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Introduction

Digital control offers distinct advantages over analog
control that explain its popularity.

Accuracy: Digital signals are more accurate than their
analogue counterparts.

Implementation Errors: Implementation errors are
negligible.

Flexibility: Modification of a digital controller is possible
without complete replacement.

Speed: Digital computers may vyield superior
performance at very fast speeds

Cost: Digital controllers are more economical than
analogue controllers.



Structure of a Digital Control System
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Examples of Digital control Systems
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Examples of Digital control Systems
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Difference Equation vs Differential Equation

A difference equation expresses the change in
some variable as a result of a finite change in
another variable.

* A differential equation expresses the change in
some variable as a result of an infinitesimal
change in another variable.



Difference Equations

* Difference equations arise in problems where the
independent variable, usually time, is assumed to have
a discrete set of possible values.

yk+n)+a,_1y(k+n—-1)+-+a,y(k+1)+ayy(k)
=b,u(k+n)+b,_qutk+n—-—1)+--+byulk +1) + byu(k)

* Where coefficients a,,_4, a,,_»,... and b,, b,_4,... are
constant.

* u(k) is forcing function



Difference Equations

 Example-1: For each of the following difference equations,
determine the (a) order of the equation. Is the equation (b)
linear, (c) time invariant, or (d) homogeneous?

1. y(k+2)+08y(k+1)+0.07y(k) = u(k)
2. y(lk+4)+sin(04k)y(k+1)+0.3y(k) =0
3 y(k+1)=-0.1y%(k)



Difference Equations

* Example-1: For each of the following difference equations,
determine the (a) order of the equation. Is the equation (b)
linear, (c) time invariant, or (d) homogeneous?

1. y(k+2)+08y(k+1)+0.07y(k) = u(k)

Solution:

The equation is second order.
All terms enter the equation linearly

All the terms if the equation have constant coefficients.
Therefore the equation is therefore LTI.

A forcing function appears in the equation, so it is
nonhomogeneous.



Difference Equations

e Example-1: For each of the following difference equations,
determine the (a) order of the equation. Is the equation (b)
linear, (c) time invariant, or (d) homogeneous?

2. y(k +4) +sin(0.4k)y(k + 1) + 0.3y (k) = 0

Solution:

The equation is 4t order.
All terms are linear
The second coefficient is time dependent

There is no forcing function therefore the equation is
homogeneous.



Difference Equations

 Example-1: For each of the following difference equations,
determine the (a) order of the equation. Is the equation (b)
linear, (c) time invariant, or (d) homogeneous?

3 ylk+1) =-0.1y%k)

Solution:
a) The equation is 15t order.
b) Nonlinear
c) Time invariant
d) Homogeneous



Z-Transform

e Difference equations can be solved using classical methods
analogous to those available for differential equations.

e Alternatively, z-transforms provide a convenient approach for
solving LTI equations.

e It simplifies the solution of discrete-time problems by
converting LTI difference equations to algebraic equations
and convolution to multiplication.



Z-Transform

* Given the causal sequence {u,, Uy, U,, ..., Uy}, its z-
transform is defined as

Uz) =u, +uz t +uz7 2+ .. +u,z %

U(z) = z Uz~ "
k=0

 The variable z ~! in the above equation can be
regarded as a time delay operator.



Z-Transform

 Example-2: Obtain the z-transform of the
sequence

u t =1,1,320400,0,.}

k=0 —



Relation between Laplace Transform and Z-Transform

e Given the impulse train representation of a discrete-time signal

u(t) W u*(t) ‘

0 ot o t

u(t) / u*(t)

U(s) 57 U*(s)

u (t) =u,6(t) +u6(t—T) +u,6(t — 2T) + -+ + u 6(t — kT)

0]

u*(t) = z 1w, 8(t — kT)

k=0



Relation between Laplace Transform and Z-Transform

u (t) =u,0(t) +u6(t—T) +u,6(t —2T) + -+ + u, 5(t — kT)
* The Laplace Transform of above equation is

U (s) = up +use 5T +uye 2T + o+ yge T

. ”

=0
* And the Z-transform of u*(t) is given as

0.0)

U(z) = z w,z~k (B)

w

 Comparing (A) and (B) yields

z =eST



Conformal Mapping between s-plane to z-plane

ST

* Wheres =0 + jw.

7 = e(0+jw)T

 Then z in polar coordinates is given by

7 = 0T pJWT

|z| = 9T 27z = T

19



Conformal Mapping between s-plane to z-plane
 We will discuss following cases to map given points on s-plane
to z-plane.
— Case-1: Real pole in s-plane (s = o)
— Case-2: Imaginary Pole in s-plane (s = jw)

— Case-3: Complex Poles (s = 0 + jw)

A A

X

b 4
A

s —plane z — plane



Conformal Mapping between s-plane to z-plane

* Case-1: Real pole in s-plane (s = o)

e We know

e Therefore

|z| = e?"

27 = wT

|z| = e?"

2z =10

21



Conformal Mapping

Case-1: Real pole in s-plane (s = o)

When s =0
1z] = 9T =1
£z=0T =0
A
s=0
zx/ >
s — plane

oetween s-plane to z-plane

|z| = e9T 2z = wT

z — plane
22



Conformal Mapping between s-plane to z-plane

Case-1: Real pole in s-plane (s = o) |Z| = 9T £z = wT
When s = —o0
1zl =e T =0
£Z =0
A A
~» > xo >
—CO0

s —plane z — plane
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Conformal Mapping between s-plane to z-plane

Case-1: Real pole in s-plane (s = o) |Z| = 9T £z = wT
Consider s = —a
— p—aT
|z] = e
£Z =0
A A
~ > J B g
—a

s —plane z — plane
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Conformal Mapping between s-plane to z-plane

* Case-2: Imaginary pole in s-plane (s = +jw)

e We know

e Therefore

|z| = e?"

27 = wT

z| =1

25



Conformal Mapping between s-plane to z-plane

Case-2: Imaginary pole in s-plane (s = +jw) |Z| = eUT 27z = wT

Consider s = jw
1z] = 9T =1

27 = wT

¥ s=jo

s —plane z — plane
26



Conformal Mapping between s-plane to z-plane

Case-2: Imaginary pole in s-plane (s = +jw) |Z| = eUT 27z = wT

When s = —jw
1z] = 9T =1

47 = —wT

|

¥ s=—jw

s —plane z — plane
27



Conformal Mapping between s-plane to z-plane

Case-2: Imaginary pole in s-plane (s = +jw) |Z| = eUT 27z = wT
When s = ij%
1z] = 9T =1
47 = *T
A A

28



Conformal Mapping between s-plane to z-plane

 Anything in the Alias/Overlay region in the S-Plane will be
overlaid on the Z-Plane along with the contents of the strip

between tj %

S-Plane

Z-Plane
jm

Im (z)

Alias {overlay) Region

s = (0,0)

Re(z)

Alias (overlay) Region




Conformal Mapping between s-plane to z-plane

In order to avoid aliasing, there must be nothing in this region, i.e. there
must be no signals present with radian frequencies higher than o = 7/T,

or cyclic frequencies higher than f = 1/2T.

S-Plane

jG.‘l

Alias (overlay) Region

Alias {overlay) Region

Z-Plane

Im (z)

0.5

Alias Boundary

[

Stated another way, the sampling frequency must be at least twice the
highest frequency present (Nyquist rate).

s = (0,0)

05 Re(z)



Conformal Mapping between s-plane to z-plane

Case-3: Complex pole in s-plane (s = 0 + jw) |Z| = eUT 27z = wT
|z| = e"
2z = twT
A A

b

BN
y

s —plane z — plane
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Mapping regions of the s-plane onto
the z-plane
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Mapping regions of the s-plane onto
the z-plane

L A NSACK

z Plane
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Mapping regions of the s-plane onto
the z-plane

Dmag s




Example-3

 Map following s-plane poles onto z-plane assume
(T=1). Also comment on the nature of step
response in each case.

1. s=-3

2. s = 14j

3. §=+xmj

4. s = 12mj

5 s=-10+5j



z-Transforms of Standard Discrete-Time Signals

* The following identities are used repeatedly to derive several
important results.

- 1
a
Z:akz , a+1
1—a

Ea = , lal| # 1
1—a



z-Transforms of Standard Discrete-Time Signals

e Unit Impulse

| @

1 k=0

)

5(k) = {0 ,

) k #+0 ® ® >

e Z-transform of the signal

5(z) =1



z-Transforms of Standard Discrete-Time Signals

e Sampled Step

(1, k=0
”(k)_{o, k<0 o o o o
* Or
wk) ={1,1,11,..} k=0 o .

e Z-transform of the signal

Uz)=1+4+z1+z%24+2z3++2z7F= Zz—k
k=0

1 Z

= — |1z] < 1

1—z"1 z—1

U(z) =



z-Transforms of Standard Discrete-Time Signals

« Sampled Ramp

_ (k, k>0 (k) *
rik) = {0, k<0 .
o T k
 Z-transform of the signal o 1 2 3
U(z) =

(z —1)°



z-Transforms of Standard Discrete-Time Signals

 Sampled Parabolic Signal | @
. ak k>0 a .
“()_{o, k<0 Ta-‘T .
@ >
-1 o 1 2 3
* Then

n
U(z)=1+az t+a%z72+a3z7 3+ +akz7F = Z(az)—k
k=0

U(z) = —— = 2 1z| <1

1—az 1 Z—a




Properties of Z-Transform
* Linearity Property

Z{afi(k) + Bf2(k)} = aF(z) + BF,(2)
 Time delay Property

Z{f(k —n)} =z7"F(z)

 Time advance Property

Z{f(k+n)} =2z"F(z) —z"f(0) — 2" f(D) — - —zf(n— 1)

* Multiplication by exponential

Z{a~*f(k)} = F(az)



Exercise

* Find the z-transform of following causal sequences.

1. Ffk) =2 x 1(k) + 4 x 6(k), k=01.2,..
(4, k=23, ..

2 flk) = {0, otherwise

3 f(k) ={4,816,24,..}, k=012, ..

4. f(k) = e 9T, k=0,1.2,..



Exercise

* Find the z-transform of following causal sequences.

1. f(k) =2x1(k) + 4 x §(k), k=012,..

Solution: Using Linearity Property

F(z) = Z{2 x 1(k) + 4 x 8(k)}

F(z) =2xZ{1(k)}+ 4 x Z{6(k)}

F(z) =2X% + 4

z—1
6z — 4
z—1

F(z) =



Exercise

* Find the z-transform of following causal sequences.

4 k=273,..
2. f(k) = { ' 3,
f(k) 0, otherwise
Solution: The given sequence is a sampled step starting at k-2 rather than
k=0 (i.e. it is delayed by two sampling periods). Using the delay property,
we have

F(z) = 2{4 x 1(k — 2)}

F(z) = 4z7% Z2{1(k — 2)}

z 4
z—1 z(z—-1)

F(z) =4z7%



Exercise

3 f(k) ={4,8,16,24,..}, k=01.2,..

* Solution: The sequence can be written as

f(k) =282 = g(k + 2), k=0,1,2,..
* where g(k) is the exponential time function
g(k) = 2k, k=0,1,2,..

* Using the time advance property, we write the transform

F(z) = z°G(z) — z*g(0) — zg(1)

Z 4z
F(2) = 72 — 72 27 =
(2) ZZ_2 Z Z —



Exercise
4. f(k) = e, k=012, ..

* observe that f (k) can be rewritten as
flk) = (e9T)*x 1, k=012,..

* Then apply the multiplication by exponential
property to obtain

el 7

edlTz — 1

Z{(e*) ™ x f(k)} =

F(z) =

z —e—ar



Inverse Z-transform

1. Long Division: We first use long division to
obtain as many terms as desired of the z-
transform expansion.

2. Partial Fraction: This method is almost identical
to that used in inverting Laplace transforms.
However, because most z-functions have the
term z in their numerator, it is often convenient
to expand F(z)/z rather than F(z).



Inverse Z-transform

e Example-4: Obtain the inverse z-transform of

the function
z+1
z2 +0.2z+ 0.1

F(z) =
e Solution

* 1. Long Division



Inverse Z-transform

o zZ+1
* 1. Long Division F(2) = 352,701

z'408z27°-026z+......
z2+0.2z+0.1)z+1

z+02+0.1z7"
0.8—-0.10z7"
0.84+0.16z'+0.08z72

e Thus —0.26z7"'—. ..

F(z)=0+2z140.82"%—-0.26z"3+ -

* Inverse z-transform

fk)={0, 1, 08  —026, ..}



Inverse Z-transform

 Example-5: Obtain the inverse z-transform of
the function

z+1

F —
(2) = 30377 0.0

e Solution
e 2. Partial Fractions

F(z) z+1
z  z(z% +0.3z+ 0.02)

F(z) z+1
z  z(z2+0.1z+ 0.2z + 0.02)




Inverse Z-transform

F(z) B z+1
z  z(z+0.1)(z+0.2)

F(z) A B C
_— — —F 4_
Z z z+01 z+4+0.2

A:z@
Z

_FO)=—t -1 _5
. 0.1x0.2  0.02

-0.1+1

B=z+0) P _giopt 2+t _ _
(<0.1)(~0.1+0.2)

Z |, o1 z (z+0.1)(z+0.2)

z=-0.1

c=(z+02)"8  _(z402)1 2+1

)2 -0.2+1
Z |, o 7z (z+0.1)(z+0.2)

T (=0.2)(=0.2+0.1)

z=-0.2



Inverse Z-transform

F(Z)_SO 90 N 40
z z z+01 z+402

90z 40z
F(z) =50 —

Z+0.1+Z+0.2

e Taking inverse z-transform (using z-transform table)

f(k) =505(k) —90(—0.1)* + 40(—0.2)%


Ztranstab.pdf
Ztranstab.pdf
Ztranstab.pdf

Home Work

* For each of the following equations, determine the order
of the equation and then test it for (i) linearity, (ii) time
invariance, (iii) homogeneity.

a) y(k +2) =y(k + 1)y(k) +u(k)

b) y(k +3) + 2y(k) = 0

c) y(k+4) +y(k —1) = u(k)
d)y(k+5) =y(k +4) +ulk + 1) — u(k)

e) y(k +2) =y(k)u(k)



Home Work

* Find the z-transforms of the following sequences
a){0,1,2,4,0,0,...)

b){0,0,0,1,1,1,0,0,0, ...}

c) {0,279>,1,2795,0,0,0, ...}



Home Work

* Find the inverse transforms of the following functions

a)F(z)=1+3z71+4z77

b)F(z) =5z71 4+ 4z7°>

¢) F(z) = ZZ+0 3z+0.02
z—0.1

DF(2) = Z 5 0azr023

e) F(z) = :

(z+0.1)(z+0.2)(z+0.3)



