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Introduction

e Stability is a basic requirement for digital and analog control
systems.

* Digital control is based on samples and is updated every
sampling period, and there is a possibility that the system wiill
become unstable between updates. This obviously makes
stability analysis different in the digital case.

* There are different definitions and tests of the stability of

linear time-invariant (LTl) digital systems based on transfer
function models.

— Input-output stability and internal stability.

— Routh-Hurwitz criterion

— Jury criterion, and the Nyquist criterion.

— Gain margin and phase margin for digital systems



Asymptotic Stability
 The most commonly used definitions of stability are based on

the magnitude of the system response in the steady state. If

the steady-state response is unbounded, the system is said to
be unstable.

 Asymptotic Stability: A system is said to be asymptotically
stable if its response to any initial conditions decays to zero
asymptotically in the steady state.

Ilim y(k) =0

* If the response due to the initial conditions remains bounded
but does not decay to zero, the system is said to be marginally
stable.



Asymptotic Stability

* In the absence of pole-zero cancellation, an LTI digital system is
asymptotically stable if its transfer function poles are in the
open unit disc and marginally stable if the poles are in the
closed unit disc with no repeated poles on the unit circle.

e The open unit disc is the region in
the complex plane defined by

{z:|z]| < 1}

e The closed unit disc is the region in
the complex plane defined by

. <
{Z |Z| — 1} Unit Disc: A disc with radius 1.
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Asymptotic Stability

Consider a LTI system governed by difference equation

ykk+n)+a,_1ytk+n—-1)+ - +a,y(k+1)+ ayy(k)
=bulk+m)+b,,_qu(k+m-—1)+ -+ bju(k + 1) + bou(k)
where k = 1,2,3 ...

With initial conditions y(0), y(1), ...y(n — 1).

Using the z-transform of the output the response of the system
due to the initial conditions with the input zero is of the form

N(z)

Z"+a,_1z" 1+ -+ a2z + ag

Y(z) =

where N(z) is a polynomial dependent on the initial
conditions.



Asymptotic Stability
N(z)

zZ"+ay_1z" 1+ -+ ayz; + qg

Y(z) =

Because transfer function zeros arise from transforming the input
terms, they have no influence on the response due to the initial
conditions.

The denominator of the output z-transform is the same as the
denominator of the z-transfer function in the absence of pole-zero
cancellation.

Hence, the poles of the function Y(z) are the poles of the system
transfer function.

Thus, the output due to the initial conditions is bounded for system
poles in the closed unit disc with no repeated poles on the unit
circle. It decays exponentially for system poles in the open unit disc
(i.e., inside the unit circle).



Example-1

 Determine the asymptotic stability of the following
systems:

1. H(z) = (2_42()2(;)0.1)
2. H(z) = (Z_Lt)(,z)_((;lii)
3. H(z) = (Z_So(;)_((i)m)
4 H(z) = —222

(z—0.1)(z-1)



BIBO Stability

* The second definition of stability concerns the forced response
of the system for a bounded input.

(k)
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* A bounded input satisfies the P[] ?
condition 21 ¢

lu(k)| < by, k=123,..

0< b, < | ﬁ |
S IL \ hﬁ j‘

3]

: :
* A bounded sequence satisfying H “ l Jo
the constraint |u(k)] < 3 is -1t ks Rs
shown in the figure.
21
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BIBO Stability

Bounded-Input—Bounded-Output Stability. A system s
said to be bounded-input—bounded-output (BIBO) stable if
its response to any bounded input remains bounded.

That is, for any input satisfying

lu(k)| < b,  k=123,..
0<b, <
The output satisfies

ly(k)| <b,  k=123,..
0<b, <



BIBO Stability

BIBO stability concerns the response of a system to a bounded
input.

The response of the system to any input is given by the
convolution summation

k
y(k) = 2 hk — Du(i), k=01,2,..
=0

Where h(k) is impulse response sequence.



Asymptotic vs. BIBO Stability

* LTI systems, with no pole-zero cancellation,
BIBO and asymptotic stability are equivalent
and can be investigated using the same tests.

* Hence, the term stability is used in the
literaturel to denote either BIBO or asymptotic
stability with the assumption of no unstable
pole-zero cancellation.



Internal Stability

e So far, we have only considered stability as applied
to an open-loop system.

* However, the stability of the closed-loop transfer
function is not always sufficient for proper system
operation because some of the internal variables
may be unbounded.

* |[n a feedback control system, it is essential that all
the signals in the loop be bounded when bounded
exogenous inputs are applied to the system.



Internal Stability

* Consider a unity feedback digital control system shown in
following figure. The system has two outputs, Y and U, and
two inputs, R and D.

lﬂ{f}
Rz + E(z) Uz)

-,;::: D »  (C(2) —H(_ji—l'* Gpis(2)

¥(z)

* The transfer functions associated with the system are given
by

" C(2)Gza5(s) Gzas(S)
[Y(Z) _ |1+ C(2)Gzas(s) 1+ C(2)Gz45(5) [R(Z)
U(z) C(2) C(z)Gzas(s) |LD(2)
11+ C(2)Gzas5(s) 1+ C(2)Gzas(S).



Internal Stability

- C(2)Gza5(5) Gzas(S)
[Y(Z) _ |1+ C(2)Gzas(s) 1+ C(2)Gz45(5) [R(Z)
U(z) C(2) C(2)Gzas(s) |1D(2)
1+ C(2)Gzas(s) 1+ C(2)Gz45(5).

* If all the transfer functions that relate system inputs (R and
D) to the possible system outputs (Y and U) are BIBO
stable, then the system is said to be internally stable.



Routh-Hurwitz Criterion

The Routh-Hurwitz criterion determines conditions for left half
plane (LHP) polynomial roots and cannot be directly used to
investigate the stability of discrete-time systems.

The bilinear transformation transforms the inside of the unit
circle to the LHP. This allows the use of the Routh-Hurwitz
criterion for the investigation of discrete-time system stability.

1+w 1+z

JT="— S W= —

1—w 1-z
The bilinear Transformation is a special case of conformal
mapping used to convert continuous LTI transfer function into

discrete shift invariant transfer function.



Routh-Hurwitz Criterion

* For the general z-polynomial,
F(z)=a,z"+a,_1z" 1 +--+a,

14+w

* Using the bilinear transformation z = P—

1+Wn 1+
) +an—1(1_

F(w) = an(l —w

w -1
)+

 The Routh-Hurwitz approach becomes progressively more
difficult as the order of the z-polynomial increases. But for
low-order polynomials, it easily gives stability conditions.



Example-2

* By using Routh-Hurwitz stability criterion, determine the
stability of the following digital systems whose characteristic
are given as.

z2—0.25=0

Solution

» Transforming the characteristic equation z* — 0.25 = 0 into

w+1

w — domain by using the bilinear transformation z =

gives:

0.75w? + 2.5w + 0.75 =0



Example-2

* Routh array can now be developed from the transformed
characteristic equation.

0.75w2 4+ 25w+ 0.75 =0

w2 0.75 0.75
wl |25 0
w?®  10.75

* Since there are no sign changes in the first column of the
Routh array therefore the system is stable.



Example-3

* By using Routh-Hurwitz stability criterion, determine the
stability of the following digital systems whose characteristic
are given as.

z3 —1.22z4—-1.3752—-0.25=0

Solution

* Transforming the characteristic equation into w — domain by

w+1

using the bilinear transformation z = — gives:

—1.875w3 + 3.875w? 4+ 4.875w + 1.125 =0



Example-3

* Routh array can now be developed from the transformed
characteristic equation.

—1.875w3 + 3.875w? + 4.875w + 1.125 =0

w3  [-1.875 |4.875
w2 |3.875 1.125
wl 5419 0

wY 1125

* From the table above, since there is one sign change in the
first column above equation has one root in the right-half of

the w-plane.

* This, in turn, implies that there will be one root of the
characteristic equation outside of the unit circle in the z-plane.



Jury’s Stability Test

* Stability test method presented by Eliahu lbraham Jury.

It is possible to investigate the stability of z-domain
polynomials directly using the Jury test.

* These tests involve determinant evaluations as in the Routh-
Hurwitz test for s-domain polynomials but are more time
consuming.



Jury’s Stability Test

* For a polynomial
Fz)=a,z"+a, z" *+-+a,=0
* the roots of the polynomial are inside the unit circle if and
only if

(1). F(1) >0

(2). (=1)"F(=1) >0
(3). laol < ay

(4). |bol > |bp_1l

(5). leol > len—|

(n+1). |rol > [ry]



Jury’s Stability Test

 Where the terms in the n+1 conditions are calculated from following Table.

Table 4.1 Jury Table

Row z° z z? . zmk z™! z"
1 a, a, P e i, 5 . i, a,
2 i, Ay iy 2 [ ey iy
3 by by b by i b,

4 b, By s By s Dy, by

5 Co C) C2 Cn 2

G Cp> Cp 3 Cpi Co

2n—5 S 5] 53 53

2n—4 53 S 51 So

Z2n—3 ro ry Fs




Jury’s Stability Test

e The entries of the table are calculated as follows

Ao Ap—k
b, = ‘ k=01 .. n—1
K An A
b, b
0 n—~k
=" "} ‘ k=01,..,n—2
n k
T—SO S3 T—SO 52| |50
O 1S3 Spl’ L7 Is3 s117°2 7 Is3




Example-4
e Test the stability of the polynomial.

F(z) =z>+ 2.62z* —0.5623 — 2.05z% + 0.0775z + 0.35

Solution

* Develop Jury’s Table [(2n-3) rows].

1 0.35 0.0775 -2.05 -0.56

2 1 2.6 -0.56 -2.05 0.0775 0.35
3 b, b4 b, b3 by

4 by b3 b, b4 b,

5 Co Cq C5 C3

6 C3 Cy C1 Co

7 d, dq d,

26



Example-4

3" row is calculated using

b, — Ao an—k‘
e An A
_ a, das _ 0.35 ‘
as Q, 1 0.35
_ Ao Ay _ 0.35 2.6
as aq 1 0.0775
%! as‘ _ ‘0.35 —0.56
as azl —2.05
_ A, Qp _ 0.35 —-2.05
as Qs 1 —0.56
_ ap, aq _ 0.35
A5 Qg 1

0. 0775‘ — 08352

1 0.35 0.0775 -2.05 -0.56
2 1 2.6 -0.56  -2.05 0.0775 0.35
3 -0.8775-2.5728-0.1575 1.854 0.8352
4 b, b b, b4 b,
5 Co Cq Cy C3
6 C3 Cy Cq Co
7 d, dq d,
= —0.8775

= —2.5728

= —0.1575

= 1.854

27



Example-4

e 4"h row is same as 3™ row in reverse order

1 0.35 0.0775  -2.05 -0.56

2 1 2.6 -0.56 -2.05  0.0775 0.35
3 —0.8775 —2.5728 —0.1575 1.854 0.8352

4 0.8352 1.854 —-0.1575 —2.5728 —0.8775

5 Co Cq C5 C3

6 C3 C5 C1 Co

7/

28



Example-4

e 5% row is calculated using

bo bn—k‘
bn bk

0.35 0.0775  -2.05 -0.56
1 2.6 -0.56 -2.05  0.0775 0.35
—0.8775 —2.5728 —0.1575 1.854 0.8352
0.8352 1.854 —-0.1575 —2.5728 —0.8775
0.077 0.7143 0.2693 0.5151

N oo o BN



Example-4

e 6t row is same as 5t row in reverse order

035 00775 -2.05  -0.56
1 2.6 -0.56 -2.05 0.0775 0.35
—0.8775 —2.5728 —0.1575 1.854 0.8352
0.8352 1.854 —0.1575 —2.5728 —0.8775
0.077 07143 02693 0.5151
0.5151 0.2693 0.7143 0.077
d, d, d,

N oo o bW N
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Example-4

e 7% row is calculated using

dk — do dn—k‘
dn dk
0.35 0.0775 -2.05 -0.56
1 2.6 -0.56 -2.05 0.0775 0.35

N oo o BN

—0.8775 —2.5728 —0.1575 1.854 0.8352
0.8352 1.854 —-0.1575 —2.5728 —0.8775
0.077 0.7143 0.2693 0.5151
0.5151 0.2693 0.7143 0.077

—0.2593 —-0.0837 —0.3472

31



Example-4

Now we need to evaluate following conditions

nt" order system

5th order System

(1). F(1) >0

(2). (=1)"F(=1) >0
(3). laol < ay

(4). |bol > |bp_1l

(5). leol > len—|

(n+1). |rgl > |,

(1). F(1) >0

(2). (-=1°F(-1) >0
(3). laol < as

(4). |bol > |D4l

(5). lcol > lesl

(6). ldol > |d;]

32



Example-4
* The first two conditions require the evaluation of F(z) at z = +1.
F(z) =z°+2.62z* —0.562z3 —2.05z% + 0.0775z + 0.35
F(1)=1+4+2.6—-056—-2.05+4+0.0775+ 0.351.4175

F(-1)=-142.64+0.56—-2.05—-0.0775 4 0.35 = 0.3825

(1). F(1) >0 Satisfied

(2). (=1)°F(=1) >0  Notsatisfied



Example-4

Next four conditions require Jury’s table

1 0.35 0.0775 -2.05 -0.56

2 1 2.6 -0.56 -2.05 0.0775 0.35
3 —0.8775 —2.5728 —0.1575 1.854 0.8352

4 0.8352 1.854 —-0.1575 -2.5728 —-0.8775

5 0.077  0.7143 0.2693 0.5151

6 0.5151 0.2693 0.7143  0.077

7 —0.2593 —0.0837 —0.3472

(3). la,| < ag  satisfied (5). |col > lcg| ot satisfied

(4) |b0| > |b4| Satisfied (6) |d0| > |d2| Satisfied 34



Example-5
e Test the stability of the polynomial.
F(z) = z% —0.25
Solution

* Develop Jury’s Table [(2n-3) rows].

-0.25
F(1) =1-0.25=0.75 F(—1)=1-0.25=0.75
(1). F(1) >0 Satisfied

(2). (=1)?F(=1) >0 satisfied

35



Example-5

* Next four conditions require Jury’s table

-0.25

(3). |la,| < a, satisfied

e Since all the conditions are satisfied, the system is stable.



Home work

 Determine the stability of a discrete data system described by
the following CE by using Jury’s Stability criterion.

F(z) =z3—-1.22z°-1.375z—0.25



