate of oil through the pipe
assuming the pipe is (a)
horizontal, (b) inclined 15
upward, (c) inclined 15
downward. Also verify that the
flow through the pipe is laminar.

Horizontal

__@ .

+15'>L
—15'>E
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SOLUTION The pressure readings at the inlet and outlet of a pipe are given.

The flow rates are to be determined for three different orientations, and the
flow is to be shown to be laminar.

Assumptions 1 The flow is steady and incompressible. 2 The entrance
effects are negligible, and thus the flow is fully developed. 3 The pipe
involves no components such as bends, valves, and connectors. 4 The piping

section involves no work devices such as a pump or a turbine.

Properties The density and dynamic viscosity of oil are given to be p
= B88 kg/m? and u = 0.800 kg/m - s, respectively.

Analysis The pressure drop across the pipe and the pipe cross-sectional
area are

AP =P, — P, = 745 — 97 = 648 kPa
A. = 7D¥4 = 7(0.05 m)?/4 = 0.001963 m?

(a) The flow rate for all three cases can be determined from

Fr (AP — pgL sin 8)7D*
B 128ul

(- y
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where @ is the angle the pipe makes with the horizontal. For the horizontal
case, & = 0 and thus sin 8 = 0. Therefore,

AP #D* _ (648 kPa)ar (0.05 m)* (muu mij kg - m;s?)
128ul  128(0.800 kg/m - s)(40 m) \, 1kPa

= 0.00311 m%/s

(B) For uphill flow with an inclination of 15°, we have 8 = +15°, and

(AP — pgl sin 8)7D*
Vughin = 128ul

_ [648,000 Pa — (888 kg/m®)(8.81 m/s%)(40 m)sin 15°]r(0.05 m)* (1 kg - m/s

L"rhu-i:=

128(0.800 kg/m - s)(40 m) 1Pa-m’
= 0.00267 m®/s
(c) For downhill flow with an inclination of 15°, we have & = —15°, and
Vo = (AP — pgL sin 8)7D*
128ul

_ [648,000 Pa — (888 kg/m*)(9.81 m/s?)(40 m)sin(—15)]ar(0.05 m)* /1 kg - m/
- 128(0.800 kg/m - 5)(40 m) ( 1Pa-m?

= 0.00354 m'/s




The flow rate is the highest for the downhill flow case, as expected. The
average fluid velocity and the Reynolds number in this case are

v — v _ 0.00354 m’/s
™AL 0.001963 m?
PVagD (888 kg/m?)(1.80 m/s)(0.05 m)
T 0.800 kg/m - s -

which is much less than 2300. Therefore, the flow is laminar for all three
cases and the analysis is valid.

= 1.80 mfs

Re

100

™~
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EXAMPLE 2. Pressure Drop and Head Loss in a Pipe

o Water at 40°F (p = 62.42 lbm/ft3 and p = 1.038 x 10-3 Ibm/ft - s)

Is flowing through a 0.12-in (= 0.010 ft) diameter 30-ft-long
horizontal pipe steadily at an average velocity of 3.0 ft/s.
Determine (a) the head loss, (b) the pressure drop, and (c) the
pumping power requirement to overcome this pressure drop.

——@ —= 3.0ft/s |0.12 in )——

| 30 ft——

SOLUTION The average flow velocity in a pipe is given. The head loss, the
pressure drop, and the pumping power are to be determined.

Assumptions 1 The flow is steady and incompressible. 2 The entrance
effects are negligible, and thus the flow is fully developed. 3 The pipe
involves no components such as bends, valves, and connectors.

Properties The density and dynamic viscosity of water are given to be p =
@ 62.42 Ibm/ft? and . = 1.038 > 1073 |bm/ft - s, respectively.

A,




@

AP = AP, =f—

Analysis (a) First we need to determine the flow regirhe. The Reynolds num-
ber is

_ PVagD  (62.42 Ibm/fi)(3 fi/s)(0.01 i)
o 1.038 <107} Ibmfi-s

which is less than 2300. Therefore, the flow is laminar. Then the friction
factor and the head loss become

Re = 1803

64 64
f=—= = 0.0355

Re 1803

L Vi 30ft (3 fils)?
h, = f——— = 0.0355 =149 ft
" D 2g 0.01 ft 2(32.2 ft/s)

(b) MNoting that the pipe is horizontal and its diameter is constant, the pres-
sure drop in the pipe is due entirely to the frictional losses and is equivalent
to the pressure loss,

L Vi 30 ft (62.42 Ibm/ft)(3 msf( 1Ibf )
3

D 2 00395 2 2.2 Ibm - fi/s?

= 929 Ibfift> = 6.45 psi




() The volume flow rate and the pumping power requirements are
V= Vaghc = \.-’..,.u[ﬂ[ﬁ'l] = (3 fifs)[#r(0.01 ft)/4] = 0.000236 ft’/s

Woume = V AP = (0.000236 ft¥/s)(929 Ibf/ft?) (ﬂ ?3?1|:fl- ms) =030W

Therefore, power input in the amount of 0.30 W is needed to overcome the
frictional losses in the flow due to viscosity.
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Turbulent Flow in Pipes

» Most flows encountered in engineering practice are turbulent,
and thus it is important to understand how turbulence affects
wall shear stress.

» However, turbulent flow Is a complex mechanism dominated
by fluctuations, and despite tremendous amounts of work
done in this area by researchers, the theory of turbulent flow
remains largely undeveloped.

» Therefore, we must rely on experiments and the empirical or
semi-empirical correlations developed for various situations.

o Turbulent flow is characterized by random and rapid
fluctuations of swirling regions of fluid, called eddies,
throughout the flow. These fluctuations provide an additional
mechanism for momentum and energy transfer.

@




Turbulent Flow in Pipes

In laminar flow, fluid particles flow in an orderly manner
along pathlines, and momentum and energy are transferred
across streamlines by molecular diffusion.

In turbulent flow, the swirling eddies transport mass,
momentum, and energy to other regions of flow much more
rapidly than molecular diffusion, greatly enhancing mass,
momentum, and heat transfer.

As a result, turbulent flow Is associated with much higher
values of friction, heat transfer, and mass transfer
coefficients.

The eddy motion in turbulent flow causes significant
fluctuations in the values of velocity, temperature, pressure,
and even density (in compressible flow).




Turbulent Flow in Pipes

 Fluctuations of the velocity component u with time at a

specified location in turbulent flow shown in fig below.

u
[ ]

|
—.-I
|=
I

Time,'f
* Instantaneous values of the velocity fluctuate about an average
value, which suggests that the velocity can be expressed as the
sum of an average value iy and fluctuating component u’,

u=u-+u

@
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Turbulent Flow in Pipes

Turbulent Shear Stress

» The turbulent shear stress consists of two parts: the laminar
component, which accounts for the friction between layers
in the flow direction (expressed as Tiam = —p du/dr) | and
the turbulent component, which accounts for the friction
between the fluctuating fluid particles and the fluid body
(denoted as t,,, and Is related to the fluctuation
components of velocity).

e Then the total shear stress in turbulent flow can be

expressed as
Tiotal = Tlam T Tturb
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Turbulent Flow in Pipes

e The total shear stress can be expressed conveniently as

au du
Tintal — + — =ply + 1) —
toal = (1 T pty) oy plv + 1) oy
» where p, Is the eddy viscosity or turbulent viscosity,
which accounts for momentum transport by turbulent
eddies.

o v = m/p isthe kinematic eddy viscosity or kinematic
turbulent viscosity.




Turbulent Flow in Pipes

» The velocity gradients at the
wall, and thus the wall shear
stress, are much larger for
turbulent flow than they are
for laminar flow.

2 Y

Laminar flow

Yy
i ;)
Y /y=0
Turbulent flow
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Turbulent Flow in Pipes

Turbulent Velocity Profile

» The velocity profile is parabolic
In laminar flow but is much
fuller in turbulent flow, with a
sharp drop near the pipe wall.

e Turbulent flow along a wall can
be considered to consist of four
regions, characterized by the
distance from the wall. The very
thin layer next to the wall where
viscous effects are dominant is
the viscous (or laminar or
linear or wall) sublayer.

1III"Ia'u.lug I
™

N

0

Turbulent layer

Overlap layer

Turbulent flow

Buffer layer
Viscous sublayer

/
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Turbulent Flow in Pipes

» The velocity profile in this layer is very nearly linear, and the
flow Is streamlined.

» Next to the viscous sublayer is the buffer layer, in which
turbulent effects are becoming significant, but the flow is still
dominated by viscous effects.

» Above the buffer layer is the overlap (or transition) layer,
also called the inertial sublayer, in which the turbulent effects
are much more significant, but still not dominant.

» Above that is the outer (or turbulent) layer in the remaining
part of the flow in which turbulent effects dominate over
molecular diffusion (viscous) effects.

» Flow characteristics are quite different in different regions, and
thus it is difficult to come up with an analytic relation for
the velocity profile for the entire flow as we did for laminar
flow.

/
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Turbulent Flow in Pipes

* Numerous empirical velocity profiles exist for turbulent
pipe flow. Among those, the simplest and the best known is
the power-law velocity profile expressed as

. . u_i‘lm u_(_L)Hn
Power-law velocity profile: T (R) or . 1 n

» where the exponent n Is a constant whose value depends on
the Reynolds number. The value of n increases with
Increasing Reynolds number.

* The value n =7 generally approximates many flows In
practice, giving rise to the term one-seventh power-law
velocity profile.

(-
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Turbulent Flow in Pipes

e The turbulent velocity
profile is fuller than the
laminar one, and it becomes
more flat as n (and thus the
Reynolds number)
Increases.

* The power-law profile
cannot be used to calculate
wall shear stress since it
gives a velocity gradient of
Infinity there, and it fails to
give zero slope at the
centerline.

—h

[ n=10]
0.8 [=°
1 n==6
0.6 .
o Lamina
0.4
0.2
0
0 0.2 0.4 0.6 0.8
W/ Ugax
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The Moody Chart

e The friction factor in fully developed turbulent pipe flow
depends on the Reynolds number and the relative
roughness /D, which is the ratio of the mean height of
roughness of the pipe to the pipe diameter.

» Colebrook equation

1_ = —2.0 IDQ(E}'D - 251_) (turbulent flow)

\Y4i 3.1 ReVf
* The Moody chart presents the Darcy friction factor for
pipe flow as a function of the Reynolds number and &/D
over a wide range.

e It is probably one of the most widely accepted and used
charts in engineering. Although it is developed for circular
pipes, it can also be used for noncircular pipes by replacing

@ the diameter by the hydraulic diameter.
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The Moody Chart

» The Moody chart for friction factor for fully developed
flow In circular pipes for use in the head loss relation

h|_ — fﬁz_g.

» Friction factors in the turbulent flow are evaluated from the
Colebrook equation
L eD 251
Vi~ 2109w (3.? " Re \/f)
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The Moody Chart

Equivalent roughness values for new

commercial pipes*®

Roughness, &

as *60 percent.

(-

* The uncertainty in these values can be as much

Material f mm Relative Friction
Roughness, Factor,

Glass, plastic 0 (smooth) elD f
Concrete 0.003-0.03 0.9-9 N
Wood stave  0.0016 0.5 g'gﬂ 001 g'g} %g
Rubber, ' -

Lober 0.0001 0.0134

smoothed 0.000033 0.01 0.0005 0.0172
Copper or : i

brass tubing 0.000005 0.0015 0.001 0.0199
Cast iron 0.00085 0.26 0.005 0.0305
Galvanized 0.01 0.0380

iron 0.0005  0.15 0.05 0.0716
quught ron - 0.00015 0.046 * Smooth surface. All values are for Re = 10°
Stainless steel 0.000007 0.002 and are calculated from the Colebrook equation.
Commercial

steel 0.00015 0.045




Turbulent Flow in Pipes

e The Colebrook equation is implicit in f, and thus the
determination of the friction factor requires some iteration
unless an equation solver is used.

* An approximate explicit relation for f was given by S. E.
Haaland in 1983 as

1 _ 18 [EﬂL(ﬂ)”'}
Vi Re T \37

» The results obtained from this relation are within 2 percent
of those obtained from the Colebrook equation.
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Turbulent Flow in Pipes

Types of Fluid Flow Problems

* In the design and analysis of piping systems that involve the
use of the Moody chart (or the Colebrook equation), we
usually encounter three types of problems (the fluid and the
roughness of the pipe are assumed to be specified in all
cases)

Determining the pressure drop (or head loss) when the
pipe length and diameter are given for a specified flow
rate (or velocity)

Determining the flow rate when the pipe length and
diameter are given for a specified pressure drop (or head
losS)

Determining the pipe diameter when the pipe length

and flow rate are given for a specified pressure drop (or
head 10sS)




Turbulent Flow in Pipes

Problems of the first type are straightforward and can be
solved directly by using the Moody chart.

Problems of the second type and third type are commonly
encountered in engineering design (in the selection of pipe
diameter, for example, that minimizes the sum of the
construction and pumping costs), but the use of the Moody
chart with such problems requires an iterative approach
unless an equation solver is used.

To avoid tedious iterations in head loss, flow rate, and
diameter calculations, Swamee and Jain proposed the
following explicit relations in 1976 that are accurate to
within 2 percent of the Moody chart:




Turbulent Flow in Pipes

V2L e FD)“-T}-E 1078 < &/D < 1072
h, = 1.07 = + 4.62( 22
: gnﬁ{ HL.?D ( v 3000 < Re < 3 X 10°

i Dﬁh 0.5 317 EL 0.5
= —ID.QEE-(Q : L) '"{3.?[} + ( QD:,_”hL) ] Re > 2000

D=0 55{21.25(L_L}2)”5+ pL}E-"(L)E'ETm 10 <eD<107*
| gh, gh, 5000 < Re < 3 X 10°




EXAMPLE 3. Determining the Head Loss in a Water Pipe

Water at 60°F (p = 62.36 Ibm/ft3 and p = 7.536 x 10 lom/ft - s)
Is flowing steadily in a 2-in-diameter horizontal pipe made of
stainless steel at a rate of 0.2 ft3/s. Determine the pressure drop,
the head loss, and the required pumping power input for flow
over a 200-ft-long section of the pipe.

{]Eﬁﬁfs
——@ water 2in—-= )

I_l
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SOLUTION The flow rate through a specified water pipe is given. The pres-
sure drop, the head loss, and the pumping power requirements are to be
determined.
Assumptions 1 The flow is steady and incompressible. 2 The entrance
effects are negligible, and thus the flow is fully developed. 3 The pipe
involves no components such as bends, valves, and connectors. 4 The piping
section involves no work devices such as a pump or a turbine.
Properties The density and dynamic viscosity of water are given to be p
= 62.36 Ibm/ft? and p = 7.536 x 10~* Ibm/ft - s, respectively.
Analysis We recognize this as a problem of the first type, since flow rate,
pipe length, and pipe diameter are known. First we calculate the average
velocity and the Reynolds number to determine the flow regime:

Vv V 0.2 ft¥/s

V= A. #DYA (212 f)Ya

pVD  (62.36 Ibm/ft®)(9.17 ft/s)(2/12 fi)
wo 7.536 x 10~ * Ibm/ft - 5

= 9.17 ft/s

Re = = 126,400

which is greater than 4000. Therefore, the flow is turbulent. The
@ relative roughness of the pipe is calculated using the Table

.

/




0.000007 ft
D = — ok

The friction factor corresponding to this relative roughness and the Reynolds
number can simply be determined from the Moody chart. To avoid any read-
ing error, we determine f from the Colebrook equation:

1 elD 251 ) 1 0.000042 2.51 )

ISP ( + _:.—=—2.n|n( +
Vi N37 T Revt VA ANEY, 126,400/

Using an equation solver or an iterative scheme, the friction factor is deter-
mined to be f = 0.0174. Then the pressure drop (which is equivalent to
pressure loss in this case), head loss, and the required power input become

= 0.000042

o Lpv® 200 ft (62.36 Ibm/ft?)(9.17 ftfs)? ( 1 Ibf )
AP =AP =5 == =001 2 32.2 Ibm - fi/s?
= 1700 Ibf/f® = 11.8 psi
AP, L V2 200 ft (9.17 fifs)?
he = pg 5 29 0.0174 2/12 ft 2(32.2 fi/s?y) 2131
: : 1W
—_— —_— 2 —_
Wom = V AP = (0.2 ft*/s)(1700 Ibffft }(ﬂ_?g? ibF ﬁfs) 461 W

Therefore, power input in the amount of 461 W is needed to overcome the
@ frictional losses in the pipe.
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» The friction factor could also be determined easily from the
explicit Haaland relation. It would give f = 0.0172, which
Is sufficiently close to 0.0174.

™~




Minor Losses

e The fluid in a typical piping system passes through various
fittings, valves, bends, elbows, tees, inlets, exits,
enlargements, and contractions in addition to the pipes.

» These components interrupt the smooth flow of the fluid
and cause additional losses because of the flow separation
and mixing they induce.

* In a typical system with long pipes, these losses are minor
compared to the total head loss in the pipes (the major
losses) and are called minor losses.

» Although this is generally true, in some cases the minor
losses may be greater than the major losses. This is the
case, for example, in systems with several turns and valves
In a short distance.
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Minor Losses

e The head loss introduced by a completely open valve, for
example, may be negligible. But a partially closed valve may
cause the largest head loss in the system, as evidenced by the
drop in the flow rate.

» Flow through valves and fittings is very complex, and a
theoretical analysis is generally not plausible.

» Therefore, minor losses are determined experimentally, usually
by the manufacturers of the components.

» Minor losses are usually expressed in terms of the loss
coefficient K, (also called the resistance coefficient), defined

as h,
| oss coefficient: K, =
" V(29)

» where h, is the additional irreversible head loss in the piping
system caused by insertion of the component, and is defined as
h, = APL/pg.
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Minor Losses

e Once all the loss coefficients are available, the total head
loss in a piping system is determined from

Total head loss (general): N ot = DL major T N minor
L. UE UJ-E
o E fl 52_9 Jz KL,JE

e where I represents each pipe section with constant diameter
and J represents each component that causes a minor loss.

 If the entire piping system being analyzed has a constant
diameter

Total head loss (D = constant): N total = (f —+ > K )

» where V is the average flow velocity through the entire
system (note that VV = constant since D = constant).
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Loss coefficients K, of various pipe components for turbulent flow (for use in the relation h, = K,V?/(2g), where V is the
average velocity in the pipe that contains the component)*

Pipe Inlet
Reentrant: K, = 0.80 Sharp-edged: K, = 0.50 Well-rounded (r’'D > 0.2): K, = 0.03
(t<<Dand /I~ 0.1D) Slightly rounded (/D = 0.1): K, = 0.12

(see Fig. 8-36)

Pipe Exit
Reentrant: K, = a Sharp-edged: K, = a Rounded: K, = a

Note: The kinetic energy correction factor is a = 2 for fully developed laminar flow, and « == 1 for fully developed turbulent flow.

¥

/




Sudden Expansion and Contraction (based on the velocity in the smaller-diameter pipe)

dZ 2
Sudden expansion: K, = (1 - F)

—J 0.6
-\ | —  |D
3 0.4 =
‘ K \ K, for sudden
Sudden contraction: See chart. t \thractmn
Q ; \\
\ ] 0 \
D > |d —sV 0.2 0.4 0.6 0.8 1.0
/ 1 dzi"Dz
Gradual Expansion and Contraction (based on the velocity in the smaller-diameter pipe)
Expansion: Contraction (for 6 = 20°):
K =002fre=20 == T K, = 0.30 for d/D = 0.2 !
K, = 0.04 for § = 45° = 1 K, = 0.25ford/D = 0.4
D ) d sV

K, = 0.07 for6 = 60° ===V |d ] D

(-1

K, = 0.15ford/D = 0.6
K; = 0.10 for d/D = 0.8




Bends and Branches
90° smooth bend:
Flanged: K, = 0.3
Threaded: K, = 0.9

V i

=

90° miter bend
(without vanes): K, = 1.1

V i

o

90° miter bend
(with vanes): K, = 0.2

45° threaded elbow:
K, =0.4

45°
V

N

180C° return bend:

Tee (branch flow):

Tee (line flow):

Threaded union:

Flanged: K, = 0.2 Flanged: K, = 1.0 Flanged: K, = 0.2 K, = 0.08
Threaded: K; = 1.5 Threaded: K, = 2.0 Threaded: K, = 0.9
1
) j V i —e
V/ —
e
e
Valves

Globe valve, fully open: K, = 10
Angle valve, fully open: K, = 5
Ball valve, fully open: K, = 0.05
Swing check valve: K, = 2

@

Gate valve, fully open:

% closed:
% closed:
2 closed:

K, =0.2
K, = 0.3
K, =2.1
K =17
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EXAMPLE 4. Head Loss and Pressure Rise
during Gradual Expansion

» A 6-cm-diameter horizontal water pipe expands gradually
to a 9-cm-diameter pipe . The walls of the expansion
section are angled 30- from the horizontal. The average
velocity and pressure of water before the expansion section
are 7 m/s and 150 kPa, respectively. Determine the head
loss in the expansion section and the pressure in the larger-

diameter pipe. Ans. 0.175m, 168 KPa

@

Water
1 m/s
150 kPa

6 cm

~

-
\

.--.-.__r-

A

9cm

@
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SOLUTION A horizontal water pipe expands gradually into a larger-diameter
pipe. The head loss and pressure after the expansion are to be determined.
Assumptions 1 The flow is steady and incompressible. 2 The flow at sec-
tions 1 and 2 is fully developed and turbulent with a¢; = a, = 1.06.

— o, and a, are Kinetic energy correction factors

Properties We take the density of water to be p = 1000 kg/m2. The loss coef-
ficient for gradual expansion of # = 60° total included angle is K; = 0.0/.

Analysis Noting that the density of water remains constant, the downstream
velocity of water is determined from conservation of mass to be

: . A, D
m, = m, — p\hAI = PUEAE — V==V, = —E\ﬁ
AE DE
0.06 m)*
v, = | m]E (7mfs) = 3.11 mis
(0.09 m)
Then the irreversible head loss in the expansion section becomes
Vi 7 mfs)®
h, = K, — = (0.07) Tms)”  _ 0175 m

2(9.81 m/s?)
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Noting that z, = z, and there are no pumps or turbines involved, the energy
equation for the expansion section can be expressed in terms of heads as

P V? 0 P V3 0
—'+u,2—£;+;e;+h;,:p.“ =£+a?£+;§+hnﬂiﬂ +h,

P, VZ P, V2
— _1 + ﬂ!'|_1 — _I + ﬂ!;_;r_z + h|_
PY 29 P9 y

Solving for P, and substituting,

|||I||'E_ UE
P, =P, + ,:.{“1 12“2 E—ghL} = (150kPa) + (1000 kg/m?)
1.06(7 mis)2 — 1.06(3.11 mis)?
x{ 7 mis) 2 BITmS)” 981 mis?H(0.175 m}}
x( 1kN )( 1||:Pa)
1000 kg - mis/\1 kN/m?

= 169 kPa

@ y




Example 5. Determine Head Loss

» As shown in Fig. below, crude oil at 140 -F with y =53.7 Ib/ft3

and p=8x10°Ib. s ft? (about four times the viscosity of
water) Is pumped across Alaska through the Alaskan pipeline, a
799-mile-long, 4-ft-diameter steel pipe, at a maximum rate of
Q = 2.4 million barrels day = 117 ft3 /s. Determine the
horsepower needed for the pumps that drive this large system.

Oil: v = 53.7 Ib/ft 4-ft-diameter,

W= 8 x 10—5 Ibf . S.".ftE ?gg'm”E:-lﬂng
steel pipe (2)

Prudhoe Bay, Alaska Valdez, Alaska
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Solution

* From the energy equation we obtain

% %
o =2y 2 4,

Y 2g Y 2g

where points (1) and (2) represent locations within the large hold-
ing tanks at either end of the line and /, is the head provided to the
oil by the pumps. We assume that =, = z, (pumped from sea level
to sea level), p, = p, = ¥V, = ¥, = 0 (large, open tanks) and
h, = (ft/D)V?*/2g. Minor losses are negligible because of the
large length-to-diameter ratio of the relatively straight, uninterrupted
pipe; £/D = (799 mi) X (5280 ft/mi)/(4 ft) = 1.05 X 10°. Thus,
{ V-

by = =150




where I7 = Q/4 = (117 f/s)/ [w(4 ft)%/4] = 9.31 fi/s.
f=0.0125 since &/D = (0.00015 ft)/(4 ft) = 0.0000375
and Re = pVD/u
= [(53.7/32.2) slugs/ft’] (9.31 ft/s)(4.0 ft) /(8 X 107> Ibs/ft’) = 7.76 X 10°.
Thus,
(9.31 ft/s)°
2(32.2 ft/s°)

h, = 0.0125(1.05 X 10°) = 17,700 ft

and the actual power supplied to the fluid, 27, is
P, = y0Oh, = (53.7 Ib/ft*)(117 £t*/s)(17,700 ft)

l1h
= 1.11 X l[}EfI:-lb,"s( P )
550 ft - 1b/s

= 202,000 hp (Ans)




Example 6. Minor losses

o Water at 10-C flows from a large reservoir to a smaller
one through a 5-cm diameter cast iron piping system,
as shown in Fig. below. Determine the elevation z, for
a flow rate of 6 L/s.

=7 M Sharp-edged
————————— «———{ _entrance, K, = 0.5
II: 1 Standard elbow,
““““ = flanged, K, = 0.3
| f Rt
. D=5cm | |||
| i | @ z=4m
| om|| | Gate valve, *
! | fully open
—Control | yop
" volume | || | K, =0.2
' boundary | [ q— :
: r | T/ e
| —— 1 =
80 m - \——Exit. K, =1.06




SOLUTION The flow rate through a piping system connecting two reservoirs
is given. The elevation of the source is to be determined.

Assumptions 1 The flow is steady and incompressible. 2 The elevations of
the reservoirs remain constant. 3 There are no pumps or turbines in the line.
Properties The density and dynamic viscosity of water at 10°C are p
= 999.7 kg/m? and p = 1.307 X 1073 kg/m - s. The roughness of cast iron
pipe is £ = 0.00026 m.

Analysis The piping system involves 89 m of piping, a sharp-edged
entrance (K; = 0.b), two standard flanged elbows (K, = 0.3 each), a fully
open gate valve (K; = 0.2), and a submerged exit (K; = 1.06). We choose
points 1 and 2 at the free surfaces of the two reservoirs. Noting that the
fluid at both points is open to the atmosphere (and thus P, = P, = P,.)
and that the fluid velocities at both points are zero (V; = V, = 0), the
energy equation for a control volume between these two points simplifies to

p{ vl p; vz
g+ﬂ1£ + Z1 = g+ﬂ!g£ +Eg+h|_ —> 11:Ig+h|_

where

hy = . o = DL major + DL, minor = (fﬁ + EKL)_
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since the diameter of the piping system is constant. The average velocity in
the pipe and the Reynolds number are

V V. 0.006m%s
A, =D¥4  (0.05m)%4
_ pVD _ (999.7 kg/m®)(3.06 m/s)(0.05 m)
p 1307 x 10 3kg/m-s

The flow is turbulent since Re > 4000. Noting that /D = 0.00026/0.05
= 0.0052, the friction factor can be determined from the Colebrook equa-
tion (or the Moody chart),

1 :_E_DIOH(EJ[JJr 2.51) Lo =—2.{}Iog(u'm52+ 2.51

Vi 3.7  ReVf 3.7 11?,mux/'f)
It gives f = 0.0315. The sum of the loss coefficients is
2 KL = K¢ earance + 2K etpow + Ki_ vaive + KL exit
=05+2 X 03+02+1.06=2.36

Then the total head loss and the elevation of the source become

L V2 89 m (3.06 m/s)?
h, = (f S+ 3 KL)?Q - (ﬂ.n315 cor 2.35) >esTme ~ 29m

FA| =Ig+hL=4+2}'_H=31.9m

= 3.06 m/s

Re = 117,000
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Example 7

* A horizontal pipe has an abrupt expansion from D,= 8 cm
to D, = 16 cm. The water velocity in the smaller section is
10 m/s and the flow is turbulent. The pressure in the
smaller section Is P, = 300 kPa. Taking the kinetic energy
correction factor to be 1.06 at both the inlet and the outlet,
determine the downstream pressure P,, and estimate the
error that would have occurred if Bernoulli’s equation had
been used.

m

T

8{:
Water @ IJ - D, = 16 cm

l

10 m/s
300 kPa
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Solution A honizontal water pipe has an abrupt expansion. The water velocity and pressure in the smaller diameter
pipe are given. The pressure after the expansion and the error that would have occurred if the Bernoulli Equation had been
used are to be determined.

Assumptions 1 The flow 15 steady, honzontal, and incompressible. 2 The flow at both the inlet and the outlet 1s fully
developed and turbulent with kinetic energy corrections factors of a; = a» = 1.06 (given).

Praoperties We take the density of water to be o= 1000 kg/m’.

Analysis Noting that p = const. (incompressible flow), the downstream velocity of water 1s
o 4 /4 D? (0.08 m)”
my=m; = pPid=pVed, - VFh=—VF= Vi=—V,=—"——-(10m's)=25m/s
1 2 P14y = P¥ads 2 A, 1 ;ri}z!fatl ng 1 {ﬂ_lﬁm)li )

The loss coefficient for sudden expansion and the head loss can be calculated from
2

p 532 332

K, ={1-Zman | DYy 0084 6o ()
4 D3 0.16 @ P 5
2% (10 m/s)’ Water g em I ) 16 cm

hy =Ky 5= (0.5625) — —— - =287m |
£

2{(9.81m/s?)
Noting that z; = z; and there are no pumps or turbines 300 kPa
mvolved, the energy equation for the expansion section can be
expressed in terms of heads as

W P vy w P vy
£+a'lL+zl+hm“ =—2+ﬂ'1 i+z2 + A bine « 11 — i+::::.'1 1 -2 +a, 2 +h;
PE 2g - 2g ’ PE g 2 2g
Solving for P; and substituting,

2 2
V" —a,l.
Py =P1+ﬂ{al 1 Eﬂrz = _E}TL}

2 2
— (300 kPa)+ (1000 kg/m? )] L0810 0/S)” ~1.06Q 5m/s)” _ g o1 ,11c2y03 87 m) LkN LkPa
2 1000 kg -m/s | 1 kN/m?>

=322 kPa
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Therefore, despite the head (and pressure) loss, the pressure increases from 300 kPa to 321 kPa after the expansion. This 1s
due to the conversion of dynanic pressure to static pressure when the velocity 1s decreased.
When the head loss 1s disregarded, the downstream pressure 1s determined from the Bermnoulh equation to be
2 2 2 2 2 2
i+I;FL+:£1=£+F—:+z2 — A +pr1 =P2 +F1 W
Pe g e g re g pg g
Substituting,

— PA=R+p

j':'z=(3{!!}l:Pa}+{1El«{?l{llatgfma'){lﬂﬂﬂﬁ}1 —(2.5;.];5]2[ 1kN I 1kPa

2 1000kg-m/s \ 1kN/m?
Therefore, the error in the Bemoulli equation 1s Error = P peponi — P2 =347 -322=25.0kPa
Note that the use of the Bemoull equation results n an error of (347 —322) /322 =0.078 or 7.8%.

)=34?k’P:i
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PIPING NETWORKS

» Most piping systems encountered In practice such as the
water distribution systems in cities or commercial or
residential establishments involve numerous parallel and
series connections.

Pipes Iin Series

* When the pipes are connected in series, the flow rate
through the entire system remains constant regardless of the
diameters of the individual pipes in the system. This is a
natural consequence of the conservation of mass principle
for steady incompressible flow.

» The total head loss in this case is equal to the sum of the
head losses in individual pipes in the system, including the
minor losses.

@
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PIPING NETWORKS

b
18
Te —_— —— *?

It L. D
fﬂ.' LA' DA B —B' ~B
Va= Ve

h12=h a+h g
» For a pipe that branches out into two (or more) parallel pipes
and then rejoins at a junction downstream, the total flow rate
IS the sum of the flow rates in the individual pipes. The
pressure drop (or head loss) in each individual pipe connected
In parallel must be the same since AP =P, — P, and the
junction pressures P, and Pg are the same for all the individual

pipes.




PIPING NETWORKS

f,, Ly, Dy
A
- A\ o o B wemp
\-' \-j
B 2 L2 Dy
Chashes
UA = U1 + U.E = UE

» For a system of two parallel pipes 1 and 2 between
junctions A and B with negligible minor losses, this can be
expressed as

L, V3 L, V3
h. . =h, — f1D_112_§; = fED_EZ_gE

@




PIPING NETWORKS

Then the ratio of the average velocities and the flow rates in the two parallel
pipes become

E_(&EE)UE nd E_Acr1v1=D$(f_gEE)”2

v, - f; Ly D, V, - Ac 2V D\ f LD

The analysis of piping networks, no matter how complex they are, is
based on two simple principles:

1. Conservation of mass throughout the system must be satisfied. This is
done by requiring the total flow into a junction to be equal to the total
flow out of the junction for all junctions in the system. Also, the flow
rate must remain constant in pipes connected in series regardless of the
changes in diameters.

2. Pressure drop (and thus head loss) between two junctions must be the
same for all paths between the two junctions. This is because pressure Is
a point function and it cannot have two values at a specified point. In
practice this rule is used by requiring that the algebraic sum of head
losses in a loop (for all loops) be equal to zero. (A head loss is taken to
be positive for flow in the clockwise direction and negative for flow In
the counterclockwise direction.)
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PIPING NETWORKS
* Another type of multiple pipe system called a loop is shown in

Fig. In this case the flowrate through pipe (1) equals the sum
of the flowrates through pipes (2) and (3), or @, = ©; + 0.

¥, D

Dg "'

Node, N 2

Ei] 4 \

O = ()= ® v,

! w+ 0
Dy

» As can be seen by writing the energy equation between the
surfaces of each reservoir, the head loss for pipe (2) must
equal that for pipe (3), even though the pipe sizes an flowrates
may be different for each. That is,

@ y
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PIPING NETWORKS

Py Vi ps Vi
+ +E‘{=_+_+z3+|i[11,+;l'_;
Yy 2 Yy 2 |
for a fluid particle traveling through pipes (1) and (2), while
Py, Vi _ Pz :
+ == +z,= zg + hy +h
Yy 28 ¢ v Eg BT

for fluid that travels through pipes (1) and (3). These can be
combined to give k, = k;. This is statement of the fact that fluid
particles that travel through pipe (2) and particles that travel
through pipe (3) all originate from common conditions at the
junction (or node, N) of the pipes and all end up at the same
final conditions.




End of Chapter 6

Next Lecture
Chapter 7: Compressible Flow




